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CIRCULAR SYSTEMATIC SAMPLING IN THE PRESENCE
OF LINEAR TREND
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SYNOPTIC ABSTRACT

The present article deals with circular systematic sampling for estimation of a
finite population mean in the presence of a linear trend among the population
values. As a result, the optimum choice for the sampling interval kis obtained for
a preassigned fixed sample size n and the population size N . Further, the explicit
expression for the variance of a circular systematic sample mean is also obtained.
The relative performance of the proposed circular systematic sampling with that
of simple random sampling without replacement is assessed for a hypothetical
population and also for some natural populations.

Key Words and Phrases: circular systematic sampling, determinant sam-
pling, diagonal systematic sampling, linear systematic sampling, linear
trend, simple random sampling without replacement, trend-free sam-

pling.

1. Introduction

Consider a finite population U = {U;, Us, ..., Uy} of N distinct
and identifiable units. Let Y be a real variable with value Y;
measured on U;,i=1,2,3,..., N, giving a vector of measure-
ments ¥ = (¥, Yo, ..., Yy). The problem is to estimate the pop-
ulation mean Y = Zfil % on the basis of a random sample of
size n selected from the population U. Any ordered sequence
S =A{uy, ug, ..., u,} ={Un, Up, ..., Uy}, is called a random sam-

ple of size n where 1 < i/ < N, and 1 <! < n. Several sampling
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schemes are available in the literature for selecting a random sam-
ple of size n from a finite population of size N. For the case of a
finite population with a linear trend among the population values
and N = kn, the linear systematic sampling is recommended for
selecting a random sample of fixed size n. An estimator from lin-
ear systematic sampling is better than the estimator provided by
simple random sampling without replacement. The performance
of systematic sampling has been improved further by introduc-
ing some modifications on the selection of the sample, which in-
cludes the centered systematic sampling and balanced systematic
sampling, and also by introducing Yates type end corrections.
The diagonal systematic sampling (Subramani, 2000), gen-
eralization of diagonal systematic sampling (Subramani, 2009,
2010), determinant sampling (Subramani & Tracy, 1999), and
generalized systematic sampling (Khan, Gupta, & Shabbir, in
press-b) are some of the new sampling schemes that use the knowl-
edge of the labels of the population units and provide an unbi-
ased estimator of the population mean. It has been shown that,
for estimating the finite population mean in the presence of a
linear trend, the diagonal systematic sampling and determinant
sampling perform better than the simple random sampling with-
out replacement and the linear systematic sampling. Further, it is
shown that the above-mentioned sampling schemes are trend-free
sampling (Mukerjee & Sengupta, 1990) whenever the sample size
is equal to the sampling interval. For more details, readers are
referred to Subramani (2000, 2009, 2010), Tracy and Subramani
(1999), Khan, Shabbir, and Gupta (2013), and Khan, Gupta, and
Shabbir (in press-a, in press-b) and the references cited therein.
Itis to be noted that, when the population size N is not a mul-
tiple of sample size n (N # kn), the sampling schemes mentioned
previously are not applicable for selecting a random sample of
fixed size n. In such situations, circular systematic sampling intro-
duced by Lahiri (1952, as cited in Murthy, 1967, p. 139) provides
a constant sample size n, and the selected units are distinct if and
only if N and k are relatively prime numbers. However, the cir-
cular systematic sampling is not useful when N = kn (the samples
are multiple copies of linear systematic sampling) and also not ap-
plicable when N and k are not relatively prime numbers. Further,
it has been stated in the past that the choice for the sampling in-
terval £ for selecting a circular systematic sample of fixed size n is
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approximately equal to [N/ n], integer part of N/ n. See, for exam-
ple, Murthy (1967), Cochran (1977), Sudakar (1978), Bellhouse
(1984, 1988), and Fountain and Pathak (1989). It is to be noted
that the choice for the sampling interval £ = [N/n] is not based
on any theoretical or empirical studies and is chosen in order to
get distinct sampling units, and the sample has to cover the en-
tire population. It seems there is no theoretical or empirical study
that ensures that the above sampling interval will lead to a better
estimator for estimating the population mean.

Furthermore, it is observed that there is no explicit expres-
sion available for the variance of sample mean provided by cir-
cular systematic sampling, even for the case of a population with
a perfect linear trend. Consequently, the performance of the es-
timator provided by circular systematic sampling is not assessed
with that of the estimator provided by the simple random sam-
pling without replacement.

The points noted previously are a motivation for the present
study and, consequently, the following results are obtained.

e The optimum choice for the sampling interval for selecting a
random sample of fixed size is obtained so that the resulting
estimator is better compared with other choices of the sampling
interval for the populations with a perfect linear trend among
the population values.

e The explicit expression for the variance of the circular
systematic sample mean is derived for the population with a per-
fect linear trend among the population values.

e Yates type end corrections are introduced for further improve-
ments on the circular systematic sampling.

e The relative performance of circular systematic sampling is as-
sessed with that of simple random sampling without replace-
ment for a hypothetical population and also for certain natural
populations.

2. Circular Systematic Sampling

As stated, when the population size N is not a multiple of sam-
ple size n(N # kn), the linear systematic sampling scheme is not
applicable for selecting a random sample of fixed size n, whereas
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the circular systematic sampling introduced by Lahiri (1952; cited
in Murthy, 1967, p. 139) provides a constant sample size n. The
steps involved in a circular systematic sampling scheme for select-
ing a random sample of size n with sampling interval k& are given
below:

Step 1: Arrange the N population units Ui, Us, ..., Uy around a
circle.

Step 2: Select a random number r such that 1 <r < N.

Step 3: For selecting a circular systematic sample of size n, select
every kth element from the random start r in the circle until n
elements are accumulated.

Let the selected units Uy, U,yy, U yop, ..., Uyu—1yr be the
circular systematic sample of size n for the random start r. If
r + jk > N, then select an item corresponding to {r + jk}(mod
N).If {r + jk} (mod N) = 0, then unit N is selected.

All the circular systematic samples obtained from the popu-
lation of N units with sample size n and sampling interval k& are
given in Table 1.

The variance of the circular systematic sample mean is ob-
tained as given below:

1 & e 1 & _ 9
Vi) = 5D Gi= V)" =53 (3 — a1
=1 =1

TABLE 1 The selected circular systematic samples for given N, nand k

Sample Number Circular Systematic Sample Sample Total
1 U, Ui, Uigons - oo, Uiy Y1
2 Us, Usypp, Usyop, - ..y Us(n—1) Y.
3 Us, Usyr, Usqon, -« -y Usp(n—1) ys.
r U, Uir, Upgop, - - -, []T+(n—1)k Yr.

N UV’ U\Urks lJN+2k7 SRR UN’+(n—l)k IN.
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3. Optimum Choice for the Sampling Interval k&

The problem in circular systematic sampling is the choice for the
sampling interval k. Several attempts have been made, as pre-
sented in the literature, to get a suitable value for the sampling
interval for the given values of population size and sample size.
Murthy and Rao (1988, p.167) have given the choice for k as

It may be noted that the sample mean is unbiased for the population mean
for all values of k, through the spread of the sample and hence efficiency
is better if £ is taken as an integer nearest to (IN/n). However, if repetition
of the same unit in a sample is to be avoided, then it is desirable to take
the sampling interval as [N/n]. It is shown that necessary and sufficient
condition for all samples in CSS [circular systematic sampling] to have
distinct units is that N and k are relatively coprime (Sudakar, 1978).

Bellhouse (1984) has suggested that the choice for the sam-
pling intervalis k = [(N/n) + (1/2)] when N # (n—1)k,and k =
[N/n] when N = (n — 1)k. Sengupta and Chattopadhyay (1987)
have proposed the following:

A necessary and sufficient condition for a circular systematic sampling of
size n, drawn from a population of N units with sampling interval &, to
contain all distinct units is that [N, k]/k > nor equivalently, N/(N, k) > n
where [N, k] and (N, k) denote respectively the least common multiple
and the greatest common divisor of N and k.

However, it seems that there is no theoretical result or em-
pirical study available to justify the choice of k, which ensures the
efficient estimator or the estimator with minimum variance com-
pared with other choices of k. Because there is no algebraic ex-
pression available for the variance of a circular systematic sample
mean, Subramani and Singh (in press) have computed the vari-
ances of a circular systematic sample mean for all possible values
of k for the hypothetical population, with a perfect linear trend
among the population values by taking all the prime numbers
from 7 to 37 as the population size, and they have proposed the
following conjecture based on their empirical studies:

Conjecture 3.1: The optimum choice for the sampling interval
k  for selecting a circular systematic sample of size n from the
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population of size N is attained if and only if kn mod N = *£1, where
kn mod N = —1 represents kn mod N = N — 1.

To prove this conjecture, assume that the population size
N and the sample size n (not the sampling interval k) are rela-
tively prime numbers. By choosing the sampling interval k such
that k» mod N = %1, we ensure that population size N and the
sampling interval k are also relatively prime numbers. Further,
the selected sample spreads over the entire population and all
the selected units are distinct. Suppose that for the random start
r, the selected units are Uy, Uy, Uryop,..., Uy (n—1)r. If @ unit in
the selected sample is repeated, then for some integers ¢ and
jO<i<j=<(n-—-1),r+ik=r+ jkmod N = (j — i)k =
0 mod N, the population size N is a multiple of the sampling in-
terval k, which contradicts the assumption that kz mod N = %1.
Hence, (j — i) =0 or j =1 Thatis, no two selected units are
the same in the circular systematic sample. The proposed sam-
pling interval k satisfies the necessary and sufficient condition
given by Sengupta and Chattopadhyay (1987). Further, for the
proposed sampling interval, one can easily show that the sam-
ple totals are consecutive natural numbers for a population with
a perfect linear trend among the population values, which en-
sures the minimum variance compared with other choices of the
sampling intervals. This can be easily seen from the following
theorem.

Theorem 3.1: Let x;, xo, ..., xx be the K integer values taken by
the random variable X such that (i) x; # x; if i # j, (i1) x1 < x2 <

- < xg, and (iii) Zle x; =x(fixed). Then the variance of X,
V(X)=K"! Zfil (x; — x)2 attains minimum, provided x;11 = x; +
1, :=1,2,3,..., K—1.

The following theorem is developed from the results of Con-
jecture 3.1 and Theorem 3.1.

Theorem 3.2: The optimum choice for the sampling interval k in circu-
lar systematic sampling in order to get all distinct units in the sample of
fixed size n from the population of size N is kn mod N = %1, where N
and n are relatively prime numbers.
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Remark 3.1: The procedure for obtaining the optimum value of
k is explained for the fixed values of sample size n and the popu-
lation size N.

If N =387and n=4, then k =9. Thatis, kan mod N = —1.
If N =387 and n = 8, then k = 14. Thatis, kn mod N = +1.

4. Variance of Circular Systematic Sample Mean

Consider a hypothetical population with the N population values
in arithmetic progression as Y; =a + b, ¢ =1,2,..., N. Thus,
the mean of the circular systematic sample is obtained as

(n—1)(N+1)
2

yi=a+ — |: ]b, =12,...,N. (1)

The variance of the circular systematic sample mean is obtained
as

Consider V(ye) = E (5’055 - 1_/)2

A (e e
(er )
SR

_(N=D((N+1D) ,
B 1212

(2)

However, the variance of the simple random sample mean V (y,),
for the population with a linear trend, is

N — n) (N +1)b?
VG = SR (3)

By comparing the variance expressions for the simple
random sampling without replacement (3) and the circular
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systematic sampling without replacement (2), one can easily see
that the circular systematic sampling is more efficient than the
simple random sampling without replacement that is, V(ycs) <

Viyr).
5. Some Modifications on the Circular Systematic Sample Mean

It has been shown in Subramani and Singh (in press) that the
proposed circular systematic sampling performs better than the
circular systematic sampling with other choices of sampling inter-
vals and the simple random sampling without replacement. How-
ever, it is not a trend-free sampling (Mukerjee & Sengupta, 1990),
which can be achieved by introducing Yates type end corrections
(Yates, 1948) as follows. The modification involves the usual circu-
lar systematic sampling, but the modified sample mean is defined
as

j)jss = E)CSS + “(J’l - yn) (4)

That is, the units selected first and last are given the weights n~1 +
a and n~! — a, respectively, whereas the remaining units get the
weight n~!. By equating 3y, = Y for the population with a perfect
linear trend defined in Section 4, and by setting (4) is equal to Y,
we get

N+1
]+a(y1—yn)=(—;r)

i=1,2,3,...,N.

1[i+ (n—1)2(N+1)

n

By putting
M=) =r—@+n-1Dk) =k—kn=kF1,

TABLE 2 Data of outer diameter of torsion bar (Spec. 9065 & 25)

9050 9052 9050 9052 9052 9056 9056 9054 9056 9058
9054 9054 9060 9058 9060 9058 9056 9058 9058 9060
9062 9064 9062 9064 9066 9070 9068 9072 9072 9070
9072 9070 9070 9072 9074 9076 9078 9076 9076 9078
9078 9078 9082 9080 9082 9080 9082 9086 9086 9084
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TABLE 3 The data arranged in ascending order

9050 9050 9052 9052 9052 9054 9054 9054 9056 9056
9056 9056 9058 9058 9058 9058 9058 9060 9060 9060
9062 9062 9064 9064 9066 9068 9070 9070 9070 9070
9072 9072 9072 9072 9074 9076 9078

where kn mod N = +£1, we get

Remark 5.1: In the presence of a perfect linear trend, the modi-
fied circular systematic sample mean y’ becomes the population
mean Y, and hence, the V(%) = 0. In this case, the circular sys-
tematic sampling becomes a completely trend-free sampling (see
Mukerjee & Sengupta, 1990).

6. Comparison of Circular Systematic Sampling
for a Natural Population

It was shown in Section 4 that the proposed circular systematic
sampling performs well compared with simple random sampling
without replacement whenever there is a perfect linear trend
among the population values. However, this is an unrealistic as-
sumption in real-life situations. Consequently, an attempt has
been made to study the efficiency of the proposed circular system-
atic sampling for a population considered by Subramani (2009)
and Murthy (1967). The first data were collected for assessing the
process capability of a manufacturing process from an auto ancil-
lary manufacturing unit located in Tamilnadu. The data pertain

TABLE 4 Number of workers in first 37 factories (Murthy, 1967, p. 228)

51 51 52 52 53 54 57 60 65 67
68 70 71 73 74 76 78 80 81 85
87 88 92 93 97 100 107 110 113 116
119 121 125 127 127 131 134
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to the measurements taken continuously during the turning op-
eration performed on the torsion bar component in the Fron-
tier CNC Lathe. The data were collected for estimating the mean
value of the outer diameter of the torsion bar, one of the key com-
ponents in integrated power steering systems. The measurements
were taken continuously for the first 50 components produced
in a shift. The 50 measurements based on the order of the pro-
duction are given in Table 2. However, the first 37 measurements,
after arranging the data in ascending order, are taken in order
to obtain a linear trend among the population values as given in
Table 3. The second data concern the number of workers for 80
factories in a region, however, the first 37 measurements of the
data are taken in order to obtain a linear trend among the popu-
lation values as given in Table 4.

The variance of the simple random sample without replace-
ment mean, together with the variances of circular systematic sam-
ple means for all the possible combinations of (k, n) are obtained
and are presented in Table 5 through Table 8. It is seen from
the table values that the proposed circular systematic sampling
performs better than the circular systematic sampling with other
choices of sampling intervals in 27 cases out of 34 cases consid-
ered for Population 1 and performs better than simple random
sampling in all the cases, whereas it performs better in all cases
for Population 2.
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