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Abstract

When the sample is a relatively large proportion of the population, finite popula-
tion inference serves as a more appealing alternative to the usual infinite population
approach. Nevertheless, the finite population inference methods that are currently
available only cover the difference-in-means estimator or independent observations.
Consequently, these methods cannot be applied to the many branches of empirical re-
search that use linear or nonlinear models where dependence due to clustering needs to
be accounted for in computing the standard errors. In this paper, I establish asymp-
totic properties of M-estimators under finite populations with clustered data, allowing
for unbalanced and unbounded cluster sizes. I distinguish between two situations that
justify computing clustered standard errors: i) cluster sampling induced by random
sampling of groups of units, and ii) cluster assignment caused by the correlated as-
signment of “treatment” within the same group. I show that one should only adjust
standard errors for clustering when there is cluster sampling or cluster assignment, or
both, for a general class of linear and nonlinear estimators. I also find the finite pop-
ulation cluster-robust asymptotic variance (CRAV) is no larger than the usual infinite
population CRAV, in the matrix sense. Consistent with the theoretical implication,
the finite population clustered standard errors are smaller than the usual infinite pop-
ulation clustered standard errors by up to 30% in an empirical application.
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1 Introduction

The cluster-robust asymptotic variance (CRAV) has been studied extensively in the liter-
ature because of its wide and often inevitable applicationﬂ However, until recently, the
statistical frameworks used to justify clustering largely assume an infinite population, at
least implicitly. The infinite population approach yields proper inference in some cases.
Intuitively, when the sampling fraction is small, such as the 1% U.S. Public Use Microdata
Sample, it is harmless to assume the sample is drawn from an infinite population. In other
cases, the paradigm of drawing a sample from an infinite population does not lead to usable
inference. A leading case is when the sample and the population coincide, such as when
data are available on all 3,142 counties in the U.S., or when we can collect data on exam
performance for all fourth graders in a school district. Adopting the same finite population
setting in |Abadie, Athey, Imbens, and Wooldridge| (2017)), this paper studies asymptotic
properties of M-estimators where clusters are formed by either the sampling process or the
assignment designﬂ

There are three approaches to justifying clustering corrections of the standard errors.
The conventional one is the model-based approach; see, for instance, Kloek (1981), Moul-
ton (1986), and Moulton (1990). Empirical researchers often suspect that unobserved
components in outcomes for individual units are correlated within groups. As a result,
error components models are typically set up to account for the potential within-group
correlation, and the clustered standard errors follow after the model setup.

As an example of the model-based approach,MacKinnon! (2019) compares the standard

errors based on different assumptions about how the disturbances are clustered. Using

!See, for example, [White| (1984), Liang and Zeger| (1986), |Arellano| (1987),[Wooldridge| (2003)), [Bertrand,
Duflo, and Mullainathan| (2004), Hansen| (2007)), |Cameron and Miller| (2015)), and [MacKinnon| (2019).

“M-estimators include a broad class of extremum estimators that coincide with a vast majority of
estimators used in empirical research [see [Wooldridge| (2010, Chapter 12)]. Besides linear regression, other
leading cases of M-estimation include nonlinear least squares and (quasi-) maximum likelihood.



data from individuals across the 50 states and the District of Columbia from the U.S.
Current Population Survey (CPS), MacKinnon| (2019) evaluates the return of obtaining
a postgraduate degree. The assumptions about clustering have an enormous impact on
inference. Confidence intervals are constructed using standard errors clustered at various
levels, including non-nested clusters such as states and years. These confidence intervals
differ from each other and are almost all much wider than using the heteroskedasticity-
robust standard errors that do not account for within-group correlation.

The problem with the model-based approach is the essentially arbitrary nature of the
choice of clustering level. In the previous example, one researcher may claim that the
unobservables are correlated at the zip code level. Another may claim that correlation
exists at the county or the state level. Some rules of thumb suggest clustering at the highest
level possible until the number of clusters becomes too small to use standard asymptotics,
and using the cluster-robust standard errors whenever there is an appreciable difference
between the clustered standard errors and the Eicker-Huber-White (EHW) standard errors
(Cameron and Miller, [2015, p. 333). This approach mainly addresses the question of when
clustering makes a difference in the magnitude of the standard errors which, as shown by
Abadie et al.| (2017), is not a justification for whether we should adjust standard errors for
clustering.

Another approach is based purely on sampling considerations; see, for example, [Kish
and Frankel| (1974), |Scott and Holt| (1982), |Bell and McCaffrey| (2002), and Bhattacharya
(2005). Namely, one needs to adjust the standard errors for clustering when the primary
sampling units (PSUs) are groups instead of individuals. There might be a second step
in the sampling process, though, where individual units are sampled randomly within the
selected groups. For instance, cluster sampling occurs when a random group of hospitals

is selected in the first step, followed by a random collection of individual patient data from



the selected hospitals in the second step for cost reasons. Note, when the entire population
is used in the analysis, there is no cluster sampling.

A third approach to studying clustering is a design-based perspective. Related to
randomized experiments literature, assignments are clustered when individual “treatments”
are correlated within each group. In the leading case, individual assignments are perfectly
correlated within clusters, such as the minimum wage law imposed on states. Because
of cluster assignment, clustering adjustments are required even if the entire population is
observed (i.e., no cluster sampling).

In the context of the difference-in-means estimator, Abadie et al. (2017)) show clustering
is only necessary when there is either cluster sampling or cluster assignment, or both. For
multiple regression and nonlinear estimators that are widely used in empirical studies,
no such results are currently available. One contribution of the current paper is to fill
in this gap in the literature; I find the same guidelines for clustering adjustments for
the difference-in-means estimator are also generally true for M-estimators. In addition, I
provide a unified framework of deriving the finite population CRAV for M-estimators by
accounting for and distinguishing between cluster sampling and cluster assignment, which
also allows for unbalanced and unbounded cluster sizes. I find when the number of clusters
in the sample is nonnegligible compared with the total number of clusters in the finite
population, or when the sample coincides with the finite population, the usual CRAV is no
less than the finite population CRAV, in the matrix sense. This means that in cases where
the sampling proportion is reasonably large, clustered standard errors calculated based on
finite population inference will be generally smaller than the usually reported clustered
standard errors.

Samples that are large relative to the population or coincide with the population moti-

vate the finite population setting in this paper. For instance, relatively large samples could



be drawn from aggregate levels, such as countries, states, or counties. I consider a sequence
of finite populations while allowing the sampling probability, defined as the probability of
each population unit being drawn into a sample, to depend on the population size and the
sample size. As a result, the usual infinite population inference is nested in the framework
by allowing the sampling probability to approach zero in the limit.

The current paper contributes to two strands of literature. The first is on finite popu-
lation inference methods. Abadie, Athey, Imbens, and Wooldridge (2019)) propose the fi-
nite population inference methods for ordinary least squares estimators incorporating both
sampling-based and design-based uncertainties (definition for the two sources of uncertainty
can be found in Section 2). Xu (2019) extends Abadie et al. (2019) to M-estimation with
both smooth and nonsmooth objective functions. Both studies mentioned above assume
independent sampling and independent assignment. |[Abadie et al. (2017) examines the
cluster-robust variance of the difference-in-means estimator caused by cluster sampling or
cluster assignment under finite populations but does not provide a general form of CRAV
for a broad class of linear and nonlinear estimators. As a result, the earlier research on
finite population inference has limited applications but is contained as sub-cases of the
unified framework derived in the current paper.

Second, this paper is related to the literature studying CRAV. The majority of this
literature considers fixed cluster sizes or clusters of equal sizes in the setting of infinite
populations. Recently, several articles contribute to the development of the asymptotic
theory allowing for unbalanced and potentially unbounded cluster sizes; see [Carter, Schne-
pel, and Steigerwald (2017)), Djogbenou, MacKinnon, and Nielsen| (2019), and [Hansen and
Lee| (2019). T extend the techniques developed by |[Hansen and Lee (2019) to the finite
population asymptotics. In this way, the framework allows for heterogeneous and large

cluster sizes in the samples; for instance, in the patient data example, clusters could be



proportional to hospital sizes and hence tend to be unbalanced with the presence of both
large and small hospitals. Short panel data are automatically contained in the framework
as a special case, where the cluster sizes (the number of time periods) are bounded.

The remaining of the paper is organized as follows. Section 2 illustrates the key concepts
of finite population inference using a simple example of the difference-in-means estimator.
Section 3 derives the asymptotic distribution under finite populations for M-estimators
with smooth objective functions. Generally, the finite population CRAV is non-identifiable
because of the missing data problem of the potential outcome framework. Nevertheless,
Section 4 proposes two easy ways to bound the finite population CRAV by using control
variables to partially predict the variance matrix. The resulting adjusted variance estimator
is still conservative in large samples but smaller (in the matrix sense) than the usual
cluster-robust variance estimator (CRVE). Section 5 derives the finite population CRAV of
functions containing M-estimators with the estimator of the average partial effect (APE)
as a direct application. Section 6 compares different standard errors of the APE estimator
from pooled probit regressions with clustered dataﬂ The simulation results are in line
with the predictions from the large-sample theory. Section 7 summarizes an application
to |Antecol, Bedard, and Stearns| (2018)), who evaluate the effect of tenure clock stopping
policies on tenure rates of female and male faculty members. In this example, the finite
population clustered standard errors are smaller than the usual clustered standard errors

by up to 30%. Lastly, Section 8 concludes and points out directions for future research.

3As a shorthand, clustered data is used in the remaining text to refer to the situation where there is
cluster sampling or cluster assignment, or both.



2 A Simple Example of the Difference-in-Means Estimator

To introduce the concept of finite population inference, I summarize the example of the
variance of the difference-in-means estimator given in |Abadie et al.| (2019). We start with
a finite population of size M. There is a single binary treatment variable X;3; € {0, 1}.
Based on the framework of potential outcomes, X;5s is a stochastic variable representing
different states of the world. Correspondingly, there are two potential outcomes denoted
by {Yin(0),Yias (1)}, which are fixed for unit ¢ irrespective of the realized value of Xjs.
For each unit 7, we could observe only one realization of the potential outcome Y;j; =
XimYine (1) + (1 — Xia7)Yias(0), which leads to the fundamental missing data problem of
the potential outcome framework.

The randomness resulting from not observing all states of the world leads to design-
based uncertaintyE] For example, we are interested in examining the return to education by
computing the difference in wage rates between all U.S. workers who have college degrees
and those who do not. When all U.S. workers are treated as the population of interest,
there is no sampling process in this example. The uncertainty of the estimator then stems
from not observing the counterfactual wage rates, where workers have different years of
schooling from what they actually received. Design-based uncertainty is often neglected in
practice [see [Freedman| (2008a)), Freedman| (2008b) and |Lin| (2013)) for a few exceptions].

From the population, a sample of fixed size N is randomly drawn with R;;; indicating
whether unit ¢ is sampled (R;p; = 1) or not (R;ps = 0). The subsample sizes N; and Ny
denote the number of units in the sample with X;n; = 1 or X;3; = 0 respectively. The
randomness arising from (possibly) not observing the entire population leads to sampling-

based uncertainty. In the traditional inference methods, sampling-based uncertainty is the

4The naming, “design-based,” can be traced back to randomized experiments literature, in which [Ney-
man| (1923) initially develops the idea of potential outcomes resulted from different assignment of the
treatment.



only source of variation that induces the standard error of the coefficient estimators.
_ 1 U 1 &
o = - > RinXimYin — o > Riy(1— Xin)Y; (1)
i=1 i=1

I focus on the difference-in-means estimator Ay in (1) in this section, which is also the
coefficient estimator on X;3; from the simple regression of Y;3; on 1 and X;ps. Since éN
is a function of both R;j; and X;js, its variance incorporates both sampling-based and

design-based uncertainties, which has the following form [see (2.3) in /Abadie et al. (2019)]:
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The variance formula in (2) has two implications. First, the last term, SMS, is zero either
when the population size M tends to infinity or when the treatment effect is constant across
units, i.e., Yip(1) — Y (0) = 7, V i. Let us focus on the general case of heterogeneous
treatment effects. The difference between finite population inference and the usual infinite
population inference results from the last term. Since Sﬁg is positive when M is finite, the
finite population variance of the difference-in-means estimator is smaller than the usual
infinite population variance. In Section 3, I show that the conservative property of the

usual variance of the difference-in-means estimator can be generalized to M-estimators

with clustered data.
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Second, the extra term, =%, is non-identified in general because we cannot observe

e
both potential outcomes {Y;nr(0), Yiar(1)} at the same time. The common practice in ran-
domized experiments literature is to ignore the additional term and use the usual overly
conservative variance estimator. As shown in Section 4, we can use regression-based ap-
proach to estimate the adjusted finite population variance, which is still conservative but

smaller than the usual infinite population variance, if there are fixed control variables

available.

3 Asymptotic Properties of M-estimators

3.1 Setup

In this section, I derive the general theory of M-estimators. I use the same setup of M-
estimation with smooth objective functions in [Xu| (2019) but relax the assumptions of
independent sampling and independent assignment. Consider a sequence of finite popu-
lations indexed by population size M. Suppose there are G mutually exclusive clusters
in population M defined as either the PSUs in the sampling scheme or the partition in
the assignment design, where each cluster has M, observations, g = 1,2,...,G. I assume
for now that sampling and assignments are clustered at the same level if there are both
cluster sampling and cluster assignment. For each unit ¢ within cluster g, we observe
{Xigns, zigm, Yignr }, where X;gps is the vector of assignment variables, zgns is a set of at-
tributes, and Y4 is the realized outcome. There is no restriction in terms of the nature of
the triple above: they can be discrete, continuous, or mixed. When the distinction across
clusters is unnecessary, the triple is denoted by { X, ziar, Yins}. For the most part, I
denote Wigns = { Xignr, Yignr } (Wine = {Xanr, Yinr }) for brevity.

Given the potential outcome framework, there exists a mapping, denoted by the po-



tential outcome function y;gar(x), from the assignment variables to the potential out-
comes. For example, yignr(z) = 2601 + zignbo2 + eignr for unrestricted outcomes, and
Yigh () = 1{xbo1 + zignrbo2 + eignr > 0] for binary outcomes. The potential outcome func-
tion, yignr (), along with the observed attributes z;4ns and the unobserved attributes e;gas,
are non-stochastic. By contrast, the assignment vector z is random, with X,y denoting
the assignment for unit ¢ of cluster g in population M. As a result, the realized poten-
tial outcome, Yignr = Yignr(Xignr), is random. The subscripts attached to the functions
emphasize its dependence on both the fixed attributes and the fixed unobservables.

The distinction between the stochastic assignment variables and the fixed attribute
variables is justified by having a thought experiment of certain “policy” or “treatment”
assignments. The variables in X are the “intervention” variables of interest, and z;s
effectively contains control variables. In the example given by Imbens and Rubin| (2015)
in evaluating the effect of job training on future earnings, the assignment variable is the
treatment status, and the “attributes may include age, previous educational achievement,
family, and socio-economic status, or pre-training earnings” (p. 15). They elaborate, “the
key characteristics of these covariates is that they are a priori known to be unaffected
by the treatment assignment. This knowledge often comes from the fact that they are
permanent characteristics of units, or that they took on their values prior to the treatment
being assigned” (Imbens and Rubin} |2015, p. 16). In observational studies, the assignment
variables can be any variables of interest, such as years of education in the study of return
to schooling, but are not restricted to treatment variables only. The categorization of
assignments and attributes is subjective in practice and is related to the empirical question
under research.

As is the starting point in the infinite population paradigm, I study solutions to a

population minimization problem, where the estimand of interest is a k x 1 vector denoted

10



by 6%,.
G My

Oy = argmin M Z Z Ex [gigrr (Wignr, 0)]
g=11=1 (5)

M
1
= arg mgin i Zl Ex [QiM(WiMa 0)]

Note that the expectation in (5) is taken over the distribution of X since X is the source
of randomness here. Function ¢;p/(-,-) is the objective function for a single unit. For
example, qinr(Wing,0) = (Yinr — Xonebh — zing02)? for linear regression, qin(Wing,0) =
—log [ fint(Wing, 8)] for (quasi-) maximum likelihood estimation (MLE), in which fips(-, )
is some density function. I focus on pooled estimation. For MLE, pooled MLE is adopted
since it is challenging to specify the joint density in practice. Besides, pooled MLE can
still estimate interesting quantities such as the APE.

For each finite population M, the sampling process involves two stepsﬁ In the first
step, a random group of clusters is drawn according to Bernoulli sampling with sampling
probability p.as. Therefore, we have clustered samples whenever p.p; < 1. In the second
step, each unit within the selected clusters is again sampled independently according to a
Bernoulli trial with probability p,as. As a result, there is a binary sampling indicator Rga,
which is equal to one if cluster g is sampled, and another sampling indicator Rig M, Which is
equal to one if unit ¢ would be sampled in a one-step sampling process with probability pyaz-
The appearance of unit ¢ in the sample is then denoted by a composite sampling indicator

Rigm = Rym -Rig M- Occasionally, R;qy is suppressed as R;ys when the emphasis of clusters

G My M
is unnecessary. Consequently, we have a random sample size N = Y > Rijgmr = > Rim,
g=1i=1 i=1

where E(R;nr) = E(Rignr) = puniperr- Besides cluster sampling, the assignment can also be

clustered in the sense that within-cluster covariance of the assignment variables is nonzero.

5The sampling process can be generalized to multi-level cluster sampling, though formal results are not
provided in the paper.
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The estimator of 63, is denoted by 6 ~, which solves the minimization problem in the

sample.
G My

~ 1
9]\[ = arg meln N E E RiquigM(WigMa 0)
g=1 i=1 (6)

M
1
= argmin Z; Riniqint(Wing, 0)
=

Panel data could be thought of as a special case of the cluster framework described
above without second-layer sampling, i.e., p,as = 1. In a balanced panel, M, has equal
values across clusters (cross-sectional units). Even with unbalanced panels, the results can
be applied as long as the observation of cross-sectional units at certain time periods is
random.

Also, note that the objective function is abstract of any correlation between the unob-
served cluster heterogeneity and the covariates. In the linear model, the objective function
allows for cluster fixed effects, where either z;55s includes a set of cluster dummies or
the variables are cluster-demeaned. In nonlinear models, |Wooldridge (2019) proposes a
generalization of correlated random effects model to unbalanced panels, assuming both
strict “exogeneity” of the selection indicators and the covariates. The same Chamberlain-
Mundlak device can be applied to clustered data where selection indicators go away by
nature. The only difference from the standard case would be that now the objective func-
tion contains additional sufficient statistics composed of functions of the covariates and
cluster sizes[

I make the following assumptions throughout the paper.

Assumption 1. (i) The sampling scheme consists of two stages. In the first stage, clusters

6 Alternative approaches to dealing with the correlation between the unobserved group heterogeneity
and covariates in the nonlinear model, such as bias-corrected fixed effects estimators (e.g., |[Ferndndez-Val
and Weidner| (2016)), cannot be easily incorporated in the framework of M-estimation; thus they are not
considered here.

12



are randomly sampled with probability p.ar; in the second stage, units are randomly sampled
from the subpopulation consisting of all the sampled clusters with probability pynr. Hence,
the sample size is N = % Rin. (i) The sequence of sampling probabilities pear and pynr
satisfies M punipers — z;ol, Gperr — 00, and pepr — pe € [0,1], punr — pu € [0,1] as

M — oco.

Assumption 2. (i) The assignments { Xignr, i=1, 2,..., My, g=1, 2,...,G} are not (nec-
essarily) identically distributed; (ii) the assignments are independent across clusters but

allowed to be correlated within clusters.

Assumption 3. The vector of assignments is independent of the vector of sampling indi-

cators.
. M,
Assumption 4. mggwg — 0, as M — o0.
g<
& 2
: z Mo M2
Assumption 5. *—;— < C < 0o and max 7 — 0, as M — oo.

9<G

Assumption 1(i) formalizes the sampling process. Similar to the independent sam-
pling case, the sample size is random, which does not affect the asymptotic distribution
of M-estimators as long as the sampling fraction % converges to the composite sampling
probability p,p. [see the lemma of asymptotic equivalence in Rao (1973, p. 122)]. Assump-
tion 1(ii) assumes both the expected sample size, E(N) = M pyrrpens, and the expected
number of clusters in the sample, E(Gx) = Gpear, tend to infinity along with the pop-
ulation size since I adopt the large-G asymptotics throughout the paper. Note that the
limiting sampling probabilities p. and p, are allowed to take value zero, which not only
nests infinite populations in the framework but also allows for unbounded cluster sizes in
the limit, at least in some clusters.

Assumption 2(i) allows for either identically distributed or nonidentically distributed

13



assignment variables X;,y/. The latter allows the assignments to depend on fixed at-
tributes zjgps. Assumption 2(ii) allows for clustered assignment, which is another source of
within-cluster correlation in addition to within-cluster correlation of the composite sam-
pling indicators. Assumption 3 implies that the sampling process and the assignment
process are independent of each other. When p.js = 1 and the assignment of X;gy is inde-
pendent both across and within clusters, Assumptions 1-3 contains independent sampling
and independent assignment as a special case. Hence, this paper generalizes results in [Xu
(2019).

Assumptions 4 and 5 are adapted from Hansen and Lee (2019)) to restrict cluster het-
erogeneity and the growth rate of the cluster sizes relative to that of the population size.
The cluster sizes in the sample and the overall sample size in Hansen and Lee (2019) are re-
placed by their population counterparts. Assumption 4 rules out the case where a particular
group of clusters dominates the population since each cluster is asymptotically negligible.
Suppose all clusters are of the same size; then M, = % As a result, 1(;13()}(% = é An
implication of Assumption 4 is thus G — oco. Assumption 5 strengtherzs Assumption 4
since it is used to show asymptotic normality, which involves higher moments. We can see
that

M, My

—J < —- .
I;lgaé(M _Ig]lrlgaé( i — 0 (7)

Therefore, once Assumption 5 is imposed, there is no need to impose Assumption 4 since
the latter is implied by the former. However, to show consistency, only Assumption 4 is
required.

The first part of Assumption 5 deserves the most detailed discussion. The finite popula-

14



tion counterpart of the original assumption in|Hansen and Lee| (2019) is for some 2 < r < oo

a .
<g§1Mg)2/
T§C<oo. (8)

The assumption in (8) becomes more restrictive when r approaches 2 with a trade-off
between cluster sizes and the order of moments. The intuition can be most easily seen

with balanced clusters; the cluster sizes are required to be bounded when r = 2 but can

r—2
2r—2

grow uniformly at the rate My = M“ for 0 < a < for any r > 2. In fact, Assumption

5 rules out clustered data with all clusters unbounded since

G G
> M2 min My (3 M)
= B Y= B 9)
="M C M Tee "

It is appropriate for Hansen and Lee| (2019) to assume (8) since their main contri-
bution is providing fundamental asymptotic distribution theory, such as the weak law of
large numbers and the central limit theorem, for clustered data with a large number of
independent groups, and potentially unbalanced and unbounded cluster sizes. Also, if we
only consider linear models, Assumption 5 can be relaxed to (8), including the cases where
all cluster sizes are unbounded. However, for nonlinear models, Assumption 5 is required
for the sufficient conditions provided to apply the uniform laws of large numbers for the
CRVE. Since I study the asymptotic properties of a general class of M-estimators in this
paper, I impose the more restrictive assumption directly. Consequently, the asymptotic

theory in this paper is most relevant to clustered data where some cluster sizes are small.
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3.2 Asymptotic Distribution

The next theorem proves consistency of M-estimators. The limiting population estimand

where Q(0) = N}im ﬁ sz\i1 Ex [qiM(WZ-M, 9)] The asymptotic theory relies on the num-
—00
ber of clusters G — oo as M — oo. In the meanwhile, heterogeneous and unbounded

cluster sizes are allowed.

Theorem 3.1. In addition to Assumptions 1-4, assume that: (i) Q(0) is uniquely mini-
mized at 0*; (ii) © is compact; (11i) qipr(w, 0) is continuous in 6 for all w in the support of
Wine, Vi, M; (iv) SLEEX [gug |qiM(WiM,9)|T} < oo for somer > 1; (v) there is h(u) | 0
i,
asu 0 and b1(-) : W — }EE such that Sl]l\IjEX [buM(Wi )] < 00, and for all 0,0 € O,
i
|gint (Wint, 8) — qint(Wint, 8)| < bringe(Wing)h(||6 — 8])). Then fy — 6 5 0.

The major difference between the regularity conditions here and those in the standard
case is that the expectation here is taken only over the distribution of X (besides the
sampling indicator) while the expectation is taken over the joint distribution of {X,z,Y}
in the standard case. The introduction of #* and the assumption of the existence of Q(0) is
not needed for what follows, but it entails little loss of generality and simplifies regularity
conditions. Theorem 3.1 implies that 6y — 0% 2, 0 since 03, — 0" — 0 holds by definition.
The finite population estimand 6}, may not be the true parameters in the potential outcome
function since I do not impose correct specification of the objective function. Nevertheless,
it generally provides the best approximation to the underlying parameters given the models
specified.

I introduce the following notation to help guide the discussion of the asymptotic dis-
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tribution of M-estimators:

M
1
Achw,m(0) = Z [mine (Wing, )mint(Wing, 0)'], (11)
M
%« N1/
Apyv = Z [mine(Wing, 030) | Ex [mane (Wing, 034)] (12)
1 G My M,
AclusterM(e MZ EX ngM ng:H)mng(ngMve)l]? (13)
g=11i=1 j#i
G My My
% \1/
AEC,M = ZZZEX ngM ngaQM)]EX[m]gM(ngMveM)] ) (14)
g 1i=1 57
1 M
Hu(0) = 57 ;EX (Vomin(Win, 0)]. (15)

where m;p (Win, 0) denotes the score function of ¢;pr(Wiar,0). The variance matrix of

M-estimators is then defined as

Vi = Hu (037) (A ehuw, 1 (037) +punt Dctuster, vt (051) = purt pert A vr —puni pert Aot ) Har (03) 7!

(16)
Notice that all the matrices are denoted by a subscript M to emphasize their dependence
on the population size. Also, the middle part of the sandwich form in (16) is different from
the standard case with two additional terms. I denote the conventional infinite population

variance matrix and its estimator below:

Vi = HM(H}kw)il (Aehw,M(az/[) + puMAcluster,M(ejw))HM(H}kw)il7 (17)

M
N 1
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M

" 1
Achw,N(0) = N ;RiM -ming(Wing, 0)ming(Wing, ), (19)
. G My My,
Acluster,N Z Z Z RngR jgM * ngM(WigMa e)mng(ngM, 9)/> (20)
g 1i=1 j#4i
VIN = I_}N (éN)_l(Aehw,N (éN) + Acluster,N(éN))I;[N(él\/')_l' (21)

The theorem below summarizes the regularity conditions required for asymptotic nor-

mality of M-estimators and consistency of the usual CRVE to Vi,.

Theorem 3.2. Under Assumptions 1, 2, 3, 5, and conditions in Theorem 8.1, sup-

M N

pose that + > Ring - mint(Wing, On) = op(NY2) and (i) 6* € int(©); (i) qinr(w,0)
i=1

is twice continuously differentiable on int(©) for all w in the support of Wins, ¥ i, M ; (iii)

sup B [sup s (Wias. )17 | < 50 for some 7 > 2 (i) Sans(055) = pusspess e s +
i, M €0

pur Actuster, M (O3r) —purt perr A g, is nonsingular; (v) SIJI‘EEX[SU8||VGTR¢M( i, O)] }
1, €

oo for some r > 1; (vi) there is h(u) | 0 as u | 0 and ba(-) : W — R such that

sup Ex [bg,iM(WiM)] < o0, and for all 6,0 € O,

1y

b2 ZM( ) (H0 0”) (UZZ) HM(HT\/[) is nonsmgular; (,UZ”) Aehw,M(034)+puMAcluster,M(9}k\/[)

(Wing, 0) — Vomint (Win, 9)” <

is nonsingular; (iz) there is h(u) L 0 asw | 0 and bs(-) : W — R such that sup Ex [b3 ine(Win)?] <
iM

(Wint, 8) — mint(Wing, 6) H < byins (Win)h([10 — 6]]). Then
(1) Vil PN by — 0%,) S N (0, I); (2) Vir VvV > B I

oo, and for all 0,0 € O,

Because I allow arbitrary within-cluster correlations of the score functions, the con-
vergence rate of M-estimators is unknown. The typical convergence rates with clustered
data are v'N or v/Gy, but Hansen and Lee (2019) have given examples showing that the
convergence rate can be in between or even slower than these rates. Since the rate of
convergence can be calculated as the standard deviation of M-estimators, the composite

V];[l/ 2V/N serves as the implicit rate in Theorem 3.2. As it turns out, it is not necessary
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to know the convergence rate since Vi /N gives the correct variance of Oy

In terms of the variance-covariance matrices, the term Ayster 11 (03,) is scaled by the
sampling probability p,as because of the two-stage sampling scheme. Nevertheless, the
usual CRVE, Vl N, converges to Vs, in which the estimation of p,ps has been accounted

for.

Corollary 1. Clustering is necessary when there is cluster sampling (pear < 1) or cluster

assignment (Acyster,v(03) # Arc,m), or both.

The term related to clustering in the variance formula, py s (Adustm m(03p)—pemAEC, M(Q}k\/[)) ,
is nonzero unless we have both independent sampling and independent assignment. Corol-
lary 1 states that we should adjust standard errors of M-estimators for clustering at the
level of cluster sampling or cluster assignment. It can be shown using similar arguments
that when cluster sampling and cluster assignment occur at different but nested levels, one
should cluster at the higher level. This conclusion may seem counterintuitive at first, since
correlations among individual unobservables play no specific role in determining clustering
adjustment. Instead of arbitrary clustering based on clustered errors, the guidelines in the
corollary give a more clear-cut of clustering adjustment: whenever the sampling schemes
or the assignment rules are known, we have the idea of the appropriate level to cluster the
standard errors.

Corollary 1 reproduces results of Corollary 1(i) in [Abadie et al.| (2017) but in a much
more generalized way. |Abadie et al.| (2017) prove the case for the difference-in-means
estimator, while the corollary above holds for all M-estimators with either continuous or
discrete assignment variables. However, Corollary 1 mainly applies to finite populations,
although the generalization to infinite populations would be a natural conjecture.

Let us revisit the example in |MacKinnon| (2019). Given education is a personal choice,

the assignment of education levels is independent across individuals. On the other hand,
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since CPS has a two-stage sampling design with the PSUs being either one county or
contiguous counties, we need to adjust for clustering at the PSU level whenever the PSU
identifier is available. When we have access to the same CPS data, we can consider a
different problem, such as the effect of state minimum wage laws on individual wage rates.
In this example, there is cluster assignment given the policy is imposed on states. As a
result, we should cluster the standard errors at the state level. These two examples serve

as the leading cases in practice.

Corollary 2. Since

G Mg Mg /
1
Apm+Apcm = 37 S D Ex (mign (Wigar, 031)) [Z Ex (mignr(Wign, 030)) | (22)
g=1 Li=1 i=1

s positive semidefinite, the infinite population CRAV of M-estimators is no less than the

finite population CRAV, in the matrixz sense.

When clustering is necessary, I rewrite the two additional terms in (22) to compare
the asymptotic variance of M-estimators obtained in Theorem 3.2 to the usual infinite
population asymptotic variance. Corollary 2 is a generalization of Theorem 2.3 in Xu/ (2019)
to clustered data, which accounts for both sampling-based and design-based uncertainties.

Although the usual CRVE is often overly conservative, there are exceptional cases where
it is appropriate to use the usual CRVE for inference. The first scenario is summarized in

the corollary below.

Corollary 3. If few clusters are sampled from a large population of clusters, namely,
pers — 0, or there is at most one unit sampled from each cluster, i.e., pyy — 0, it is

appropriate to use the usual CRVE of M-estimators for inference.

Corollary 3 reaches the same conclusion of Corollary 2(ii) and 2(iii) in |Abadie et al.

(2017) but in a general framework of M-estimation. When p.j is small, which is the case
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close to sampling from an infinite number of clusters, we are left with the usual expression
of the CRAV. In other words, the CRAV of M-estimators in the infinite population setting
is in general conservative unless few clusters are sampled. When p,ps is close to zero,
there is at most one unit sampled from each cluster. The CRAV then reduces to the EHW
asymptotic variance, Acpy (037) — puripemr Ag. Because pyar is close to zero, the composite
sampling probability p,arpens is also small, which is again close to the case of sampling
from an infinite population. As a result, the usual EHW variance estimator is appropriate,
and so is the usual CRVE since clustering adjustment does not matter in this case.

Another special case for the usual CRVE to be appropriate is when Ag yy+Agpc v = 0,
which is true if either Ex [mign(Wignr,05,)] = 0, Vi = 1,....,My, g = 1,...,G or
Zf‘iﬁ Ex [migM(WigM,H}kw)] =0, Vg=1,...,G. The former is true for the coefficient
estimator on the assignment variables under the sufficient conditions provided by |[Abadie
et al.| (2019), including constant treatment effects, which is required for a correct spec-
ification of a linear regression function, and other linearity conditions. The latter holds
if the finite population is composed of repetitions of the smallest cluster in terms of the
potential outcomes, the fixed attributes, and assignment rules. With this kind of data
structure, 6}, that solves Ex [Ele Ef‘i"l migM(WigM,OL)] = 0 is also the solution to
Ex Zf‘i”l mignt (Wigna 9}*\4)] = 0 for each cluster g.

However, these kinds of special cases rarely hold in practice. The following example
demonstrates why the finite population CRAV is generally smaller than the usual CRAV,
in the matrix sense. In the case of linear regression, suppose we regress Y;as on X;ps. The

population estimand has the following closed form:

M 1 M
O = [ZEX(XﬁMXiM)] ZEX(X”L{MEM)' (23)
i=1 =1

The population residual is defined as Ujpr = Yinr — Xim0yy = vine(Xanmt) — Xm0y
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Though Zf\il Ex (X/,,Uins) = 0 because of the first order condition in the population
minimization problem, Ex (X/,,U;nr) is nonzero at least for some unit . The underlying
reason is that given U;j; contains the fixed potential outcome function, the joint distri-
bution of {X;ns, Uiar} is necessarily nonidentical[] Consequently, the cluster summation
Ef‘igl ]EX(XZ(QMU,;QM) will only equal to zero by chance, V ¢ = 1,...,G. Hence, when
we derive the usual asymptotic variance of the least squares estimator, the positive defi-

nite term [Zi‘i"l EX(XZ{QMUigM)] [Zf\i"l EX(X;gMUigM)], remains in the variance matrix,

which resulted in a larger (in the matrix sense) asymptotic variance.

4 Estimation of the Extra Terms in the Asymptotic Variance

The terms that show up in the usual CRAV can be estimated in the standard way. It
is more challenging to estimate the two extra terms, Ag )y and Agc . The underlying
reason is that Ex [miM(WiM,H}kw)] is generally non-identifiable due to the missing data
problem of the potential outcome framework. However, there is a menu of options valid
under different circumstances to at least find a lower bound of the two extra terms.

No matter whether there is second-step sampling within clusters or not, we can always
remove part of Ag ) using the regression-based approach proposed in Theorem 4.2 in [Xu

(2019). Consider the estimator,

M

. 1 R .

A% = N E Rine L2l zine Ly, (24)
=1

- M -1 M A
where LN = (szMZ;MZzM> [ZRzMzéMsz(WzM>9N)/ .
i=1 =1

Theorem 4.1. In addition to Assumptions 1-4 and conditions in Theorem 3.2, assume that

"Even if X, is identically distributed, the usual asymptotic variance is in general too large with the
presence of the fixed potential outcome function.
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. —1/2 & —1/2
ﬁ Zi\il 2 ziM and AAZJ are nonsingular. Then 0 < AJ\ZJ < Ag v, where AAZJ / AJZ\,Aﬁ / LN

Iy, (all inequalities are in the matriz sense).

With clustered data, we can include cluster dummies as regressors in the linear projec-
tion of minr(Winr, 0 ~) on the fixed attributes. Therefore, the estimation method proposed
in Theorem 4.1 is applicable even when there are no other fixed attribute variables avail-
able, since the cluster dummies are always known. Alternatively, when the variables in z;s
are discrete, we can partition the population into different strata based on the values of
zim- Then Ex [mi M Wi, 9}*\4)] can be partially predicted by its within-stratum averages.
However, the downside is that Agc ar, which contains Zngl My(My — 1) terms, still re-
mains in the usual CRVE. Consequently, the adjusted finite population CRVE, using A%
to partially estimate Ag jr, is still quite conservative.

We can do better if there is no second-step sampling within the selected clusters.
In this case, we could sum migM(WigM,éN) within each cluster, and linearly project
Zi\igl migM(WigM,éN) on the fixed attributes. The number of observations in the lin-
ear projection would be the number of clusters in the sample. Hence, cluster dummies
should be dropped from the regression. Otherwise, we would run out of degrees of freedom.
To reduce the dimensionality of the regressors, the fixed attributes can also be summed
within clusters as one way of aggregation. As a result, Ef‘i"l Ex [mignt (Wignr, 034)] can be

partially estimated by its predicted value from the linear projection. Let

MQ
ZgMm = Z Zigh » (25)
i=1
Mg
gr (0) = migns(Wignr, 0), (26)
=1
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and

G -1, G
= < 2 RgM%M%gM) < > RgM%MmgM(t?N)’) - (27)

g=1 g=1
Estimate Ag yr + Apc amr by

1 G
Abpy = N > Ry PrZparZgnm Py (28)

g=1
Theorem 4.2. In addition to Assumptions 1, 2, 3, 5, and conditions in Theorem 5.2,

G

assume that (i) pupr = 1; (ii) 21 ZgrZgm is monsingular; (i) A(%E,M is nonsingular.

g=

Then 0 < AgE,M < (AE,M + AEC,M); where Ag'E,M_l/2

—-1/2

Al nDepy ™ 5 I (all

inequalities are in the matriz sense).

Theorem 4.2 proposes an easy way to partially remove Ag s + Agc v all at once.
The sampling probability py,arpens can be estimated by %, where the population size M is
assumed to be known. If the entire population is observed, pyarpens is simply one. Since

Ag g N 18 positive semidefinite,

o ~ o ~ N . ~ ~ ~ ~
Aehw,N(eN) + Aclusi&er,N (HN) - MAg‘EyN S Aehw,N(gN) + Acluster,N(gN) (29)

(in the matrix sense) is an algebraic fact with finite samples. With large samples, even
though the limit of the adjusted finite population CRVE is still conservative, it improves
over the limit of the usual CRVE.

5 Asymptotic Distribution of Functions of M-estimators

Sometimes, we are interested in the functions of M-estimators rather than M-estimators

themselves. Let finr(Winr,603,) be a ¢ x 1 function of Wiy, and 63,. Suppose we wish
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to estimate v3, = M ZEX [sz( ZM,HM)]. As an example, 73, could be the APE
from nonlinear models, Where f(-,-) is some partial derivative for continuous variables
or some difference function for discrete variables. The estimator of v}, is denoted by
AN = N Z Rinr fina ( ZM,HN) The conditional variance of 4y (conditional on W), such
as the variance of the partial effect estimator, can be obtained by applying Theorem 3.2
and the delta method directly. The delta method can also be applied to functions f(63,)
without W. When the randomness of W is also taken into account, 45 has the asymptotic
distribution as shown in Theorem 5.1 (see below).

The notation used in the theorem is defined as follows:

x [Vofirr(Wiar, 0)], (30)

||M§

Fn(0 ZRzMVszM( i 0), (31)

Alhsar = MZEX{ fot W i) = P03 Mg 05) i (Wors )
32

[fine (Winr, 831) = vis = Far(030) Haa (630~ mans (Wins, 03]}

M
AQ,M:%Z{EXUZM( Wint, 030) — vir — Far(030) Har (037) " ming (Wi, 034) ] -
=1

Ex [fiat (Wins, 03) = 7ir — Far (030 Hoe (03) ™ mins(Waar 03] '},

G My M,

cluste’r M~ Z Z Z EX{ fZQM igM > 0M) fyM Fr (GM)HM(QM) mZQM(WiQM7 07\4)} )
g 14i=1 j#i

[fng(ngMﬁL) Y — Far(03) Hu (03) mJgM(VngMv9;/1)},}7
(34)
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G My M,

ECM ZZZ {EX fng ng»eM) /VM FM(GM)HM(OM) mlgM(WigMae}kM)}'
g 1 =1 j#i

Ex | Fjon (Wignss 031) = Vir = Far(050) Har(83) ™ mgns (Wygar, 03]}

(35)
The variance matrix of 4 is then defined as
Vim = ALW Mmt puMAflusm M PuMPcMAg M PuMPcMAéc,M' (36)
The usual CRVE in the setting of infinite populations is denoted by A hw N T Adust er N
where
e’”UN N ZRzM fit(Wint, On) — An — Ex(0n) Hn (0n) " ming (Wing, On)]-
(37)
[fint(Wint, On) — 4n — En(On) Hy (On) " mins (Wing, On)]
and
G My M, . . .
Aflust@r N = N Z Z Z RngR]gM [fng( igM s 9N) AN — FN(H ) (QN) ngM(WigMa GN)} :
g=11i=1 j#i
[fng(ngMaéN) — N — FN(‘Q )HN(QN) mJgM(ngMvéN)]/'
(38)

Theorem 5.1. Under Assumptions 1, 2, 3, 5, and conditions in Theorem 3.2, sup-
pose that (i) finr(w,0) is continuously differentiable on int(©) for all w in the support

of Wing, ¥ i, M; (ii) supEX[suprzM( iM )||T} < oo for some r > 2; (iii) VA’; is

nonsingular; (iv) supEX[supHngZM( iM )Hr} < oo for some r > 1; (v) there is
oe

i, M
h(u) 4 0 as u | 0 and by(-) : W — R such that supEx [b4ﬂ-M(WZ~M)] < oo, and for all
iM
0.0 € O, |[Vofirr(Wirr,0) = Vo fire(Wiar,0)|| < bains (Wi (116 = 81); (vi) ALy, 0 +
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pUMA({luster,M is mnonsingular; (vii) there is h(u) | 0 as w | 0 and b5(-) : W — R such

that sup Ex [bsinr (Wing)?] < oo, and for all 6,0 € O, || fite(Wint,0) — fine(Wing, 0)
i, M

| <

bs,int (Wann)h(|0 = 1I). Then (1) Vi a*VN (v = 75) % N0, 1);

(2) (A({hw,M+p“MA£luster,M)_l/2 (Aghw,N—l_Afluster,N) (Aghw,M +p“MA£luster,M)_1/2 5 I,
Theorem 5.1 shows that the conservative property of the usual CRVE of M-estimators

carries over to the usual CRVE of any functions of M-estimators. We can also apply the

same techniques in Section 4 to estimate the two extra terms, A]]; o and Aéo - The only

difference is that the dependent variables in the regression-based approach would be
FigrtWignr, On) — An — En(On) Hy (On) " migar(Wigar, On) (39)

or the cluster sum of it rather than m;gn (Wignr, éN) alone.

6 Simulation

In this section, I compare the Monte Carlo standard deviation of the APE estimator of the
assignment variable in a binary response model with a set of different standard errors. In
the population generating process, there is a single assignment variable X;43s € {0,1} and
a single attribute variable z;g0s € {—1,1}, each equal to one with a probability of 1/2. The

potential outcome of a binary response is generated as
Yigh () = Lz + 22901 - & + cgnmr + €ignr > 0. (40)

Because of the cluster setup, there is an unobserved group heterogeneity for each cluster,
cgM, which is generated as residuals from regressing random realization of a standard

normal distribution on z;3s. The idiosyncratic unobservables e;zns is the residual from
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regressing random realization of a standard normal distribution on 245 and cgps. The
data of zign, cgmr, and ejgps are generated once and kept fixed in the population M.

The random assignment of X;,s involves two stages. In the first stage, an assignment
probability psas € [0, 1] for cluster g is drawn randomly from a distribution h(-) with mean
1/2 and variance o. In the second stage, Xigm in cluster g is assigned to 1 independently,
with cluster specific probability pgas. If 0% > 0, we have correlated assignment within each
cluster but independent assignment across clusters. In the simulation, pys is either drawn
from the standard uniform distribution or kept fixed at 1/2. Hence, o € {0,1/12}.

There are 10,000 replications for each design. For each replication, X4y is assigned
according to the assignment rules above and then clusters are sampled with probability
pe € {0.1,0.5,1} from the finite population. Each resembles the case of sampling from an
infinite number of clusters, drawing a nonnegligible chunk of clusters in the population,
and observing all clusters in the population, respectively. Since I want to show the finite-
sample performance of the regression-based adjusted finite population CRVE proposed in
Theorem 4.2, there is no second-stage sampling, i.e., p, = 1.

The expected sample size is kept the same across different designs with varying popula-
tion sizes. Results with two different expected cluster numbers in the sample, 50 and 100,
are reported. Within each population M, half of the clusters have four units and another

half have eight units. Hence, the expected sample size is 300 and 600 respectively.
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Table 1: Standard Errors and Coverage Rates for Probit: APE

No Cluster Assignment

With Cluster Assignment

(1) (2) (3) (4) (5) (6)

pe=01 p.=05 p.=1 p.=01 p.,=05 p.=1

APE;, 01007 0.1350 0.1300 0.1007  0.1350  0.1300

APE 0.1091  0.1413  0.1376  0.1090  0.1431  0.1388

std 0.0736  0.0618  0.0395 0.0809  0.0724  0.0572

S€Limit 0.0745  0.0623  0.0390 0.0817  0.0717  0.0553

Gpo =50 Seduster 00761  0.0783  0.0785 0.0820  0.0855  0.0874
COVuster  (0.955)  (0.985)  (1.000)  (0.953)  (0.977)  (0.996)

Sead; 0.0740  0.0659  0.0507 0.0810  0.0744  0.0635

COVagi (0.949)  (0.964) (0.988) (0.948)  (0.956)  (0.969)

Seehwagy  0.0513  0.0491  0.0468 0.0516  0.0495  0.0471

APE;, 01182 0.1075 0.1350 0.1182  0.1075  0.1350

APE 0.1263  0.1174 0.1418  0.1261  0.1165  0.1422

std 0.0523  0.0430  0.0270  0.0581  0.0501  0.0373

S€Limit 0.0533  0.0442  0.0272  0.0591  0.0506  0.0371

Gpe =100 Secuster ~ 0.0550  0.0558  0.0558  0.0604  0.0608  0.0612
COVauster  (0.961)  (0.985)  (1.000)  (0.954)  (0.982)  (0.999)

SCadj 0.0535  0.0471  0.0361  0.0590  0.0530  0.0440

COVagi (0.955)  (0.963) (0.989) (0.949)  (0.962) (0.979)

Seehwagg  0.0364  0.0349  0.0327  0.0365  0.0350  0.0329

1 G is the number of clusters in the population; p. is the sampling probability of clusters; thus,

E(Gn) = Gp. is the expected number of clusters in the sample.

2 For cluster assignment, the variance of the assignment probability across clusters is 1/12.
3 APEj}; stands for the population APE; APE stands for the average of the APE estimates across

replications; std stands for the Monte Carlo standard deviation; sej;mq: stands for the analytical

cluster-robust standard error with finite populations; Se.jyster stands for the average of the usual

infinite population cluster-robust standard error; coveuster stands for the coverage rate of the 95%

confidence interval based on the usual cluster-robust standard error; seqq; stands for the average

of the adjusted finite population cluster-robust standard error; covaq; stands for the coverage rate

of the 95% confidence interval based on the adjusted finite population cluster-robust standard

€ITOr; S€ehw,adj Stands for the average of the adjusted finite population EHW standard error.

4 In the construction of the confidence intervals, 97.5"" percentile of t(Gp. — 1) is used as the critical

value.
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Estimates from the pooled probit regression of Y;4ns on 1, Xjgas, and z;4ps are collected
in Table 1. To report the analytical standard errors, 03, is computed by minimizing the
finite population objective function as in (5) with each population size, where g;nr(Wiar, 6)
is the Bernoulli log-likelihood function. In the left panel (columns (1)-(3)), the assign-
ment variable Xj4ys is independently assigned for each unit in the population given that
the assignment probability pgas is fixed at 0.5 for all clusters. While in the right panel
(columns (4)-(6)), assignments within clusters are correlated as each cluster has its specific
assignment probability. Cluster sampling occurs when p, < 1. As a result, for columns
(1) and (2), there is cluster sampling but no cluster assignment; for column (3), there is
neither cluster sampling nor cluster assignment; for columns (4) and (5), there are both
cluster sampling and cluster assignment; while for column (6), there is cluster assignment
but no cluster sampling.

Within each sample size, the first two rows in Table 1 report the APE of X in the
population obtained from the potential outcome function and the average of the APE
estimates across the replications. The population APEs vary across columns because the
population sizes are different in the design of each column. Even though there is some
gap between the population APEs and the estimated APEs due to misspecification of the
model, the estimated ones are not too off from the truthﬁ With quasi-MLE, the hope is
to get the best approximation to the population APE given the model specified.

The third and fourth rows report the Monte Carlo standard deviation of the APE
estimator and its analytical cluster-robust standard error with finite populations using the

formula in Theorem 5.1E| In all designs, the analytical cluster-robust standard errors are

8The model is misspecified because the interaction term in the potential outcome function is not captured
by the probit regression and {e;gar, i = 1,..., My, g =1,...,G} has a discrete rather than standard normal
distribution.

9Tt is equivalent to apply the delta method in this case since the individual partial effect does not contain
stochastic assignment variables.
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pretty close to the Monte Carlo standard deviations, confirming the correctness of the
analytical formula at least in this population generating process.

The next two rows report the average of the usual cluster-robust standard error and
the corresponding coverage rate of the 95% confidence interval. Consistent with the theory,
the usual cluster-robust standard errors are always larger than the Monte Carlo standard
deviation of the APE estimator. Consequently, the coverage rates of the confidence intervals
are always larger than its nominal level. The discrepancy between the usual cluster-robust
standard error and the standard deviation is the smallest when the sampling probability
is 0.1, as this is the case closest to sampling from an infinite number of clusters.

The coverage rates here, especially the ones in the top panel, should be interpreted with
caution though due to the cluster heterogeneity and the relatively small cluster number
in the sample. In the setting of infinite populations, Bester, Conley, and Hansen| (2011)),
by adopting the fixed-G asymptotics, show that the cluster-robust t statistic follows a t
distribution with G —1 degrees of freedom under homogeneity of both the design matrices
and the variance of the within-group scores. Simulation results in [MacKinnon and Webb
(2017)) with wildly different cluster sizes show that using critical values from t(Gny — 1) at
least outperforms critical values from the standard normal distribution. As a result, the
97.5'" percentile of t(Gp. — 1) is used as the critical value in constructing the confidence
intervals. The appropriateness of using critical values as such is a conjecture without proof
in the context of finite populations. Nevertheless, since I use the same set of critical values
across confidence intervals, it is still fare to compare their coverage rates resulted from
different standard errors.

The seventh and eighth rows report the average of the adjusted finite population cluster-
robust standard error and the coverage rate of the corresponding 95% confidence interval.

Since the fixed attribute z;4ys is correlated with the score function, the adjusted finite
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population cluster-robust standard error is quite a bit smaller than the usual infinite pop-
ulation cluster-robust standard error, making the coverage rate of the confidence interval
closer to its nominal level.

The averages of the adjusted finite population EHW standard error are reported in the
last row, which are almost always smaller than the Monte Carlo standard deviations except
in column (B)B For the design in column (3), the adjusted finite population EHW stan-
dard error is smaller than the cluster-robust standard error but larger than the standard
deviation. Therefore, when there is neither cluster assignment nor cluster sampling, the
usual cluster-robust standard error is overly conservative because the population is incor-
rectly treated as infinite and the clustering is unnecessary even though there are common
error components within clusters.

It is interesting to find that the adjusted finite population cluster-robust standard
error can undo the unnecessary clustering to some extent, which supplements another
reason to use the adjusted finite population standard errors whenever appropriate. This
phenomenon is implied by the theory since if the extra terms in the finite population CRAV
can be identified, then clustering makes no difference when it is unnecessary. However, it is
usually undetermined whether the adjusted finite population EHW standard error or the
adjusted finite population cluster-robust standard error is closer to the standard deviation.
The limited evidence in column (3) shows that the former performs better, though.

The different standard errors of the coefficient estimator on the assignment variable
perform in the same way as those of the APE estimator, as shown in Table 3 in Appendix
B. When the interaction term is removed from the potential outcome function in (40), the
probit specification can be considered as approximately correct as long as the population

size is large enough for {ejonr, ¢ = 1,..., My, g = 1,...,G} to approach the standard

10The adjusted EHW standard errors are obtained using the regression-based approach in Theorem 4.1
without the clustering term.
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normal distribution; in the simulation, we do observe that the average APE estimates are
pretty close to the population APEs. The simulation results in terms of the comparison of
the standard errors show the same pattern (not reported here). The only major difference
is that since now the attribute z;5p/ is no longer correlated with the score function, the
adjusted finite population clustered standard errors are equivalently conservative as the
usual clustered standard errors.

All in all, we can conclude from the simulation results that the usual cluster-robust
standard error is overly conservative unless the sample is a small proportion of a large
number of clusters in the population. When there are fixed attributes available, they can
be used to estimate a lower bound of the finite population CRAV. Although the adjusted
finite population cluster-robust standard error is still conservative, it often improves over

the usual cluster-robust standard error.

7 Application

The adjusted finite population CRVE proposed in Theorem 4.2 is applied to |[Antecol et al.
(2018), who study the effect of tenure clock stopping policies on tenure rates among assis-
tant professors. The unique dataset collected by the authors contains all assistant professor
hires at the top-50 Economics departments from 1980-2005 as pooled cross sections, re-
sulting in 1,392 observations in total. Furthermore, the tenure clock stopping policies are
assigned at the university level while the data are collected at the individual level, imply-
ing that we have a setting of observing the entire population with cluster assignment. The
standard errors in the original paper are clustered at the policy university level, which is
the correct level to cluster the standard errors implied by Corollary 1.

Since the dependent variable is a binary response, I analyze the linear probability model

given in the original paper along with an additional probit model given in (41) below, which
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adopts the same notation from the original paper.

P(Yugit = 1‘GNut; Fugitv Eutv FOut7 Xugita Zuta Pyt wug) =

Q)(BO + BIGNut + /BZGNut X Fugit + B3GNut X Eut + B4GNut X Eut X Fugit (41)

+ﬁ5F0ut + 56F0ut X Fugit + B?FOut X Eut + BSFOut X Eut X Fugit

+Xugit + Zun + pgt + ¢ug)

The dependent variable Y is an indicator of obtaining tenure at the policy university.
Binary variables GN and F'O are indicators of gender-neutral and female-only tenure clock
stopping policies respectively. The dummy variable F' is the indicator for females. The
variable E is an indicator of starting jobs in years zero through three after policy adoption.
The vector X contains individual characteristics and the vector Z includes university level
controls@ The parameter p captures gender-specific time trend and ) represents gender-
specific university heterogeneity. The subscripts, u, g, i, t, are indicators for university,
gender, individual, and the year the job started respectively.

The authors of the original paper include gender-specific university dummies to cap-
ture different unobserved university heterogeneity for males and females. Adding group
dummies in the linear model is equivalent to performing fixed effects with clustered data.
However, adding group dummies in the nonlinear model may cause the incidental param-
eter problem. Since the cluster sizes are unbalanced, I use pooled probit with correlated
random effects as suggested by [Wooldridge| (2010) to allow for correlation between the
gender-specific university heterogeneity and the covariates. Using Chamberlain-Mundlak
device, the cluster size, the gender-specific university averages of individual and time-
varying university characteristics, and their interactions with cluster sizes are included as

additional controls.

1Please refer to the original paper for the details of the variables included as controls.
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Given the probit model above is a nonlinear “difference-in-differences” model, the com-
mon trend assumption is imposed on the latent outcome variable following Lechner| (2011)
and [Puhani (2012)). The treatment effects are defined as the differences in the probit prob-
abilities induced by the incremental effect of the coefficient on the treatment variables. For
instance, the total effect of the female-only policy for men hired in years zero through three

after policy adoption is defined in (42) below.

(1)(500 + 1650 + /B7c + chugit + ncZut + Pmitc + XugAlc + Zu)\Zc + )\SCMQ + (Mg X Xug))\4c + (Mg X ZU)AEJC)

_(I)(ﬁ[)c + chugit + ncZut + Pmtc + Xug)\lc + Zu>\20 + )\3cMg + (Mg X Xug))\4c + (Mg X Zu))\5c)
(42)

Notice that the potential outcomes for males with or without treatment is obtained by
imposing the male time trend, denoted by pmec, to both males and females. The average
treatment effect on the treated is then calculated as the average of the treatment effect for
those actually treated by the specific policy. Assume that ¢ conditional on the sufficient
statistics (the additional controls included) follows a normal distribution. The subscript ¢
denotes the scaled parameters. Even though the parameters can only be identified up to
scale via pooled probit, we can still obtain the APEs. The total effects of other treatment

groups are defined similarly.
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Table 2: The Effect of Clock Stopping Policies on the Probability of Tenure at the Policy
University

LPM Probit
APE standard error APE standard error
inf pop finite pop inf pop finite pop
(1) (2) (3) (4) (5) (6)

Panel A. Policy effects years 0-3
Men FOCS -0.0085  0.0670 0.0574  -0.0067 0.0610 0.0422
Women FOCS 0.1723  0.1405 0.1102 0.1491 0.1826 0.1241
Men GNCS 0.0511  0.0787 0.0690 0.0426  0.0693 0.0553
Women GNCS -0.0166  0.1071 0.0894 0.0256  0.1213 0.0857
Panel B. Policy effects years 4+
Men FOCS 0.0023  0.0747 0.0639  -0.0054 0.0638 0.0458
Women FOCS 0.0493 0.1015 0.0743 0.0433  0.0959 0.0643
Men GNCS 0.1757  0.0826 0.0650 0.1468  0.0733 0.0549
Women GNCS -0.1945 0.1057 0.0859  -0.2207 0.0924 0.0660

! Standard errors are clustered at the policy university level.

2 Columns (1) and (4) report the APEs under the linear probability model and the correlated random effects
probit model, respectively; columns (2) and (5) report the usual infinite population cluster-robust standard
errors of the APE estimators (coefficient estimators in the case of the linear probability model); columns (3)
and (6) report the adjusted finite population cluster-robust standard errors of the APE estimators.

3 Please refer to the original paper for detailed control variables.

In Table 2, panel A presents the total effects for men and women hired in years zero
through three after policy adoption, and panel B shows the effects for those employed in
years four or later. The left panel (columns (1)-(3)) summarizes the results under the linear
probability model. Columns (1) and (2) report the total effects and the standard errors,
as shown in column (1) in the original table labelled Table 2 in Antecol et al. (2018),
while column (3) reports the adjusted finite population clustered standard errors. The
coefficients (APEs) are interpreted as the policy effect on the tenure attainment of the
assistant professors compared with those of the same genders at the same university but

without any clock stopping policies. For example, the coefficient in the third row of panel
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B shows that “men whose first job was at a top-50 university with a gender-neutral tenure
clock stopping policy in place for more than three years have a 17.6 percentage point tenure
rate advantage over men at the same university prior to the implementation of any policy”
(Antecol et al., 2018, p. 2429-2430).

To estimate the adjusted finite population CRAV, I sum all the estimated score func-
tions and control variables within clusters and apply the variance estimator in the left-hand
side of (29) together with the usual estimator of the Hessian matrix. Since the number
of control variables exceeds the number of clusters in the data, I only include individual
and university characteristics as the fixed attributes in the linear projection, resulting in a
linear regression with 49 observations and 12 independent variables. Compared with the
usual cluster-robust standard errors, the finite population cluster-robust standard errors
shrink by about 12% to 27% across the eight treatment groups. In terms of the statistical
significance, the effect of gender-neutral policy for men hired three or more years after the
policy adoption is significant at the 1% rather than the 5% level based on the adjusted
finite population cluster-robust standard error. Also, the effect of gender-neutral policy for
women hired in later years is now significant at the 5% instead of the 10% level. The same
results hold when the critical values from #(48) distribution are used.

In the right panel (columns (4)-(6)), we can see that the APEs from the probit regression
are close in magnitudes to those from the linear model. The adjusted finite population
CRAYV is estimated applying Theorem 4.2 and the delta method. The reduction from the
usual clustered standard error to the finite population clustered standard error is even
more substantial in the nonlinear model, varying from 20% to 33%, partly because the
fixed sufficient statistics are also included as regressors in the linear projection. Based on
the critical values from #(48), the effect of gender-neutral policy for men hired in later years

is significant at the 5% level rather than the 10% level when the finite population clustered
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standard error is adopted. In addition, the significance level of the effect of gender-neutral
policy for women hired in later years changes from the 5% to the 1% level under finite
population inference.

Table 4 in Appendix B provides empirical results under an alternative specification of
the correlated random effects probit model, where the cluster size in the set of sufficient
statistics is replaced by the dummy variables indicating different bins of cluster sizes.
The APE estimates from the more flexible functional form are quite similar to those in
the right panel of Table 2. The only exception is that the positive effect of female-only
clock stopping policy on female assistant professors, in the early years of policy adoption, is
significant nearly at the 5% level when the finite population clustered standard error is used.
Under this specification, the finite population clustered standard errors are smaller than
the infinite population clustered standard errors by up to 25% where the score functions
are regressed on the cluster sums of the cluster size dummies and the attribute variables.

To sum up, control variables can help shrink the standard errors when the population
is treated as finite in both linear and nonlinear models. The empirical evidence suggests
that gender-neutral tenure clock stopping policy is beneficial to men in obtaining tenured
positions but detrimental to women. Furthermore, there is evidence that female-only pol-
icy helps women without hurting men, which is not found previously using the linear

probability model and the infinite population clustered standard error.

8 Conclusion

This paper develops finite population inference methods for M-estimators with clustered
data. The takeaway for empirical practice is summarized as follows. One should only
adjust standard errors for clustering if there is cluster sampling or cluster assignment. If

the number of clusters in the sample is minimal compared with the number of clusters in
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the population, one can use the usual cluster-robust standard error. However, if the sample
contains a moderate fraction of clusters in the population or the entire population is used
in the analysis, one can obtain M-estimators with smaller cluster-robust standard errors if
the population is treated as finite rather than infinite. When there are control variables
available, such as the baseline characteristics, they can be used to provide a better estimate
of the finite population CRAV.

The current paper focuses on the asymptotics as the number of clusters tends to infinity.
For wildly unbalanced clusters or a small number of clusters, the wild cluster bootstrap E
has been proposed as a better-performing inference method for linear models in the setting
of infinite populations. The finite population inference method for few heterogeneous

clusters remains an interesting future research topic.

128ee, for example, |(Cameron, Gelbach, and Miller| (2008) and MacKinnon and Webb)| (2017).
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A  Proof

In the following proofs, C' denotes a generic positive constant that may be different in

different circumstances.

G My -
Lemma A.1. Under Assumption 4, suppose N = > >~ Rignr, where Rignr = RgnviRig
g=1i=1
and Rgypnr and Rigy follow Bernoulli distribution with probability pyyr > 0 and pepr > 0

respectively. Then m 1.

Proof. Since

R;
]E< QMD —1 < oo, (A.1)
PuM PeM
M
N _ Zngl >i—1 Rignr 2q (A.2)
M punipemt Mpunipem .
follows from Theorem 1 in Hansen and Lee (2019) under Assumption 4. |

Lemma A.2. Suppose there exists h(u) L 0 as w | 0 and b(-) : W — R such that

aint(Wiar, 0) = aias (Wiar, 0)[| < bias (Waar)h((10-

supEx [biM(W,;M)] < 00, and for all0,0 € O,
iM

0l). Then By = % Y. Riar - biss(Waar) = Op(1) and | An(0) = An(9) | < Buh(10 — 61,
=1

M
where AN (0) = « > Ring - aing (Wi, 0).

=1

Proof. The proof is modifications of the proof of Corollary 3.1 in Newey| (1991)).

[y

| 4w () - anc)|

1 Y .
Z Rin [ainte(Wing, 0) — aing(Wing, 0)] H

N =1
1 N

SN ;Rz‘M ‘ ain(Wing, 0) — aiM(WzM,G)H
1 I N

<57 2 Rinr - biag(Wian)h([16 — 61))
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=Byh(]|6 - 6l)

1 Mpunipenr 1 M Rim
BN:NZRiM'biM(Wi )= N by (Win)

i=1 N M i=1 PuM PeM

Because of Lemma A.1 and the continuous mapping theorem,

PuM PcM

M
it is sufficient to prove 57 3. Rist b0 (Wing) = Op(1). For all € > 0, let b, = C/e,
i=1

g% %E(Rmﬁix DbiM(Wi )H /be

ZSUpEX [‘sz(WzM)‘]/be < C/be = €.
i M

Hence, By = Op(1).

Proof of Theorem 3.1

MpuMpc]\J
N

(A.3)

(A.4)

51 Asa result,

Proof. To prove Theorem 3.1, I proceed by verifying the conditions of Theorem 2.1 in

Newey and McFadden| (1994).

Their first two conditions are the same as conditions (i) and (ii) in Theorem 3.1. Their

condition (iii) holds under conditions (iii) and (iv) in Theorem 3.1 by the dominated

convergence theorem (DCT) and Jensen’s inequality. To show their condition (iv) holds

under the conditions in Theorem 3.1, first note that

1 — Mpuriperr 1 o~ Rim
N > Ripgingd(Wing, 0) = —505 — N~ g0 (Wi, 0).
i=1

N M i=1 PuM PeM
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MpuM PecM p

By Lemma A.l and the continuous mapping theorem, N — 1. Hence, it is

sufficient to show that for each 8 € ©

1 & Ry 1 <
=Y (Wi, 0) — = Ex [qine(Wing, 0)] || 2 0. A7
M;puMpchm 1, 6) M; x [aine (Want, )]‘% (A7)
Condition (iii) in Theorem 3.1 implies V § € O
Rim " 1 .
supEx | | ———aqins(Wing, 0)| | < —HSUPEX[SUP\qiM(WiMﬁ)\ } <00
i, M PuM PcM (puMpcM) iM 0cO
(A.8)
for some r > 1, which further implies
Ri Ri
lim sup {E{ MQiM(WiMae)‘ : 1( MC]iM(WiMuG)‘ > Cﬂ } =0. (A9)
C—o0 j M PuM PeM PuM PecM

(A.7) thus follows by Theorem 1 in Hansen and Lee (2019) under Assumption 4. As a
result, condition (iv) in Newey and McFadden! (1994) holds by Lemma A.2 and Corollary

2.2 in Newey]| (1991) under condition (v) in Theorem 3.1.

Proof of Theorem 3.2

Proof. The proof is modifications of the proof of Theorem 11 in [Hansen and Lee| (2019)) to
M-estimators with smooth objective functions under finite populations.

I start by showing that
M
ZEX [mZM(WzM,GL)} = 0, (A.lO)
i=1

which holds by Lemma 3.6 in Newey and McFadden| (1994)) and Jensen’s inequality under

conditions (ii) and (iii) in Theorem 3.2.
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By the element-by-element mean value expansion around 63,

M
_ 1 A
Op(N_l/z) = VMI/QN E Rine - mint (Wing, On)

i=1
1 Y 1 Y )
= ]\7[1/2N Z Rine - ming(Wing, 03p) + V]\}l/zﬁ Z RintVomine(Wine, 0)(On — 03y),
i=1 i=1
(A.11)
where 6 lies on the line segment connecting 03, and Oy.
I first show
Since we can write
F(0) = Har(030) [ T+ Har(03,)~ (Hn (6) — Han(03))] (A.13)
it suffices to show
| Fae 030~ (i (6) = H83) | 0. (A.14)
We can write u
A Mpyunrpem 1 Rin
Hy(0) =—————— _— it Wi, 0
N( ) N M i=1 puMpchemM( M )
- (A.15)
1 & R
=(14+o0,(1))— ‘ Vomin (W; ,9.
( P( ))M ; PuM PeM o M( M )
Since V 8 € ©
R; "
supEx ‘ M Vomin (Win, 0)
iM PuM PcM (A.16)
1
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for some r > 1,

M
1 Riym P
VG i v, 0) — Hp (0 Al
M;puMpcMWmM(WM ) = Hu(9)] =0 (A.17)

by Theorem 1 in Hansen and Lee| (2019) under Assumption 4 (implied by Assumption
5) and condition (v) in Theorem 3.2. Note that Hj;(#) is continuous in 6 by the DCT
and Jensen’s inequality under conditions (ii) and (v) in Theorem 3.2. By Corollary 2.2 in

Newey| (1991)) and Lemma A.2,

|eras(630) (1 8) — Has(630)

R } (A.18)
sc(zug |1 (0) = Hg(0)|| + || (6) HerM)H) %0
€
under conditions (vi) and (vii) in Theorem 3.2.
(A.12) implies
AN (B) ™" = Hu(03)" (I + 0p(1)). (A.19)
Using (A.19), (A.11) can be written as
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, M
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Plug (A.21) into (A.20), we have
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by Theorem 2 in|Hansen and Lee (2019) under Assumption 5 and condition (iv) in Theorem
3.2.
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We can write
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1 M My Riom !
—|—0 — Y9 m; WZ' ,9:||: #mi WZ' ,9:|
v M;[Zm ov (Wigns,0) Zm o (Wigar, 6)
(A.29)
Note that
G My v M, Riont /
Hig —————migm (W ,QH ——mgu (W ,9]
{ gzzl [; V PuM PeM gM( oM ) ; \/puMpcM gM( oM )
1 M Rim
=Ex |— : i M, 0)m; ire, 0)
X [M Zz: oorr” M (Wine, O)ming(Wing, 0) ]
G My Mg MR u
T ]EX[ ZZZ Higni mignt (Wignr, 0)mijgns (Wignr, 0) ]
g=1i=1 j#i PuM PeM (A30)
7ZEX mint(Wing, 0)mine(Wing, 6)']
G My M,
+ = Z Z ZPUMEX ngM(WigMa Q)mng(ngMv 9)/]
g 1i=1 j#i
:Aehw,M(e) + puMAcluster,M(e)-
Hence, V 6§ € ©
M, M,
1 ~ Rigu < Rigu '
M Z Z \/ﬁmigM(Wing 9)} [Z mmigM(WigM7 9)
g=1 ~i=1 i=1
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- (Aehw,M (0) + puMAcluster,M (9)) H £> 0 (A31)

follows by (A.25) and the same proof of (62) in Hansen and Lee (2019) under Assumption
5. Also, Achuw, 1 (0) + purt Aciuster, v (8) is continuous in 6 by the DCT, Jensen’s inequality,

and Cauchy-Schwarz Inequality under conditions (ii) and (iii) in Theorem 3.2. In addition,

| Achio ¥ @) + Bctuster v (B) — (Acnas v 0) + Actuser(6))

1 G My My !
SN Z |:Z ngM ngM(WigM, :| |:Z Rng ngM(WigMa 0):|
g=1 i=1 =
My My /
- |:Z RigM : migM(W/igMy 9):| |:Z RigM : migM(WigMa 0):|
=1 =1
1 M, My
<N Z 2 Sup Z Rigar - mignt Wigar, 0)|| - | Rignr - mignr(Wigar, 0) = > Rigas - migns (Wigar, 0)
g=1 €9 i=1 i=1 i=1
My
Z sup Z Rng ngM nga Z RngbZS,ng(Wng)h(He - 0”)
9 19€9 121 i=1
(A.32)
under condition (ix) in Theorem 3.2. Let
My
Z sup Z Rng ngM nga Z RigMb&igM(WigM)
—19€0 |I'5 i=1
My Mg

G
Mpuprpen 1 Rigm Rignt
= LeP Y sup || =i (Wignr. 6) || D by ignr (Wigns

N 196@ pt Dul PeM 2% ( g ) ; Dl Pell 19 ( 19 )

2 ¢ My Riom My Rion
=14 0,(1))— ) su —9 ot (Wignr, 0 —9% by ot (Wignr).
(1o ))M;eeg X;m ot (Wigis );m?”w( o)

(A.33)
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Since

2

My,
R;
Ex [sup Z ¢migM(WigM’ 0)

< CM? A.34
0O i—1 V PuM PcM g ( )

by Cr inequality and Jensen’s inequality under condition (iii) in Theorem 3.2,

9 G My R. v My R, "
Ev | — sup M . Wianr, 0 M . W
X M gzjl 9cO ; \/m ZQM( igM ) lz:; \/m 3,19M( Z!]M)

2

9 G My M My R 1/2 R 1/2
igM igM
SMZA {EX sup |1 ——2—migrr(Wigar, ) ” {Ex [gbs,z‘gM(WigM)QH

s | 0€6 || = VPuMPeM PuM Pe
G
<20 — ZM; < 00
g=1

(A.35)
by Cauchy-Schwarz inequality under Assumption 5 and condition (ix) in Theorem 3.2. As
a result, By, = Op(1) by Markov’s inequality. Therefore, given condition (viii) in Theorem

3.2,

H [Aehw,M(GL) + PuMAcluster,M(e}k\/[)] !

[Aehw,N(éN) + Aclustev",N(éN) - Aehw,M(HXJ) - puMAcluster,M (H}k\/[)] H

SC < Sug ||Aehw,N(9) + Aclusi&er,N (9) - Aehw,M(Q) - puMAcluster,M(e) H
c

+ HAehw,M(é]\/) + puMAcluster,M (éN) - Aehw,M (07\4) - puMAcluster,M(Q}k\/[) H ) = Op(l)

(A.36)
by Corollary 2.2 in Newey| (1991) under 8y — 8%, 2 0 (implied by Theorem 3.1). Hence,
Aehw,N(éN) + Acluster,N(éN)
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:(Aehw,M(ej/j) + puMAcluster,M (97\4)) [Ikz + (Aehw,M(e}k\/[) + puMAcluster,M(ej/j)) -

A~

(Aehw,N(éN) + Acluster,N (éN) - Aehw,M (97\4) - puMAcluster,M(H}kw))}

:(Aehw,M(Q*M) + puMAcluster,M('g}kW)) (Ik + Op(l)) . (A37)
Using (A.28) and (A.37),

‘W}}/Z%NW}}/Q - IkH

= ‘Vﬂ\}ﬂﬁN(éN)_l (Achw,n(On) + Acluster,N(éN))ﬁN(éN)_lvl;\/}m - IkH

= Vit Has (0307 (11 4 00(1) (Bt (83s) + pure Betuster.r (831)) (T + 05(1))- .
s (030) ™ (T + 0p(10) Vg — 1y
< “/17\/}/2‘/11\4‘/17\}/2 - Ik’H + HVJ\}/QVlMVJ/}MH Op(l)
=0,(1).
Hence the result.
[ |
Proof of Theorem 4.1
Proof. Let
M -1 M
Ly = <Z ZZI'MZZ'M> { > i Bx [mi (Win, 97\4)]/}- (A.39)
i=1 i=1
To show HﬁN — LMH LN 0, I first show
M M
iZ}% Zinr % —LZ/Z( zive|| 20 (A.40)
N M < M <i M M M <1 M . .
i=1 i=1
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We can write

M M
ST Rislygzin = pbtpen L T,
~r ) iM~M — 7 g &M~
NS ' N M = puntpen '
Since % 21, it suffices to show
M M
1 Riv 1 , H v
L By LS| B0
M i—1 PuM PeM M i—1
Given for some r > 1
R'M " 1 2
sup Ex ’ ——Zin M = ———— 7 llzm|” < oo,
i,M PuM PeM (puMPcM)

(A.42) is implied by Theorem 1 in Hansen and Lee| (2019)) under Assumption 4.

Next, I show
1 M 1 M
N ;RZM ~ming (Wing, On)zins — 7 ;EX [mint(Win, 9}4)]&1\4“ 2.
Again, we can write
M M
! ) MPuMPcM 1 RZM R
M
1 Rin .
= ]. + (0] ]. e R ——— 0 5 W 76 o
( / ))M;puMPcM it (Wit On) zina
I first show V § € ©
1< R LM
i M
M ; mmiM(WiMa 0)ziv — i Z‘Z:;EX [miM(WiM, 0)] ZiM | 2.
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Since V 0 € ©

. T
suplx ’ p A;meiM(WiM,G)ziM ]
i, uM Pe
1 ” (A.47)
<3¢ supEx|sup lmine (Wing, 0) || sup ||zim||” < o0
PuM PcM i,M O i,M
( ) :

for some r > 1 by Jensen’s inequality under condition (iii) in Theorem 3.2, (A.46) holds
by Theorem 1 in [Hansen and Lee| (2019)) under Assumption 4. Next, I show the Lipschitz
condition. V 0,6 € ©

HmiM(WiMa 0)zing — mant(Wing, G)ZiMH <||zimll - HmiM(WiM, 0) — miM(WiMﬂg)H

< Nl ziae || b3 ina (Wine) (1|6 — 6])),
(A.48)

and

1/2
sup Ex [ [|ziar || b3,inr (Winr)] < Sup lzin || Sup {EX [b?),z‘M(WiM)Q]} < oo (A.49)

2,

by Jensen’s inequality under condition (ix) in Theorem 3.2. Also, ﬁ sz\il Ex [miM(WiM, 0)] ZiM

is continuous in # by the DCT and Jensen’s inequality under conditions (ii) and (iii) in

Theorem 3.2. As a result,

M M
~ 1
(Wint,0x)zinr — — S E . 05 V]2
Z; MpcMsz iM> ON)zin i ZZ; x [mins Wing, M)]%MH
M M
<sup ———mips (Wing, 0 — m ,0) |z A.50
o z; Dubd Pel zM M ZiM — M z:: zM zM )] zMH ( )

M M

Z [mint (Wing, On)| 2zt — — ZEX min (Wi, 9}4)]%1\4“ 50

i=1 =1
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by Lemma A.2 and Corollary 2.2 in Newey]| (1991) under 6 — 03 2, 0. Combining (A.40)
and (A.44), we conclude that HI:N — LMH 5.

Hence,

Mpuripent 1 <= R;
AZ:M72¢ "t on () 2z (D + o (1
N N MZ,:1 PuMPcM( M g )) M lM( M+ 0l ))

M
1 Ry
=(14+0,(1))— 7L’—|—olz’-z~ Ly +o0,(1
(1000 g D o (s op0) v (o + (1)
L MR M
i M / /
=— _ zim L — _ 2 zine Lag - 0p(1
M ;puMPcM sinazineLas + M; puripens MM TIMEM »(1)
M M
1 Rim ;. 1 Rim ,
+ — —— Ly ziarziv - op(l) + — ——zayzim L - op(1
M;PuMpcM MZinzim - 0p(1) M;puMpcM iz L - 0p(1)
M
1 RiM /
+ — — 22 0,(1 A51
T ek ACHRACL (A1)
Let
M -1 1 M
« \1/
Ay = Z [mint(Wing, 031) ZzM( ZzzMzzM> MZZZ/‘MEX[miM(WiMaeM)}-
im1 i=1
(A.52)
HAM *AZ AZM‘”Q—IkH:op(l) (A.53)

follows by (A.43) and Theorem 1 in|Hansen and Lee (2019)).
Let Ap; and Djs be the matrices with i-th rows equal to Ex [miM(WZ'M,H}"w)]//\/M

and z;pr/V M respectively. Let Ips be the identity matrix of size M. Then,
Apy — A% = Ay (In — Dy (D) Dar) ' D) A (A.54)

which is positive semidefinite. Hence, the result. |
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Proof of Theorem 4.2

Proof. Let

G -1 a
Py = Zz;Mng] > ZEx [iga (03)]"

g=1 g=1

To show HPN — PMH TN 0, I first show

1 & 1 &
~/ ~ ~/ ~ y4
N E RgMngZgM_ M E ZgMZgM = 0.
g=1 9=1

We can write
G G
1 o . Mpey 1 Ronr o, .
Ngz_l HRomZorZom = =31 gZ_l perr 9NN

Since pyp = 1, W % 1. Hence, it suffices to show

1 R 1 &
gM ~1  ~ =z P
2 ong SMEGM T g > ZonZan|| 0,
g=1 "¢ g=1

Because for some r > 2

R T
sup EX<H gM ZigM ) < 00,
i,9,M v PecM

(A.58) follows by the proof of (62) in Hansen and Lee, (2019)

Next, I show

G 1 G

1 R
v > Rynringnr (On) Zgar — i > Ex[mgn (03] Zgnr | 2 0.
g=1

o8

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)



Again, we can write

G
1 . Mpepys 1 Ry . AL
NZ:: o grs (ON) Zgar = NC M; pr mgr (ON)Zgm
G
1 RgM ~ ~ ~
=) 57 25 Mo )z
As a first step, I show V # € ©
1 ¢ Rynr - D,
MZ mgM( ZngizEX mgM(e)}ng =0
g=1 PcM g—1
Fix § > 0. Set e = (6/C)%. Let
~ R - . R -
lgm = nggM<6)ZgM]1< 2 a1 (0) Zgns || < M€>~
PecM Pc
Then
1 Ry .
Ex Z ng mgn (0)Zgnr — — ZEX g (0)] Zgnr ]
g=1 cM

+ 23 Ex| g (8)zu] ﬂ( P g (6)zgn ] > M)]
g=1
Observe that
1 A ]
—Ex [ ; (Tons = Ex (Igr))

2

gJ\Z{EX - ZG: (igM —EX(ZQM)) ] }1/2
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(A.61)

(A.62)

(A.63)

(A.64)



/
i Bmslliof )} score (i Sog) s e

by Jensen’s inequality and Cr inequality under Assumption 5 and condition (iii) in Theorem

1 ) 1/2
<o { s [sup lingas(8)/ 34, | sup zgae /My < o0
pcM gaM 0 g,M

3.2. Also for some r > 1

R
gM ng/M

supIEXH

(A.66)

by Jensen’s inequality under condition (iii) in Theorem 3.2. Hence, we can pick B suffi-

ciently large so that

R R 0
SupEX ‘ oM 5 (‘ M i (0) > B) = (A6Y)
PeM - C
Pick M large enough so that
M2
max — % < © (A.68)
g<G M — B’ '
which is feasible under Assumption 5. Then,
2 & Ry A
7 2 Ex [ lgar (6)Zgn| ﬂ(,jM e M)] < g 2 Mig =20 (A69)
g9=1 ¢ g=1

Combining (A.65) and (A.69), (A.62) holds by Markov’s inequality.

Next,
G ~
~ > Rnr[gns (0)Zgnr — gas (0)Zgn]
g=1
1 & _
<< Z Ry mgM(ngM - mgM(e)ggM
N =~
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1 G
:N Z RgM Z Z ngM nga Z]gM Z Z ngM ng7 )ngM
g=1

i=1 j=1 i=1 j=1
MQ MQ
_NZRQMZZ mignr(Wigar,0) = mignt(Wigns, 0| - 12jgna
=1 j=1
Mg Mg
_N ZRQM 2263 ig Wignt) - |zjgnel| - h(]|6 — 6]]) (A.70)
=1 j=1
Let
ZRgMZZbS 'LgM ng ”ZJQMH
=1 j=1
Mp 1 G v My My
M
: Z % 22 baagn (Wigar) - |12jq (A.T1)
i=1 j=1
Mg Mg
M
1 -+ Op Z g Z Z b3 1gM lgM HZJQMH
i=1 j=1
Since
Mg Mq
QM b
M M ZigM
MZM 2 2 gt W) - i ||]
N A.72
<MZIE([)6M)ZZEX bagns (Wigan)] lzign| (A.72)
9= =1 j=1

1/2
ZMz sup {EX (b3, ng(WigM)Q]} sup [|zign|| < oo
7g,M i7gvM

by Jensen’s inequality under condition (ix) in Theorem 3.2 and Assumption 5, B%, = O,(1)
by Markov’s inequality. Also, ﬁ Zle Ex [mgn(0)]Zgar is continuous in 6 by the DCT and
Jensen’s inequality under Assumption 5 and conditions (ii) and (iii) in Theorem 3.2. As a

result,

G 1 G

1 - PN - £\~
N Z RnggM(eN)ng i Z Ex [mgM(gM)] ZgM
g=1 g=1
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G G
1 ~ 5 1 5 -
= 21618 N Zl Rynimgn (0)Zgm — M El: Ex [mgM (‘9)] ZgM

G G
1 N A1 1 _ w N7~
MZEX [mgM(GN)]ng— MZEX[mQM(GM)]ZgM £>0. (A.73)
g=1 g=1
follows by Corollary 2.2 in Newey| (1991) under On — 0%, % 0.
The result HpN — PMH 20 is immediately implied by (A.56) and (A.60) under the
continuity of inversion and multiplication.

4 — 1 VA~ :
Denote ACEM = 21 PyrzgpZgm Prr. We can write
g:

G
; Mper 1 x~ R .
AZ,  =—LeM 9M P2 viZgm Py

G

—I-op Z

(1) ZgasZgnt (Por + 0p(1))

G G

1 Ronve ) o, 1 Ronvi ) o -
- gz; Py I Pl v E g Par + i ; Py I Pl vZ g Par - 0p(1) (A.74)
M ¢ M
t 7 Z ngM PhiZgarZon - 0p(1) + 57 Z ng 2 \iZgn Pt - 0p(1)
Ronr o,
i Z = g - 0p(1)
-1/2 3 -1/2
HACEM AepnAEp _IkH = 0p(1) (A.75)

follows from the similar arguments of the proof of (62) in [Hansen and Lee| (2019)) under
Assumption 5.

To show the ordering of the variance-covariance matrices in Theorem 4.2, notice that

Z
Apym +Apom — ACpm
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mgM (037) ]EX [mgM(HM)]

||M®

G

G -1
72 mgM HM ZgM[ ZZ MZgM] Z gMEX mgM HM)] s (A.76)
g=1

=1

E

which is positive semidefinite.

Hence, the result. |
Proof of Theorem 5.1

Proof. First, using similar arguments in the proof of Theorem 3.2,
N =i 0 (A.77)

under conditions (i), (ii), and (vii) in Theorem 5.1.

By a mean value expansion around 6%,

_ 1
f]\1/[/2\/fZRszzM zMagN)
1
_Vf, 1/2_~ ZRleZM ZM,GM) (A.78)

+ Vi 2L ZRszesz( int, O)VN (O — 03y),

where 0 lies on the line segment connecting 03, and On.

Given Theorem 3.2, VA?/Q\/N(GAN —03,) = Op(1). Further,

(@) = Far(03) + 0p(1) (A.79)
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under conditions (i), (iv), and (v) in Theorem 5.1. Therefore,

101 . .
Visd & ZRzMVesz( iar, OVN (O — 031) = Vil Far (03)VN (O — 03p) + 0,(1).
(A.80)
According to the mean value expansion in the proof of the asymptotic normality of VA}U >N (é N—

),

) A 1
Vi, VN (by — 03) = —VMl/Q\/»ZRzMHM(QM) tmint(Wing, 03y) + 0p(1). - (A81)

Combining (A.78), (A.80), and (A.81),

1 M
_1/2 ZRszzM zM;eN)

- 1
Vinl ' —= ZRZM Ffint(Wing, 03p) — Far (03) Har (03,) " mint(Wiar, 031)] + 0p(1).
(A.82)
Subtract ijﬂl/[/ VN vy from both sides of (A.82).

VARG =i

f]\14/2\/7 ZRZM sz M OM) 7M FM(GM)HM(QM) mlM(WiM’ OM)] * Op(l)

v /\/m ! puMpcM[sz( Wias, 03r) = Vit — Fas (03 Har (030) " mias (Wiar, 030)] + 0,(1)
=(1+0p(1))V, 1/2\ﬁ2\/m[fm( Wint, 031) = Var = Far (030 Har (03) ' mans (Wane, 031)] + 0p(1)
i=1 u C

(A.83)
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Observe that V 8 € ©

[fineWint, 0) = viap — Far(030) Har (03) ™ ming (Wing, 0)]

}

sup Ex H
\ PuM PeM

1 1/r
< - . .
= puntpen )T { {bupEx<Sup | fint (Wing, 0)]| )] + {73
1/r
+ C||Fa(63) [supEX(Sup ||miM(WZ'M’9)Hr>:| } “ o (a84)
oM USE)

for some r > 2 by Minkowski’s inequality and Jensen’s inequality under conditions (ii) and

(iv) in Theorem 5.1, and condition (iii) in Theorem 3.2. Also,

VX{WZ\/W[LM( Wint, 0r) — Yar — Far(0ng) Hue (03r) ™ sz(WiMﬂM)]}

:Af:hw,M - PuMPcMAE,M + pUMAZluster,M - PuMPcMAgC,M'
(A.85)

By Theorem 2 in Hansen and Lee| (2019)

1

V—1/2
\/7 Z 1V PuM PeM

[t (Winr 030) =7k —Fnr (030 Har (83,) ~ mans (Waar, 031)] 5 N0, 1,)
(A.86)
under condition (iii) in Theorem 5.1 and Assumption 5.

To show Theorem 5.1(2), observe that

A A
Aehw,N + AclusteT,N
My

G
Mpuntpent 1 Rign A . PO R
- N M > — [ figu (Wigns, O) — An — En(On)Hn(On) " migrs (Wigar, On)] ¢+

N M g=1 { i1 VPuMPcM [f gM( oM N) =N N ) N ( N) gM( gM N)]

Mgy /
Rigur S A
—————— | figa (Wign,On) — AN — FN(ON)HN(ON) ™ migns (Wigns, On
{ ;1 VAT [ fignt (Wig ) (ON)HN(ON) g (Wig )]
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M,

1< R; ; )
=(1+ op(l))M g; { ; \/ﬁ% [figM(WigMa On) = Yar + 0p(1)

— (Fa(03r) + 0p(1) Har (037) " (I + 0p(1)) migns (Wigns, 9N)} }

MQ
RigM A
e ———— szWz M;eN _/Y* + op(1
{;,WMM[9<9 ) = ir + op(1)

_ (FM(Q}k\/[) + Op(l))HM(H}*W)_l(Ik + Op(l))migM(WigM, éN)} }

¢ (M,
=(1+o0p(1 ; { > \/ﬁ% [figntWigar, On) — Vs — Far(03) Har (037) ™ migns (Wigar, On)] }

M, )

< R . R

{Zp]\i]\;]\/[[]igM(”igMﬁN) Yar — Fn(Oa) Haa (03r)~ ngM(WigM,GN)]} +0p(1)
i=1 u C

(A.87)

under condition (ii) in Theorem 5.1, condition (iii) in Theorem 3.2, and Assumption 5.

Denote

G Mg
1Z{Z¢dﬁmmmWﬂ—m—mmmmmmﬂ%mmwmﬂ
g=1 U cM

My /
{Z LM g (Wignt, ) — i — P80 Hag(83r) ™ ngM<W¢gM,9>}}-
1 ,OuMpcM

(A.88)

It suffices to show

H (Aghw,M + puMAZluster,M)il/2A(éN)(Aghw,M + puMA({luster,M)71/2 B IqH - Op(l).
(A.89)
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Note that

H BN (Wit 0) = 11 = Fur (030 Har (050 magns (Wigas )]

\ PuM PeM
~ i (Wignt:6) = 33 = Fur 63 (850) migns (Wi, )] |

RigM 0 * . . n . ;
_m{ Fiant(Wigat,8) = FignsWigar, 0)| + € 1Fas 03I [ migns (Wigar, ) ngszgM,e)H]

Rignr ~ ~
<$bi W; h(||0 — 0])) + C || Far (03 b3 W; h(||6 —8|)|.
<o gt (Wigan B0 = 01D + C 1 (030) b (Wigar (16 — 01)] .
Let

bosignt Wignr) = —9M [ (Wigns) + C | Fat (030) | bssant Wigns)]. (.91
\ PuM PeM

Observe that
sup Ex [b6,ign1 (Wignr)?] <supEx [b5i9m (Wignr)?] + Csup Ex [b3 1901 (Wignr)?]
M M iM
) 011 1/2
+C{$‘}WPEX [b5.ig2r (Wignr) ]S%’EX (03,1901 (Wignr) ]} <00
1, 1y
(A.92)
by Cauchy-Schwarz inequality under condition (ix) in Theorem 3.2 and condition (vii) in
Theorem 5.1. Therefore, (A.89) follows from similar arguments in the proof of Theorem

3.2(2). |
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B Additional Tables

Table 3: Standard Errors and Coverage Rates for Probit: the Coefficient Estimator

No Cluster Assignment With Cluster Assignment

(1) (2) (3) (4) () (6)
pe=01 p.=05 p.=1 p.=01 p.=05 p.=1

std 02199  0.1831 0.1137 0.2443  0.21564  0.1680
S€limit 02126  0.1773  0.1118  0.2340  0.2052  0.1600
Seauster 02242 0.2279  0.2255  0.2460  0.2511  0.2541
Gpe =50  covguster (0.957)  (0.985) (1.000) (0.954)  (0.978) (0.997)

Sead; 0.2180  0.1912  0.1447  0.2403  0.2182  0.1850
COVag; (0.950)  (0.963) (0.988) (0.951)  (0.958) (0.969)
Seehwagj 01510 0.1433  0.1339  0.1530  0.1452  0.1358
std 0.1544  0.1287 0.0781 0.1723  0.1472  0.1085

S€limit 0.1512  0.1258 0.0785 0.1682  0.1446  0.1073
Sequster 01587 0.1603  0.1596  0.1753  0.1758  0.1760
Gpe =100  covgusier  (0.958)  (0.986) (1.000) (0.952)  (0.982)  (0.999)
Seads 0.1542  0.1351  0.1019  0.1712  0.1532  0.1261
COVag; (0.952)  (0.965) (0.989) (0.947)  (0.960) (0.978)
Seehwagj 01052 0.1006  0.0939  0.1059  0.1012  0.0946

1 See notes under Table 1.
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Table 4: The Effect of Clock Stopping Policies: an Alternative Probit Specification

standard error

APE
inf pop finite pop

Panel A. Policy effects years 0-3

Men FOCS -0.0137  0.0580 0.0473
Women FOCS 0.2467 0.1610 0.1234
Men GNCS 0.0451  0.0649 0.0542
Women GNCS 0.0253 0.1323 0.1132
Panel B. Policy effects years 4+

Men FOCS 0.0004 0.0628 0.0532
Women FOCS 0.0458  0.0972 0.0727
Men GNCS 0.1537  0.0705 0.0551
Women GNCS -0.2758 0.1137 0.0888

1 See notes under Table 2.

2 Estimates are obtained from the correlated random effects probit model,
where cluster sizes are grouped into three bins: My = 1(M, <= 25),
Mgo = 1(25 < My <= 35), and Mys = 1(M,; > 35) with My3 omitted as
the base group.
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