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PORE\«)RD 

Samples of beach sand for engineering and geological purposes are 
collected with one or more of three objectives in mind: to estimate 
the mean particle size on the beach, to estimate the relative varia
bility of the deposits wi th locality and season, or to estimate 
systematic changes (gradients) in beach properties from one locality 
too another . Each of these purposes requires consideration of the 
sampling method to be used. Because of natural variations in the 
deposits on backshore and foreshore, as well as in the nearshore sub
merged areas, some form of stratified sampling is ~ommonlr best ad~ 
apted to estimation of mean particle size. Studies of relative varia
bility can be handled by multilevel designs in which samples are 
collected at several different spacings to bring out the magnitude 
of change s between closely spaced and more distantly spaced samples. 
Gradients are effectively studied with systematic samples laid on a 
grid. 

The present repor t compares a number of sampling designs to 
indicate some of the factors involved in beach sampling for different 
purposes. It is part of a continui ng study on beach material character
istics emphasizing some of the principles for planning beach sampling 
operations. 

This repor t has been prepared by Dr. William C. Krumbein in 
pursuance of Contract DA-49-055-eng-35 with the Beach Erosion Board, 
and with the active collaboration of Dr. Howard A. SlaCk. Both Dr. 
Krumbein and Dr . Slack are members of the Geology faculty at North
western University. The writers are indebted to numerous individuals 
for suggestions and data used in this report . Dr . B. C. Dapples and 
a group of graduate students at Northwestern University collaborated 

. in the designed experiment at I llinois Beach near Waukegan, I llinois. 
Mr. J. M. Caldwell and Charles T. Pray of the Beach Erosion Board staff, 
with the assistance of other members of the staff , helped collect the 
samples at Ocean Beach, Mary l~'d . Messrs. R. O. Baton, J. V. Hall, Jr. 
and G. M. Watts of the Beach Erosion Board staff have been especially 
cooperative in discussing beach sampliQg problems and in placing data 
on beach deposits at the writers' disposal. 

Views and conclusions stated in this report are not necessarily 
tbose of the Beach Erosion Board. 

This report is published under authority of Public Law 166 . 79th 
Congress, approved July 31, 1945 . 
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RELATIVE EPFICIENCY OF BEACH SAMPLING METHODS 

by 
W. C. Krumbe in and H. A. Slack. Northwestern University 

INTRODUCTION 

In an earlier report (publ ished in 1954 as Beach Erosion Board 
Technical Memorandum No. 50> the statistical implications of several 
methods for sampling beac!l materials were discussed in a preliminary 
way. It was pointed out that some sampling procedures are to be 
preferred because they produce more reliable results for a given 
expenditure of effor t. The pre sent report is an extension of the 
earlier one in that it pre.sents the results of several sampling ex
periments designed to show more explicitly how estimates of certain 
beach material properties may vary as a result of the sampling plan 
adopted. ' 

The areas selected for study include a sand and gravel beach 
along Lake Michigan near Waukegan. Illinois. and a sand beach at 
Ocean Beach. Maryland. The heterogeneity of the deposits near 
Waukegan affords an illustrat ion of the problems encountered among 
beaches composed of materials of different sizes. whereas the re
lative homogeneity of the beach at Ocean Beach represents a more 
usual situation along extensive sand beaches. 

Purpose. Samples may be collected in numerous ways from selected 
points on a beach. as at the berm crest , Bascom·s mid-tide point 
( 1950), the low water line; along profiles normal to the shore; or 
over unit sampling areas on the beach. Further, the individual 
samples may be colle cted on a random, systematic, or stratified basis, 
as was pointed out in the ear lier report. As a result of these 
varying ways of collecting samples. there is a fair likelihood that 
the several est imates of mean value s for the same beach could be 
noticeably different. 

The number of samples collected is also a factor in the reliability 
of the estimates made. Evidently ten samples are better than one, 
and one hundred samples are better than ten. How many should be 
collected to obtain an estimate within a given confidence band? 
Questions such as these can be answered in part by designed experi
ments, and it is the purpose of this report to examine some of these 
questions explicitly. On the basis of the experiments some specific 
sampling procedures can be recommended. 



Objecti ve s of Beach Sampling. The data f rom the sampling ex
per iment s are treated i n terms of three general objecti ve s of beach 
sampling, which may be stated as follows: 

1. Estimation of mean partic le size in the beach area. 
This information is of va l ue i n comparing beache s among them
se l~es, in studyi ng the s i ze changes that may occur on a single 
beach during the seasons, and for setting up specifications for 
beach f i ll where the engineering de sign calls for sand having 
the same par t icle size characteristics as the beach be ing 
stabilized. 

2. Estimation of the r elative variability of the deposits 
in each of several beach zones (backshore , foreshore, etc.) 
as a basis f or detailed description or study of sediment response 
to varying wind and hydraulic forces, or f or acctwulation of a 
body of knowledge for design of general beach sampling plans. 

3. Estimation of gradients in beach particle properties 
along and across beaches. Such data are of value in studying 
the rates at which particles may be sorted by waves, currents, 
or wind, as well as to investigate the relative effects of 
different agents in distributing materials downbeach from a 
source area. 

In each instance methods of computation and speci fic examples are 
cited to show the method used in handl ing the problem. 

REVIEW OF BEACH ZONES AND BEACH POPULATIONS 

The most fundamental natural divisions of a beach area are (1) 
t he nearshore bottom zone , (2) the foreshore, and (3) the backshore. 
Each of t he se zone s may be subdivided further in special studie s, 
but their over-all characteristics are controlled by the following 
features: 

1. The Nearshore Bottom. This zone is by definition practically 
always submerged, inasmuch as it extends outward from the mean low 
water l i ne to some arbitrary depth; usually taken as about -30 feet. 
The material in the shoreward part of this zone is subject to movement 
by breaking wave s and by currents, depending on the energy conditions 
prevail i ng at the time. 

2. The Fore shore . This zone extends by definit ion from the mean 
low water line to t he crest of t he main be r m at or near the high t i de 
l i ne. This zone is al t ernate ly covered with water and exposed to t he 
air dur ing each tidal cycle. All parts of it are subjected to the 
act ion of breaking wave s as the t ide rises and fa l ls, and the sub
merged porti ons at any tidal s t age are subject to current activit y. 
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The upper limit of the average wave uprush defines the normal berm 
crest; this crest is topped only by occasional waves or during storm 
conditions. 

3. The Backshore. This zone extends by definition from the 
crest of the berm inland to the belt of dunes if dunes arc present , 
or to some other limiting feature such as a lagoon or bank . The 
back shore is always exposed to the air except during brief periods 
of unusual wave wash or during storms. It is thus a zone that on 
the whole is relatively f ree from hydraulic forces after it is 
established by outward building of the whole beach . The backshore 
i s subject to wind action in that the dry sand is picked up 
selectively by onshore winds and blown toward the dune belt. The 
selective action of the wind represents winnowing in which certain 
particles are selected for transport according to their size, shape, 
and density. With negligible exceptions only sand and silt are 
picked up by the wind , and such pebbles as may be present remain on 
the backshore. On a stable beach the backshore is a relatively un
changing part of the beach, insofar as daily processes are concerned. 
Prom time to time during the year, parts of the back shore may 
temporarily be converted to foreshore as new berms are built, but 
there is an average position of the main berm crest that may persist 
for a number of years. This is controlled by the average amount of 
shore drift, by the tidal range, and by the incidence of storms of 
given magnitude along that part of the coast . 

3a. The Dune Belt. This zone of shore terrain is not considered 
as part of the beach proper, but it is closely related in a genetic 
sense to the beach deposits. The dunes represent accumulation of 
material swept inland from the beach by wind, and as such they are 
a partial segregation of the original beach deposits. Most of the 
sand is probably derived from the backshore, although at times 
essentially dry portions of the foreshore may contribute significant 
quantities of sand to the dune . In one sense dunes provide a re
latively permanent trap area for beach-derived materials. The dunes 
are beyond the reach of any but the most severe storms (hurricanes, 
etc.) and although the dune belt may become fairly wide, in general 
it remains as an essential part of the shore terrain. One may argue 
f rom this point of view that estimates of the initial properties of 
the beach material as a whole should include the proper ties of the 
dune particles. 

In a statistical sense the several beach zone s may be considered 
as natural "sampling strata", each of which has its own characterist ic 
particle populations. The variability from point to point within each 
zone may be different for the several zones; thus, the range of par
t icle sizes on the foreshore may be greater than on the back shore . 
As a result, samples from one of the zones may show cDnsiderable 
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differences in particle size and other properties when compared to 
samples from another zone. Such differences affect the estimated 
mean particle size for the beach as a whole, and they may indicate 
that a weighted mean for the several strata may be better than a 
single composite mean computed without regard to the distribution 
of samples over the zones. 

SAMPLING EXPERIMENTS AT ILLI~IS BEACH ON LAKE MICHIGAN 

General Remarks. Beaches along the we stern shore of sout hern 
Lake Michigan commonly consist of mixtures of sand and pebbles. At 
times an individual beach may be made almost wholly of sand; at 
other times gravel dominates, and most commonly the main part of the 
beach may be sand with gravel stringers on the backshore and more 
prominently along the fOJ!'eshore. The variability of the exposed 
beach is paralleled by a similar var iability of the nearshore sub
merged zones, as maps prepared by the Illinois Division of Waterways 
show (Fisher, 1954). Linear subparallel gravel zones occur in 
places along the shore, which in some cases lie tangent to the shore 
line or may angle off into deeper water. 

Beaches as variable as these pose specia l problems of sampling, 
iriasmuch as any estimates of mean particle size will depend strongly 
on where the samples are collected and on how many samples are used. 
Maps showing the variability of the beach and underwater deposits 
are also affected, inasmuch as the sample spacing along profiles, and 
the spacing of the profiles along the shore in part control t he 
accuracy with which contour line s of mean part iclesize can be drawn 
between the sampling points. 

In most situations a practical compromise between costs and 
desired degree of reliability has to be made. It would be advantageous 
if such adjustments could be made on a quantitative basis. To do 
so requires knowledge about the variability of the deposits in each 
beach zone. When such data are available, cost functions can be 
applied at least to the problem of estimating mean particle size 
or mean heavy mineral content. Evaluation of optimum sample spacing 
for preparation of maps is a somewhat more difficult problem. 

In order to arrive at some basis for decision on the manner of 
collecting samples, on sample spacing, and on the number of samples 
needed, the main experiments reported in this paper were designed for 
the highly vari ... ble deposits along some Lake Michigan beaches. It is 
thought that if ;he problem can be handled under somewhat difficult 
conditions, tbe corresponding solution for more homogene.ous beaches 
would represent mainly a simplification of the complexities encountered. 
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In the following sections, accordingly, experiments on Lake Michigan 
beaches are first described, and the results are then compared with 
those for a more homogeneous sand beach along the ocean coast . 

Comparison of Sampl ing Methods for Estimation of Mean Values 

The beach area at Ill i nois Beach State Park. some 6 miles north of 
Waukegan. Illinois, is several miles l ong . and consists of moderately 
wide fore shore and backshore, and a belt -of dunes and glacial lake 
ridges extending for a half mile or more inland. The site selected 
for study waS a north-south, east-west square area along the shore 
line. 300 feet on edge, picked at r andom from the southern half of 
the beach area. Th i s square was large enough to include the fore
shore, backshore . and t he firs t few ridge s of low dunes. No attempt 
was made to extend the sampling underwater. inasmuch as suitable 
equipment was not avai lable. 

Figure 1 shows the sampling square and some of its natural 
features. The lakeward edge of the square was approximately parallel 
to the lake shore . The fore shore was well developed with a prominent 
berm marking its landward edge. The average width of the foreshore 

was about 60 feet . The back shore was about 80 feet wide. and its 
landward edge was marked by a transition to wind-rippled clean sand 
that marked the edge of dominant wind-deposited sand. The portion 
of the dune belt included in the square contained a low for.e -dune 
ridge and a more prominent r idge about 60 feet farther inland. 

Figure 1 shows the variability of the beach deposits. As in
dicated, several sub-parallel zone s of sand with scattered pebbles, 
areas of clean sand, and patches of gravel were distributed over the 
bacKshore . The foreshore had narrow s imilar bands of variable com
position. and the most recent berm. about 15 feet from the water's 
edge. consisted of a narrow band of clean gravel. 

Sampling Designs. In all. seven parallel sampling designs were 
applied to the beach area. In the f ir st plan 16 samples were dis
tr ibuted completely at random over t he square. These were selected 
by using a table of random numbers to obtain 16 pairs of numbers 
that defined x- and y- coord inates of the samples. The position of 
these 16 samples is shown in Figure 2A. They tended to occur more 
frequently in the south and east-central part of the area. The 
pattern is typical of randomly spaced points, in that some tendency 
to clustering occurs. and there may be large bare spots. 

The 300-foot sampling square was next divided into 16 smaller 
squares, each 75 feet on edge. These were considered to be "sampling 
cells" for part of the experiment. The cells did not necessarily 
coincide with the natural beacll zones, but were thought of as units 
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within a larger square dropped at random over the beach area. This 

choice was dictated by pedagogical considerat ions, inasmuch as the 
experiment was conducted with a group of graduate students, and par t 
of the problem was the preparation of maps from data dis tributed in 
various ways in sampling cells laid over a heterogeneous deposit. 

The second samPling plan consisted in collecting one sample at 
random in each of the 16 cells, as shown in Figure 2B. In this 
method the sample in each cell was located by taking a pair of random 
numbers to locate a coordinate point within the square. Comparison 
of Figures 2A and 2B shows that the second plan assured more even 
distribution of samples over the area, a lthough s~e samples were 
closer together than other s because of their random distribution in 
the cells. 

The third sampling plan involved the collection of a sample 
at the center of each cell, which also yielded 16 samples. These 
are equally spaced, as shown in Figure 2C, and they provide equally 
spaced samples for mapping purposes. The systematic samples have 
an element of randomization in their collection inasmUCh as the 
position of the major sampling square was itself randomized on the 
beach. 

The fourth sampling pl an involved the collection offoor clusters 
of f our samples each as shown in Figure 2D . One cluster was confined 
to each row of cells, but the position within the row was randomized. 
This plan provides a spotty coverage, although the total number of 
samples is 16 as in the other designs. 

The f ifth sampling plan was a variant of the cluster de sign 
involving two-stage subsampling. A second position was selected in 
the rows and cOT-responding columns of cells that had the clusters, 
but in this case one pair of the cluster samples Was combined with 
another pair spaced farther apart than in the original cluster . This 
is a three-level "nested sampling" design , and is shown in Figure 2E. 

The sixth sampling plan was based on natural d ivisions of the 
shore area. In its original version th is sample stratification plan 
was based on four strata, one consisting of the dunes, another of the 
foreshore , and two sub-divisions of the backshore. Four samples were 
collected at random ill each stratum, as shown in Figure 2F . Sub
sequently the samples in the major designs were redistributed accord
ing to three basic strata, dunes, backshore and foreshore, to obtain 
the best estimate f rom a ll the independ.ent ly collected sample s. This 
layout is shown in Figure 2G. 

The final sampling plan involved purposive se lect i on of specific 
points to be sampled. This was done by Dr . E. C. Dapples, wh0 examined 
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the beach in detail, and then designated 16 of the available samples 
that he be l ieved would provide a satisfactory estimate of tbe mean 
particle s ize. This auxiliary experiment was included to determine 
whether samples collected on a non-probability basis (subject-!!la.t tet 
knowledge) were as good or better than those collected by random
ization processes. The samples so selected are shown in Figure 2H. 

Ea~h group of samples was analyzed in a standar d manner for 
particle size distribution by sieving, heavy mineral content by magnetic 
fractionation, content of acid solubles (mainly calcite and dolvmite 
grains), and roundness and sphericity of the particles. The analyses 
were performed by class members, and in order to avoid operator 
bias the samples were distributed in a randomized manner among the 
analysts. This as sured that no important systematic operator error s 
would enter the results, although the non-systematic variations 
among operators might inflate some of the error ter~s in the experi
ment. Previous studies on this point indicated that the additional 
errors introduced were not great enough to mask essential differences 
between samples except in some mineral identification studies and 
in visual measurement of roundness and sphericity . 

Particle Size Data. As the samples were collected, it was noted 
that many of them contained scattered pebbles. and in a few instances 
the samples were almost entirely gravel. The mixed materials when 
analyzed sometimes showed the presence of two distinct size distr i
butions. These were in effect mixtures in varying proportions of 
pebble5 with sand in the interstices. although in other instances the 
sample consisted of uniform sand with one or more "floating pebbles". 

One way of handling problems of this sort is to separate the 
mixture into two strata. sand and pebbles. and to treat each separately 
in terms of its mean value. Such a solution was hindered 0, occurrence 
of some samples in which a single size distribution was pTesent that 
ranged from pebbles to sand without a break between. It was decided 
on this basis to use a weighted mean particle diameter, Whose value 
depends on the relative proportion of each size grade in the sample . 
This resulted in some instances in a mean value that lay between the 
two peaks on the distribution curve . Ho,~ever, such weighted means do 
indicate the relative coarseness of the deposit as a whole, and they 
provide a single mean value for comparative purposes. 

Without exception the dune sand was well sorted and without pebbles. 
Some of the backshore samples also were well-sorted sand, but others 
displayed irregular size curves. The particle size data are summarized 
in Table I, which lists the logarithmic mean (phi mean) of each sample 
according to its grouping in the sets of samples. Discussion of the 
phi mean as a meaSure of average particle size is given in Krumbein 
and Pettijohn (1938. Chaps. 8 and 9). 
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TABU 1 
ILLJt«> IS BEACH - MEAN PARTICLE SIZE OP BEACH SAMPLES 

(Expressed as Ph i Means and Arranged According to the Sampling Plans Used) 

Sample ~iJnple Random Sy ste\!la tic Clusters Three-Level Stratified Purposive 
NUlItber Random i n Cells in Cells of Pour Design Random Selection 

( Fig.2A) ( Pig. 2B) (Fig.2C) ( Fig.2D ) {Fig.2E) (Fig . 2P ) ( Pig . 211) 

1 1~96 2.08 1.92 1.91 1.'91 1.85 1.,92 
2 1.90 1.88 1.95 1.96 1.98 1.75 2.05 
3 1.84 2.00 2.02 1. 98 1.44 2. 05 1 .22 
4 1. 36 1 . 1I( 2.09 1.96 2. 06 1. 52 1.23 

5 l,9() 1.99 1.90 1.63 1. 63 1.75 1 .16 
6 0.47 1 . tiO 1.85 1.55 1.68 1. 22 1.90 
7 2.00 1.00 1.{>5 1.68 2.06 1.23 2 . (\() 
8 0.90 1.16 1.85 1.72 2. 00 1.22 0. 55 

9 0. 55 1.50 0 . 31 1 . 20 1. 20 1.14 -1 .84 
10 1 . 07 1. 51 1.50 1.18 0 . 80 2.08 1. 44 
11 -1. 84 1.65 -1.43 0.80 1.00 1 . 40 0 .01 
12 1. 87 0 .14 1.26 0. 95 1.05 0.26 -0.10 

13 1,44 1.21 -2. 24 -1.03 -1.03 0.01 1.92 
14 - 0,22 1.72 0.23 -0.45 -0, 98 0.48 - 1.03 
15 -0.10 -1. 75 - 0.44 - 0.98 0.64 0. 69 1.83 
16 1.92 1.83 -2. 75 1,01 0.74 1.83 - 2. 75 

TABLE 2 
ILLINOIS BEACH-SUMMARY OF 

DATA ON IlEAN PARTICLE SIZE 

(1) (2) ( 3) (4 ) (5) (6) 

"Grand Variance S~andard 
No. of Mean" of of the Error of the Relative ') 5% Confidence 
Samples Each Set Grand Mean Qrand Mean Efficiency Band 

X VeX ) S(Xp) 
p p 

A Simple Random 16 1.06 0.0724 0 .27 1.00 0.49 to 1.63 

B Random in Cells 16 1.33 0.0569 0.24 1.13 0.82 to 1.84 

C Systematic in Cells 16 0.73 0.1931 0.44 0.61 -0.21 to 1.67 

D Cluster s of Four 16 1.07 0.2636 0.51 0.53 -0.02 to 2.16 

E Three-Leve l Design 16 1.14 0.1684 0.41 0.66 0.27 to 2.01 

F Stratif ied Random= 16 1. 40 0. 0226 0. 15 1.80 1.09 to 1.71 

G Three Strata (Combined Data) 72 1.21 0.0083 0.09 2.97 1.03 to 1.39 

H Purposive Select i on 16 1.21 0.0729 0.27 1.00 0.64 to 1.78 
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In sieving the samples a sufficiently large por tion (which always 
included all the pebbles present) was analyzed, so that for all 
practical purposes the mean particle size of the sample was determined 
with only a very small analytical er r or . The mean particle sizes may 
thus be considered as known parameters associated with each carton of 
sand. 

In setting up statistical measures for comparing re l a tive sampling 
efficiency, it is appropriate to define the word "sample" more Care
fully. In common engineering and geological practice a unit vo lume of 
sand (as a half-pint ice cre am car ton) collected at a given point on 
the be ach is a s ample of sand. However, each such sample is itself 
only one of a very large number of similar samples that could be 
collected on the beach. In fact, the number of 3-inch circles in a 
300-foot square s of the order of 1.5 million. Hence, each carton 
of sand is an individUal in thi s " super-population" of all possible 
cartons that could be collected. 

On this basis, the mean part icle size obtained from a carton of 
sand represents a single observat ion in some 1.5 mill ion such observa
tions that could be made on the beach. The 16 cartonsof sand in each 
sampling design thus represent a "super-sample" of 16 frorn th is 
larger "super-population". There is a more formal way of stating 
this relation (Miller, 1954), but the essential point is that if the 
16 mean values from each sampling design are themselves averaged, the 
resulting grand mean f rom the " super-sample" i s an estimate of the 
population mean part icle size in the entire 300- foot square. 

Table 2 lists the grand means of the particle size distributions 
in the group of samples, expressed as the arithmetic means of the phi 
means. Inasmuch as each group of sand samples was independently collected 
(with a few exceptions to be no ted), the grand means repre sent independent 
estimates of the population mean, each based on 16 observations, except 
for the combined design of 72 samples. The grand means vary from 
0.73 to 1.40, representing a range in the geometr ic mean d iameter from 
0.60 to 0.38 mi l limeter. This is an i llustration of how widely the 
estimates of a total popUlation mean may vary when only 16 sample s are 
collected in a set. The best est imate of the popul ation mean particle 
size for the 300-foot square, based on 72 sample s, is 1.21 in phi 
units, corresponding to a geometric mean diameter of 0. 43 mi l limeter . 

In addition to comput ing the grand mean for each group of sand 
samples, it is possible to compute the standard deviation of the 
individual means in each group. It was stated in the earlier report 
(Beach Erosion Board, Technical Memorandum No. 50) that different 
sampling designs may require different manners of computing the variability 
in the group. Methods of computation for each kind of sample are in
cluded in an Appendix to this report. The computed values of the variance 
of the means are shown in the third column of Table 2. These variances 
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show an even greater relative range of values than do the grand means. 
The several groups of 16 samples show a range from 0.0226 to 0.2636, 
which is about tenfold. A wide range is characteristic for sets of 
relatively small samples. The value is reduced to 0 .0083 for the 
complete set of 72 independently collected samples. The large re
duction is partly associated with the greater number of samples in
volved. 

The relative values of the variances obtained from the several 
sampling plans can be used to cOlllpare the relative efficiency of the 
sapling plans. The completely randOlll samples provide a "Dorm" for 
the comparison, inasmuch as basic sampling theory relates to completely 
randomized samples. In aaking this cOlllparison the standard error of 
the mean is computed for each sampling plan, and ratios are taken of 
each standard error to the standard error of the random samples. In 
this way the relative "efficiency" of each sampling plan with respect 
to the norm may be expressed. An alternative is to use the ratio of 
the variances directly, in which case the relative precisions are 
equivalent to the square of the relative efficiencies in Table 2. 

The standard errors of the grand means are shown in column 4 of 
Table 2. They were obtained by taking the square root of the variances 
in the preceding column. The ratio of the standard error of each group 
to that of the randolll samples is shown in column 5 headed "Relative 
Efficiency" . Inasmuch as the random sampling provides the norm, its 
own ratio is 1. 00. The column shows that the relative efficiency of 
the several sampling plans ranges from 0.53 to 1.80 for the sets of 16 
samples. The lowest value is associated with the cluster samples. only 
53% as efficient as the random samples. to the stratified samples, 
which are 80% more efficient than the completely random samples . The 
entire set of 72 independent samples, computed as a stratified sample 
representing the three main shore zones, is nearly three times as 
efficient as the set of 16 random samples. This improvement arises 
from the combination of stratification plus a greater total number of 
samples. 

An interesting sidelight in this experiment is the relative 
efficiency of the "purposive selection" group of samples. It found 
a value of the grand mean almost identical to that from the entire 
set of 72 samples, but its relative efficiency is about the same as 
that of the random samples. This result is borne out by experience. 
which appear s to indiCate that expert knowledge provides a sound basis 
for estimating a mean value. but that the variability of ~ich the 
estimate is subject is very difficult to control . 

Pigure 3 shows the preceding relations graphically. The horizontal 
bars on the left opposite each sampling plan represent the 95 percent 
confidence band about the grand mean of the 16 samples in the set. A 
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confidence interv·al or band about a mean is that range of values that 
has a given probability of including the population mean. These 
intervals are commonly set at the 95 percent confidence level. The 
limits are given in the last column of Table 2. The grand mean for 
each set is indicated by the short line segment at the center of 
each bar. The lateral displacement of the bars is a graphic indication 
of the differences in the estimates of the overall population mean 
provided by relatively small sets of samples. 

The heavy vertical line through the bars is the average phi mean 
for all 72 independently collected samples, and the dashed lines on 
either side of it represent the 95 percent confidence band about 
this overall mean. As may be seen, this confidence band includes 
most of the grand means of the samples sets. The systematic-in-cells 
samples yielded the smallest grand mean, although this is not to be 
considered as a generalization f or that sampling method. 

The right hand part of Figure 3 is a graphic representation of the 
relative efficiency of each sampling plan. The graphed line fluctUates 
about the random s ampl ing plan value of 1.0, moving to a peak of greatest 
efficiency opposite the strat i fied sample plan. 

A practical implication of the relative efficiencies of the 
sampling plans can be stated as fo l lows: for a given levelof precision 
it would take twice as many cluster samples as random samples to get 
the Same reliability in the e s timat e of the population mean, whereas 
it would take only slightly more t han half as many stratified as 
random samples to get equal reliability in the estimate of the population 
mean. Although the specific values obtained in this experiment cannot 
be applied to other beaches without qualifications, the experiment as 
a whole stronglY supports the generalization that beach samples should 
be stratified if the main object iv~ of the sampling is to estimate the 
population mean particle size. 

It may be mentioned here that sampling experiments of the type 
described are most satisfactorily conducted with populations that may 
be completely studied by census. I n geological and engineering studies 
on beaches it is not possible! to take a census of all the sand on the 
beach. As a result there is no absolute standard of comparison for 
the experiment, and the values obtained for the relative efficiencies 
of the sampling plans depend in part on the particular experiment being 
run. 

Acid Solubles Data. Among the other properties measured on the 
sand samples we·re several that seemed to show no significant differences 
between dunes, backshore, or foreshore. That is, there appeared to be 
no natural stratification of the sort that was observed in the coarser 
and finer zones represented by particle sizes. It was accordingly decided 
to test the relative efficiency of the several sampling plans in this 
case also. 
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The acid soluble s represent mainly: the calcite and dolomite 
grains in the deposits. They are determined by taking a weighted 
sample. heating it in dilute hydrochloric acid, washing, drying, 
and reweighing. The percent of acid solubles was computed from these 
data, and they are listed for each sample in Table 3. As may be 
noted, there is relatively little difference either among the samples 
in a given set. or among the sets. Analysis of variance (Krumbein 
and Miller, 1953) was used to test for significant row and colt.allD 
changes along and across the beach, and the tests failed to show that 
any marked effect was present. That is. the data do not contradict 
the inference that the population of acid soluble materials is 
homogeneous in the sense that samples collected from one part of the 
300-foot square are statistically similar to samples collected from 
other parts of the square. 

Table 4 lists t he summarized statistical data for the acid 
solubles, similar to Table 2 for particle size. It will be noted 
that the grand means of the "super-samples" of 16 cartons vary only 
slightly. showing a range from 5.18 percent by weight to 5. 65 percent 
by weight. The mean of all 72 independently collected samples is 
5.35 percent . The variancesof the sets of 16 samples also show a 
l esser range than did those for particle size . As before. the stand
ard errors of the grand means are used to estimate the relative 
efficiency of the several sampling plans. These are indicated in 
the appropriate column. and they show that the random plan is about 
as good as any . The cluster samples are still the poorest, and 
i nterestingly enough the purposive selection set has about a 30 per
cent increase in efficiency. The 72 independent samples were treated 
as a random set to obtain the relative efficiency of 1.92, which is 
entirely a function of the larger number of samples included. 

f igure 4 shows the results of the acid solubles graphically, and 
indicates again that the grand means of the sets of 16 samples vary 
from set to set, but that the confidence band about the total estimate 
based on the 72 samples includes all or most of the individual grand 
eans. 

The graph of re lative efficiency on the right side of the figure 
also shows the lack of any startling departure from the unit value 
l ine. The generalization that ari se s from this experiment is that 
when the population is homogeneous, simpl e random samples are about 
as effective as any other . 

Other Particle Properties. As pointed out earlier, .the beach 
samples were analyzed for their magnetic mineral content (approx
imately equivalent to the heavy mineral content ), particle roundness, 
particle spher icity, and content of selected mineral species. Some 
of these properties showed stratification according to beach zones 
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TABLE 3 
U.LIl«lI S BEACH-PERCHHI' Of ACID SOLUBLES IN BEACH SAMPLES 

Sample Simple Random SlIstetutic (>lusters Three-Level StJ!atified Purposive 
Nmnber Random in Cells in CellS of Four Design Random Selection 

(fig.2A) (fig.2B) (fig.2C) (fig.2D ) (Fig.2E) (fig.2f') ( Fig.2tt> 

1 5.6 6.6 4. 6 5.7 5.7 6.5 4.6 
2 5.8 5.2 5.0 4.2 5.5 5.2 4.7 
3 5.8 5.8 5.4 5.5 4.8 4. 7 6.0 
4 5 . 3 6.2 5.6 5.5 5.2 4.6 5.0 

5 7. 0 5.3 5.1 4. 5 4.5 5.4 4.6 
6 6.1_ 5. 1 5. 1 5.3 5.0 6.0 7.0 
7 6. 1 4. 6 4. 7 5.0 5.3 5.0 6. 1 
8 5.1 4.(, 4. 4 5.3 5.8 5.3 5.6 

9 5.6 5.5 4. (, 4.7 4.7 5.3 5.7 
10 5.8 4.9 5. 3 5.6 6.4 6.0 5. S 

11 5.7 5.4 5.5 6.4 5.4 5.2 5.7 

12 4.8 5.4 5.3 5.6 4.(, 4.9 4.9 

13 5.5 5_. 6 5.1l 6.6 6.6 5. 7 6.3 
14 5.0 4.4 4.7 6.4 6.0 5.0 6.6 

15 4.9 4.3 6.1 6.0 4. 5 6.1 5. 8 
16 6.3 5.8 5.7 6.0 5.2 4.9 5.7 

TABLE 4 

ILLIl«lIS BllACH-StMfARY OF DATA ON ACID SOLUBLES 

"Grand Variance Standard 
1'(0. of Mean" of of the Error of the Relative 95% Confidence 

Sample Set Samples Each Set Grand Mean Grand Mean Efficiency Band 
i veX ) sex ) p p p 

A Simple Random 16 5.65 0.0203 0.14 1.00 5.35 to 5.95 

B Random in Cell s 16 5.29 0.0256 0.16 0.88 4.95 to 5.63 

C Systematic in Cells 16 5.18 0.0300 0.17 0 .82 4.82 to 5.54 

o Clusters of Pour 16 5. 52 0 .0729 0.27 0.52 4.95 to 6. 09 

B Three-Level Design 16 5.32 0.0398 0 .20 0.70 4.90 to 5.74 

P Stratified Random 16 5.36 0.0440 0.21 0.67 4.87 to 5.77 

G Three Strata* (COmbined 
Data) 72 5.35 0.0049 0.07 2.OU 5. 21 to 5.49 

H Purposive Selection 16 5.33 0 .0121 0.11 1.27 5.10 to 5.56 

* Treated as 72 random a_pIes 
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in a manner similar to particle size, and others appeared to be 
homogeneous over the beach area. Detailed analyses of these additional 
properties are not included here, but in general these properties 
behaved as described earlier elsewhere (Krumbein and Miller, 1953). 

As a general summary, it may be pointed out that when a multiple
purpose sample is collected, as one for estimating the popUlation mean 
of particle size, heavy mineral content, and other properties, it is 
preferable to use stratified sampling, inasmuch as in homogeneous 
populations there are no particular disadvantages to stratified sampling, 
whereas for properties that vary across the beach the stratified samples 
yield better estimates of mean value s. 

Sampling for Gradients 

The designed experiments reported above were analyzed for the pur
pose of comparing sampling methods used in the estimation of population 
means. This, as waS mentioned in the Introduction, is an important 
phase of beach sampling for some purposes. Another purpose of 
sampling is to estimate changes in mean particle size or other properties 
along and acr oss beaches. Thi s Can be done by collecting samples in 
such manner that they provide data for detection of systematic changes 
from one par t of the beach to another. In one sense, the occurrence 
of natural strata or zones on t he beach is an indication that the 
several parts may be significant ly different in some of their properties, 
but there are more formal ways of expressing these relations. 

One of the most direct ways of studying beach gradients is to 
collect sets of samples along prof iles normal to the shore line, or 
along sections laid parallel to the shore line. The analytical data 
are then plotted on a graph to see whether any trends are discernible. 
Many such studies have been reported in the literature and they need 
not be reviewed here. These studies amply demonstrate the occurrence 
of gradients along and across beaches in such varied properties as 
particle size, particle shape (sphericity), particle roundness, content 
of heavy minerals, moisture content , firmness of the beach, beach slope, 
and others. Normally the gradients across a beach are more pronounced 
than along the beach. For many properties the along-beach changes are 
exponential, although some are domi nantly linear. 

Where the gradients are pronounced the graphs clearly indicate 
their presence. However, in some instances there may be considerable 
variability in the data, so that the scatter of individual points on 
the graph may tend to obscure any gradient that is present. In such 
cases statistical methods based on regression analysis are helpful in 
testing the data for significant linear, quadratic, or higher degree 
changes in the gr aph along the beach. Within recent years methods 
have become available for extending the analysis to areas as well as 
traverses. Contour-type maps of beach attributes can be analyzed 
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in this manner to show on the one hand the smooth underlying gradient 
surface and on the otber the random variations that are superimposed 
on the smooth surface. S~ace limitations prevent illustration of these 
methods here, but examples of geological maps analyzed by these methods 
are given by Krumbein (1956 ). 

When samples are collected for qualitative estimation of gradients 
they may be collected at arbitrary intervals along the traverse, but 
for formal analysis it is advantageous to have the samples equally spaced 
along the line or over the beach area. Equal spacing permits use of 
greatly simplified methods of computation based on orthogonal polynomials 
(DeLury, 1950; Bennett and Franklin, 1954, p. 255), and furnishes data 
on linear, quadratic, and higher components in the gradient with a 
minimum of mathematical effort. 

In terms of the sampling designs described here, the most effective 
for formal regression analysis is the set of systematic samples shown in 
Figure 2C. This provides equally spaced samples for the formal analysis, 
and at the same time provides an optimum distribution of points for 
mapping the beach attributes. If the present experiment had been designed 
specifically for regression analySis, the cells would have been made about 
one-fourth as large, yielding 64 samples over the area. This closer 
spacing would give a better insight into the components that make up 
the gradients. 

An apparent contradiction arises when beach sampling is designed 
simultaneously for several purposes, such as the e stimat i on of an over
al l popUlation mean and for a study of gradients that may be present. 
For estimating mean particle size, for example , stratified sampling is 
preferable. whereas for studying particle size gradients, systematic 
samples are to be preferred. Various combination designs are possible 
for resolving the contradiction. One of them is to take one sample 
at each cell center (say) and supplement these with additional samples 
distributed over the natural beach zones. All of the samples could 
then be combined in terms of their occurrence within the natural beach 
zones for estimating the mean , whereas only the systematic samples need 
be used for studying the gradients. Other types of combined plans can 
be designed for special studie s. 

Sampling for Variability Estimates 

The third purpose of sampling beaches as mentioned in the Introduction 
involve s estimation of the relative variability of deposits in each of 
the several beach zone s. This kind of information is of value in study
ing the relative homogeneity or heterogeneity of beach deposits in the 
backshore, foreshore, or nearshore bottom, as a reflection of the physical 
processes that take place. The variability within anyone zone is 
commonly a function of the sample spacing, so that there are levels of 
variability associated with samples collected a few feet apart, a few 
tens of feet apart, and so on up the scale . In most sand beaches it is 
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probably true that there is less difference between two samples 
collected a foot apart than there is between the aver ages of two pair s 
of samples collected say 100 feet apart. That is, neighboring sites 
commonly furnish sand more nearly similar than more distant sites . 
On the other hand, examples Can be c ited in which c losely spaced sam
ples differ markedly, yet the averages of pair s of samples farther 
removed have an over-all similarity. 

Variability of Beach Zones. Knowledge of the leve ls of maximum 
variability in beach deposits is helpful in selecting a sample spacing 
designed to give maximum information per uni t of effort or cost. The 
statistical method involved is one that provides estimates of variance 
components , and the design can be set up to estimate the component s at 
a number of different sample spacin~simultaneously . In f act, for 
this purpose the cluster samples and multilevel samples (designs 2D 
and 2E) that appeared relat i vely inefficient for estimating the mean, 
provide an effective way of getting at the problem. The cluster sample, 
for instance, represents a two-stage sampling process , in that the 
eluste~were spaced on the average about 100 feet apart, whereas the 
samples within a cluster were only a few feet apart. Hence, estimates 
can be made of the variability at these two levels of sampling . 

The nested samples (design 2E) provide an example of three-stage 
multilevel sampling, in that the main centers were 100 feet apart, the 
two pairs at each main center were 40 feet apart, and the two samples 
making up the pairs wete two feet apart . Thus this de sign permits 
estimation of variance components at three levels of sample spacing. 

TABLE 5 
ILLIOOIS BEACH - VARIANCE COMPONENrS POR CLUSTER SAMPLES AND 

nmEE-LEVEL DESIGN 
(Designs D and E, Figure 2) 

Sampling Level 

Between main cluster 
centers 

Between locations at 
main cluster centers 

Between sample s 

Relative 
Sample 
Spacing 

100 feet 

40 feet 

2 fee t 

Cluster De sign 
(<2 levels) 

0. 9950 

0.2372 

Multilevel 
Desi gn 

(3 levels') 

0. 7072 

0.3638 

0.0356 

Table 5 l ists the variance components f ound in the c luster and 
three-level sampling designs. These sets of samples were not collected 
wholly independently , and the e stimates are therefore somewhat interrelated. 
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The main c luster centers were common to both designs. and for the three
leve l experiments one pair of each cluster of four was used in con
j unction with another pair collected separately for the three-leve l 
design. This overlapping was done to save time in the original study. 
inasmuch as the principles illustrated are not affected. However . the 
overlapping samples were not included in the estimates of the means 
given in an earlier section. 

As Table 5 shows. the greatest variability occurs at the top sampl
ing level. and the smallest variability occurs at the smallest sample 
sPac ing. This result was expected inasmuch as the whole sampling plan 
was laid OVer a variable deposit that included foreshore, backshore. 
and dunes. On the other hand. it is sometimes found that the maximum 
variability occurs at an intermediate or lower level, especially when 
there are abrupt ch~nges from sand to gravel on the beach. In that case 
some of the pairs at the lowest level might pick up one sample of each . 

In fact . the apparently large difference between the variance 
components at the lowest level in Table 5 was occasioned by the fact 
that one of the clusters happened to include samples with a wide range 
of phi means. This great ly inflated the variance contribution from 
this cluster sample . It provides an illustration of one of the r isks 
involved in u~ing a l imited nwnber of samples from a highly variable 
deposit . 

Sample Allocation and Cost Functions. Some of the uses tbat can 
be made of t he var iance components have to do with questions of optimum 
sample spacing on a grid, optimum number of samples to be collected at 
each level for maximum reliability in e stimating population means. and 
with quest i ons of optimum distribution of samples at the several levels 
for maximum re t urns per unit of cost. For example , inspection of the 
relative values of the variance components for the tbree~level examp le 
in Table 5 shows that the variability at the lowest stage is only 
about 1/10 that at the intermediate stage . and only about 1'20 that at 
the top stage . This suggests qualitatively that it is hardly worth 
while collecting very many samples only a few feet apart. It would 
intuitively seem better to collect more samples on the levels ~lere 
the variability is greate st. 

Pormal methods are available for making decisions OB this point . 
and they may not alway s agree with the intuitive reasoning. These 
methods were illustrated with beach penetrability data in the earlier 
report (Beach Erosion Board Technical Memorandtw No . 50, P. 24). It 
was shown that in general it is most advantageous to increase the number 
of largest sampling units rather than to increase the number of samples 
at a lower level within the largest unit s. even when the variability 
is greatest at the lower levels. In terms of the present experiment , for 
example , it is formally and intuitively more desirable to increase the 
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number of cluster points rather than to increase the number of sample s 
in a cluster . If the present three-level design had been arranged to 
take eight cluster locations, with two points about each cluster, 
and only one sample from each point, the efficiency of the design with 
respect to the random sampling design would have increased from 0. 66 
to 0. 87. Thi s is still not as good as random sampling for r eliability 
of the population mean estimate, but it is better than the sample 
allocation that was used. 

The usc of cost functions in distributing sampling effort s is 
taken up in the Appendix of this report. It is sho\fl1 there, for example, 
that in the clusters-of-four design a more optimum allocation would 
be to collect only one sample instead of f our in each cluster. In fact , 
if one sample were collected at each level f or sixteen positions, this 
would in effect give a random set of samples with a relative efficiency 
of 1.0. 

This analysis indiCates that cluster sampling or multilevel sampl
ing in general appears to have its greatest value in furnishing informa
tion on levels of variability, unless the number of sampling units at 
the top level is large. If multilevel sampling is used for estimating 
the mean, it seems desirable to have at least ten major sampling unit s. 
Moreover, multilevel sampling increases in eff ectiveness as the over-all 
population becomes more homogeneous, and it may save costs by permitting 
sampling effort to be concentrated at certain accessible points rather 
than requiring a wide distribution of individual sampling localities. 
Cost function analysis, based on some knowleage of the variabilities 
involved, is a necessity in designing effective multilevel designs. 

Summary Remarks on Illinois Beac<h, Experiment 

The expository treatment of sampling in this section was arranged 
to show that the purpose of the sampling has a strong effect on 
selection of a sampling design. It was seen that methods that appear 
to be relatively unsatisfactory for some purpose s are highly desirable 
for other s. The four most important designs out of the seven t hat were 
used are (1) simple random sampling when t he object ive i s to obt ain the 
best mean value for a homogeneous population, ( 2 ) s tratif ied sampling 
when the obj~ctive is to obtain the best mean of a heterogeneous but 
zoned population, (3) systematic sampling when the object i ve is to study 
gradients or to prepare maps, and ( 4) mult i leve l sampling when the ob
jective is to study relative degrees of var iability within the deposits 
or zones. 

The relative heterogeneity of the Illinoi s Beach deposits is such 
that some of the differences between the several sampling methods were 
made more promi nent than t hey would be on be ache s composed entirely of 
sand. In the l atter cases the absolute and relative variabilities are 
generally smaller, although it is believed that the four generalizations 
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about optimum sampling methods still hold. In the following sections 
interest is focused on a sand beach along the Atlantic Coast, and 
alt hough data are not available on a variety of sampling plans, an 
attempt is made to show how sample allocation within a major design 
affects the reliability of the estimated mean particle size . 

SAMPLI~ EXPBR lMENTS AT OCEAN BEACH. MARYLAND 

I ntroduction 

Ocean Beach is located along the barrier beach south of the inlet 
at Ocean City , Maryland . At t he time the samples were collected the 
beach area was r elatively undeveloped, so that the beach deposits were 
not subject to distutbances by public bathing or other activities. A 
sand ridge about 5 fee t high had been bulldozed along the back shore 
about 300 feet from the low tide line, but it was felt that this 
feature did not seriously disturb the sampling design. Some reworking 
of the ridge sur f ace by winds had developed patches of dune sand along 
it, but similar small patches occurred on the natural back shore and 
would be picked up in occasional samples even in the absence of the 
ridge . 

Sampling Designs 

The entire beach was composed of sand, and a well developed berm 
was present at about the limit of the swash marks from the previous 
high t ide . The sampling design was laid out as six profiles set normal 
to a main base line that paralleled the shore as shown in Figure 5 . 
The base line was 1,600 feet long and was laid out just inland of the 
main berm. At each end of the base line a profile about 400 feet long 
Was laid normal to the shore l ine extending from the low tide line to 
a point on the backshore about 100 feet inland of the Sand ridge. Pour 
additional profiles of the same length were laid out in the central 
par t of the beach area. These were 100 feet apart, the most southerly 
one, designated as number I, being half way between the two end profiles. 

As laid out. the design provided three main profiles, shown as S, 
1 and N, each 800 feet apart. These could be used to test for differences 
in sand properties at three fairly widely spaced profiles. In addition 
the design provided four closely spaced profiles that could be used to 
test for differences within a smaller beach area. As or iginally laid 
out, three of the four central profiles were extended 2,000 feet ocean
ward to depth s of 'approximately -30 feet . 

Each profile was divi ded into 50-foot segments with stake s, and two 
sample s of sand were collected at each stake by randomizing two positions 
in a two-foot circle with the stake at center. The pairs of sample$ 
were thus two feet apart at each stake . the stakes were 50 feet apart 
along the profile . the central profil es were 100 feet apart along the 
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beach. and the three main profiles were 800 feet apart.ong the shore. 
The four central profiles provided 64 samples and the two end profiles 
provided 16 each. In the formal design. accordingly , there were eight 
systematic sampl ing points along each profile. each systematic point 
being represented by a cluster of two sand samples. All the samples 
wer e probability samples in the sense that the end of the base line 
was randomized on the beach, and hence all samples collected represented 
an extension of thi s same randomization process. 

The entire design provided data for answering a number of questions 
about the mean particle size on the beach. as well as questions on the 
occurrence of significant changes from one end of the IpOO-foot beach 
segment to another, as well as within the smaller 300-foot segment 
represented by the four central profiles. Por example. with respect to 
the total beach segment of 1,600 feet, the following questions can be 
raised: 

1) What is the best estimate of mean particle size that can be 
obtained from all the pairs of samples from the three main 
profiles (S , 1, N)? 

2) How much less reliable is the estimate of mean particle size 
obtained from all the pairs of samples along a single profile 
in the 1,600-foot segment? 

3 ) How much less reliable is the estimate of mean particle size 
obtained from a single profile with only one sample at each 
sampling point? In other words. does it pay to take the samples 
in pairs? 

4) How much less reliable is the estimate of mean particle size 
obtained from only one sample on a single profile? In other 
words, how good i s one sand sample for estimating the mean 
particle size for the whole 1,600-foot beach segment? 

Similar questions can be raised for the central 300-foot beach 
segment represented by the four closely spaced profiles. As mentioned. 
the data also supply inforaation on changes in mean particle size along 
a profile ( across the beacn). and between profiles (along the beach). 
for both the shorter 300-foot segment and the longer l , 600-foot 
segment . These questions are i llustrated by examples in the following 
sect ions of this repor t. 

Estimates of Mean Particle Size on Exposed Beach 

"lne arrangement of the sand samples in the Ocean Beach experiment 
is such that the data can be analyzed in at least two ge ne r al way s 
for est imates of mean part icle size. Inasmuch as there are several 
dif ferent sample spacings i n the design. t he data may be treated as a 
multilevel sampl ing design, which permits estimation of the variabil ity 
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associated with each sampling level. This type of analysis can pro
vide approximate answers to the kinds of questions listed in the 
preceding section. A second way that / the samples can be analyzed 
is in terms of the natural beach strata in which the samples happened 
to fall. Each profile had five back shore sampling points and thr ee 
foreshor e sampling point s. By redistributing the samples according 
to t heir location in one or the other stratum, the samples can be 
handled as a stratified set. 

In fact, both of these approaches can be treated as one compre
hensive design by separating the total variability among "the sample s 
into four components: the variability between profiles, the variability 
between strata within a profile, the variability between positions 
(sampling points) within a stratum, and the variability between the two 
samples at each sampling point. This analysis will be conducted in 
two phases. " In the first, the four central profiles are used for 
various estimates of the mean particle size for the central 300-foot 
segment of the beach . In the second. the first profile in the central 
group is used with the two end profiles to estimate the meaq particl ~ 
size for the l,600-foot beach segment . In this way a number of questions 
regarding the reliability of one or more samples in estimating the 
mean may be examined. 

The weighting fac tor used in these computations is the relative 
area of each stratum. A volumetr ic weighting fac tor which takes into 
account the th ickness of deposit in each stratum would be preferable. 
but such data are not available . The present usage illustrate s the 
process, however , and is uniform in the comparisons made. 

Table 6 lists the phi median particle diameters of the sand sample s 
in the total design. The f irst column under each prof i le heading re
present s the f irst sample collected at the stake , and the second co~umn 
represent s the second sample of the pair . As may be noted , the samples 
in each set are also classified according to their position in the 
backshore or foreshore. 

The method of analysis of the data is the same as for a multilevel 
design. Essentially it consist s in preparing a series of condensed 
tables, in the f irst of which the two samples of each pair are combined. 
Then the pairs are combined within their strata , then the strata are 
combined, and finally the profiles for each group are combined . The 
values in each successive table are squared, and the StnnS of the squares 
are used to break out the variability associated with each level. This 
variability is expressed first as a series of mean squares that can be 
used to test for significant differences in the variability for each 
succeeding level of the design . The mean squares may also be used to 
estimate the component of variance associated with each leve l. and from 
t~e component s various other sampling combinations can be evaluated. 
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'FABLE 6 

OCEAN BEACH-PHI MEDIAN PARTICLE DIAMETERS OF PROFILE SAMPLES 

(See Table 11 for Underwater Samples) 

STRATA PROfILES 

S 1 2 M 

1.54 1.71 1.80 1.80 1.80 1.80 1.85 1.85 1.75 1.75 1. 92 1.84 
1.45 1.31 1.95 2.00 1. 60 1. 60 1.80 1.85 1.75 1.80 1.41 1.45 

B ack shore 1.82 1.38 2.00 1.75 1. 65 2.10 1.90 1 . 70 1.80 1.95 1.86 1.86 
1.94 1.94 1.85 1.85 1. 75 1.85 1.60 1.70 1.65 1.50 1.80 1.84 
0.95 1.05 1. 75 1. 70 1.80 1. 75 1.65 1.75 1.70 1.70 1.60 1.76 

0.96 1.02 1. 65 0.90 1.30 1 . 45 0.70 0.80 1.60 1.50 1.49 0.93 
Foreshore 1.18 1.23 1.95 0.90 2.0S 1. 75 1.65 1.55 1.25 1.05 1.18 0.52 

2. 30 2. 25* 0.80 1.65 1.85 1.60 2.00 1.80 2. 15 2.10 2.20 2.06 

* Approximate 

TABLE 7 

OCBAN BEACH-ANALYSIS OF VARIANCE OF PHI MEl)lAN flOR 
POUR CErmtAL PROf ILBS 

Source Sum of Squares d.f. M.ean Square s F 

Between profile s 0.0951 3 0 .0317 <1 NS 

Between strata in 
profiles 1. 6353 4 0. 4088 3. 25* 

Between sampling points 
in strata 3.0208 24 0 .1259 2. 63** 

Between samp l es in 
pairs 1 ... 5338 B 0 .0479 

Total 6.2850 63 

Variance Component s 

Level Differences "Samples" Component 

Prof ile -0.2771 16 0.0000 

Strata 0. 2829 8 0.0354 

Sampling points 0.0780 4 0.0195 

Samples 0.0479 1 0.0479 
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Variability oi-!Ee Beach Deposits. Table 7 shows the analysis of 
variance and the variance components for the four profiles in the 
central set. The F-tests in the upper part of the table i ndicate first 
that there is no significantly greater variability be tween the profiles 
than there is between strata within a profile. This is indicated by the 
NS (not significant ) symbol after the first l ine . ' The star on the 
second line indicates that there is a significantly greater variatiility 
between strata than between sampling positions within a st ratum, at 
the 5% level of significance. This means that the two strata differ 
more between themselves than do sampling positions within each stratum. 
Pinally, the two stars on the third l ine indicate that the greater 
variability between sampling positions within a stratum i s highly 
significant as compared to the variability between the two samples of 
each pair collected at the stake . 

The P-tests are made by dividing each mean square by the one be l ow, 
so that contrasts are made of each successive pair of levels in the 
design . The observed F value is compared with tabulated values (Dixon 
and Massey, 1951, P. 310) at the 5% and l~ levels. The two stars in 
Table 7 indiCate that the last test mentioned shows sign i f i cance at 
the 1% level . 

The implications of the P-tests are f ir st that there is no significant 
difference between the means obtained from the four profiles, as compared 
with the strata means, but there is a significant difference between 
the two beach strata as compared with positions in a stratum. Lastly, 
the tests indicate that ther e i s much more variability between the sampl
ing positions than there is between the samples in each pair. The data 
can also be used for evaluating different sampling arrangement s by 
separating the variance component s as shown in the lower part of Table 7. 
This part of the table indicates that there is no real contribution to 
the variability made by the four profiles. The contribution of the 
strata is 0 . 0354, which is larger than the component due to sampling 
point s in the strata. The largest single component, 0.0479, is associated 
with the samples in the pairs. This would seem to contradict the F tests , 
but i t does not, inasmuch as the P tests take into account combinations 
of the variance components associated with each level of the sampling 
design . As will be shown , the component due to samples is greatly reduced 
when the relative contribution at each sampling level is taken into account . 

For a completely randomized multilevel design the variability of 
the grand mean (i.e ., the mean obtained by using all the samples in 
the design) can be expressed as the sum of the variance components 
associated with each sampling level, each component being divided by the 
number of elements that are involved in the correspondi ng level. 

Effect of Different Sample Allocations. The present design is not 
a comp le tely randomized one, inasmuch as the samples are systematic 
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within the two beach strata. However , the design is essentially se lf
weighting in that the number of samples in each stratum is closely pro
portional to the width of the st ratum a long the profile. In fact , the 
grand mean obtained by the present multilevel analysis is the same as 
the mean computed by th e conventional method of obtaining the strati
fied mean, despite t he limitations of the systematic samples as against 
completely random samples in each stratum. Accordingly, it is believed 
that the fol lowing analysis give s a relative order of errors adequate 
for rough comparative purposes . As will be seen, the erro~s are pro
bably overestimated rather than underestimated. 

As with the Illinois Beach experiment, the standard error of the 
mean for Ocean Beach may be used to compare the relative reliability 
of different allocations of samples over the profiles and strata. For 
the four central profiles, using all 64 samples, the grand mean particle 
size, expressed as the mean phi median, is 1.67, corresponding to an 
a verage partic le diameter of 0 . 314 millimeter . The computed standard 
error f or this grand mean is 0. 08. In relative terms, obtained by 
dividing this error by the mean and multiplying by 100, the standard 
error is 4.5 percent. This magnitude may be used as an approximate 
yardstick to compare other combinations of sample s among the four pro
f iles of the central 300-foot beach segment. 

TABLE 8 

OCEAN BEACH 
APPROX I MATE ERRORS IN ESTIMATlt«; MEAN PARTICLE SIZE AS 

PUtCTION OF SAMPLE ALLOCATION POUR CEN'IRAL PROPILES 

Sample Al location Approximate Brror Approx. Relative Error 

Al l samples in all four 
profiles 1.67 :t 0. 08 4.8% 

Al l four profiles, but 
only one sample at each 
saJllpling point 1.67 :t 0.09 5.4% 

All four profiles. but 
only one sample f rom 
each stratum · 1.67 :t 0.11 6.6% 

All samples from only one 
profile 1.67 :t 0.16 9.6% 

Only one sample from 
only orie profile 1.67 ± 0.32 19. 2% 

A closely spaced pair 
of sampl es from only one 
profile 1.67 :t 0.28 16 . 8% 
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Table 8 provides some examples to show how the re lative error 
increase s as the nurube r of samples is reduced. The questions that 
wer e raised are these : how good an estimate of the popUlat ion mean 
is obtained if all four of the profiles are 'Jsed. but if onl y one 
sample is taken at each location instead of a pair of samples? Within 
the l imits of rounding in Table 8, the result shows that the gain is 
only about 0.6 percent. This indicate s t hat on a cost basis the 
taking of duplicate samples is not wor t h the added effort . I n contrast 
to this, however , is the sit uation when only one sample is to be taken 
along the prof i le a s an estimate of the mean particle size for the 
300-foot beach segment. In this case the single sample i s subject to 
an average error of about 19.2 pe r cent , whereas if two c losely spaced 
samples are co l lected, the error drops to 16. 8 percent , a gain of near ly 
3 percent . 

The other examples in Table 8 are also interesting. The y show that 
if only one profile with 16 samples is used instead ot t he f our pro
files , the relative error is only twice as large as for a ll profiles 
(9.6 as against 4.8%) . This reduction of error proportional l y to the 
square root of the numb& of sampled units i s in accord with genera l 
sampling theory . Table al so shows that if only one sample is taken 
f rom each stratum (foreshore and backshore) on each profile , as against 
taking one sample per location, the relative error increases from 5.4 
to 6.6 percent. 

Extension to Larger Beach Segmen. A similar analysi s of the 
three main profiles representing the l,600-foot be ach segment provide 
the analysis of variance and variance component s shown in Table 9. The 
P tests indicate that there is no significantly great er variabi l ity 
be tween profi l es than there is between strata within a profile ; and for 
the longer beach segment there is no longer a s i gnificantly greater 
ariability between strata than between sampling po ints in a stratum. 

As in the shorter beach segment, howe er, there is a highl y more sign
i f icant variability among samp l ing points in a stra tum than the re is 
between the paired samples at each sampling point . 

The var i ance components sho~~ in t he lower part of Table 9 again 
indicate no significant contribution by t he profi les, but the contribu
t i ons of strata, sampling point s, and samples increase down the design . 
This is an example in which the variance "payoff" is greatest at the 
lowe st level, although as before, the actual contribution of this lowe st 
sampl i ng leve l in any given set of samples depends upon how many t imes 
each l evel is represented in the total design. Table 10, which shows 
some comparative data in the same manner as Table 8. indicates that all 
the relative errOrs are somewhat higher than they wer e for the 300-foot 
beach segment, which is to be expected, considering that a beach is 
usually less homogeneous over a 1.600-foot stre tGh than in a gi ven 

31 



TABLE 9 

OCEAN BEAO{-ANALYSIS OP VARIAJ«:E OP PHI 
MEDIANS fUR 'lHREE MAIN PROPlLES (S , I, N) 

Source SUIft of Squares d. f .Mean Square 

Between profiles 0.1739 2 0.0870 

Between strata within 
profiles 1. 5081 3 0. 5027 

Between sampling points 
in strata 4.9959 18 0.2775 

Between samples in pair s 1.7599 24 0.0733 

Total 8. 4378 47 

Variance Components 

Level Difference "Samples" 

Profiles -0.4157 16 

Strata 0.2252 3 

Sampling points 0.2042 4 

Samples 0.0733 1 

TABLE 10 

OCEAN BEAo{ 
APPROXIMt\TE ERRORS IN' ESTIMATI~ MEAN PARTICLE SIZE AS 

PUf«:TION OP SAMPLE ALLOCATION-nlREE MAIN PROFILES 

F 

<1 NS 

1.81 NS 

3.79 ** 

Component 

0.0000 

0.0281 

0. 0510 

0. 0733 

Sample Allocation Approximate Error Approximate Relative Error 

All samples in all 
three profiles 1.58 :!: 0.09 5.'7% 

Al l three profiles, but 
only one sample at each 
sampling point 1.58 :!: 0.10 6.3% 

All three profiles, but 
only one sample from 
each stratum 1.58 :!: 0.15 9.5% 

All samples from only one 
prof ile 1.58 ± 0.16 10.1% 

Only one sample from only 
one profile 1.58 :!: 0.39 24.'7% 

A closely sPaced pair of 
samples from only one 
profile 1.58 ± 0.34 21.5% 
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30o-foot stretch . As before , it is seen that the duplicate samples in 
the entire design improved the reliability of the grand mean by less 
than 1 percent, and the error involved in using one profile instead of 
three is only about 1.8 times as great (10 . 1 as against 5.7) as in 
using al l three . This factor is nearly the square root of 3, which 
would be in accord with general sampling theory. 

The design at Ocean Beach was laid out with engineering practice 
in mind. Because of the mixture of systematic and stratified samples, 
rigorous statistical analysis would be much more complicated than the 
simplified form of analysis used. Despite these limitations , it i s 
believed that some insight Was gained into the effects of using one 
or more profiles and either single or duplicate samples for sampling 
a gh'en beaCh segment. The design was deliberately oversampled by use 
of sample pairs to provide data on these points. 

It is to be emphasized again that the relative error s discussed 
above are probably underestimated, and that for engineering purposes 
a more accurate estimate of the errors may show them to be la.rger than 
is desirable . If each small carton of sand is considered as an in
dividual in a super-population of all such possible cartons that can 
be collected in the 300-foot segment, it is seen that even a total of 
64 samples is not very large, and the eight samples that might be 
collected on anyone profile is ver y small . 

If some speculation on thi s point is permitted, one may use the 
results of the present experiD1ent to "feel out" the error that could 
occur if the design were laid out as follows: the 300-foot segment 
is divided into backshore and foreshore, and f our samples are collected 
at random in each st ratum. Using the values at hand, the stratified 
mean would be 1.67 and the variance of this mean, based on the observed 
variances of the two strata. would be 0.0431. The standard error of 
the mean is the square root of this. or 0.208 . The relatwe error is 
0.208/1.67 = 12. 4 percent . If the 95 percent confidence limi ts are 
used as is conventional. the relative error for e ight sample s is 
2.36 times thi s large. or about 29 percent. That is , the 95 percent 
confidence l imits about the mean would be 1.67 t (2.36 x 0.208) = 
1 .67 t 0. 49 = 1. 18 to 2. 16 . In terms of median diameters, then, one 
may say that there is a probability of about 0. 95 that the interval 
0.223 to 0.441 millimeter includes the populat ion mean f or the 
300-foot beach segment. The se appear to be rather broad limits for 
decision on such questions as specifying beach fill. for example. 
Eight samples are certain~y too few. 

These remarks apply to sample s col lected on the exposed parts 
of be aches. Usual enginee r ing practice include s the collection of a 
series of underwater samples a l ong the projected profiles. If 
samples are collected at depths of O.~, 12, 18, 24 and 30 fee t with 
respect to low wat er, each profile would provide six more samples, 
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which would great ly improve the estimate of the population mean if half 
a dozen profiles are involved in a study. Some information on this 
point is provided by the underwater samples collected at Ocean Beach . 

Underwater Samples 

As stated. engineering practice almost always includes collection 
of underwater samples. which are required if the nearshore bottom is to 
be included in the plan f or estimating mean particle ·size on the whole 
beach. The principles of sampling do not change with th is enlargement 
of the sampling area. inasmuch as the main difference is the inclusion 
of additional sampling strata in the design. Common practice is to 
collect underwater samples in terms of depth below low tide rather than 
in terms of distance from shore . Such sample s are normally not equally 
spaced from the shore line. but f rom an engineering viewpoint depth 
control may be more desirable than di stance-fram-shore control . 

Underwater Sampling Strata. Very l ittle data are available from 
formal studies of natural zones in the nearshore submerged portions 
of beaches. There is probably a fairly pronounced change toward finer 
sediments from the foreshore to the shallow submerged zone, followed 
by less pronounced changes farther out. Knowledge of local cond i tions 
is probably the best guide in setting up sampling strata for the near
shore bottom at the present state of knowledge . Either two or three 
sampling strata seem to be indicated in most instances. An alternative 
way of setting up the strata is to aSSign each depth zone arbitrarily 
to a separate stratum. This introduces a larger number of strata and 
may require some additional computation. but in some instances it may 
improve the estimate of the mean. 

The three underwater profiles at Ocean Beach were sampled 
systematically at intervals of 250 feet from the low tide line. This 
permitted the use of two similarly spaced sampling positions on the 
exposed p~rt of the profiles, in order to include both the back shore 
and the foreshore in the estimate. The sampling layout is shown in 
Figure 6. Duplicate underwater samples were collected with a double 
tube sampler having a fixed spacing of about 18 inChes between the 
tubes. The phi medians of ~he 60 samples involved in the design are 
l isted in Table 11. This table includes one back shore and one foreshore 
position from each profile at the same 250-foot spacing. The entire 
design is thus a systematic plan involving pairs of samples a few feet 
aPart at each sampling point , sampling point s 250 feet apar t a long the 
profiles, and profiles 100 feet apart along the shore . 

The nearshore zone had tentatively been divided into three sampling 
strata, but one pair of the samples. at a distance of 1,250 feet from 
shore, waS very poor . and would normally be discarded. Apparently the 
bottom deposits there were f ine silt with a thin veneer of very Coarse 
sand. One tube apparent ly picked up a skim of the coarser bed. It 
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was decided to include the data despite their obvious effect in in
flating the variance of t he mean. In this way the influence of the 
poor samples on the grand mean can be shown. 

Comparison of Stratified Means. Inasmuch as the sampling design 
included two closely spaced samples at each sampling locality, it is 
possible to compare the two mean values obtained by considering the 
samples in each pair separately. That is, the grand mean can be 
computed with the first sample of each pair and then with the second 
sample, to see whether there is any significant difference between 
them. This was done both with and without the poor samples (starred 
in Table 11), to determine their effect on the means. 

TABLE 11 

OCEAN BEAm 
PHI MEDIAN DIAMETERS OF UNDERWATER SAMPLES 

Position on Relative 
Profile Stratum Stratum Profile 1 Profile 2 Profile 3 

Area 

A Backshore 2 1. 80 1.-60 1.80 1.80 1.85 1. 85 
B Poreshore 1 1.65 1. 10 1.30 1. 35 0.70 0. 80 
C Nearshore I 6 2.70 2. 75 2.65 2.60 2.75 2. 50 
D II 2. 58 2.51 2.69 2.70 2.80 2. 70 
E II 2.51 2.65 2.76 2.72 2. 77 2.77 
F Nearshore II 4 3.08 3.08 3.08 2.98 3.09 2. 94 
G II 3.24 3.09 3.14 3. 18 3.14 3.05 
H Nearshore III 2 6. 40*0.55* 3. 41 3.41 3.50 3.46 
J Nearshore IV 4 2. 39 2.57 2.40 2.39 3.52 3.83 
K II 2. 73 2.98 2.43 2.47 2.43 2.33 

* Poor sample recovery 

In computing the stratified means, each stratum of Table 11 was 
handled separately for each of the paired sets to obtain the stratum 
means over the three profiles. These stratum means were then weighted 
according to the stratum size . Similarly, in computing the standard 
error of the stratified mean , the variance in each stratum was computed 
and weighted according to the square of the stratum size. The equations 
used are given in the Appendix. 

By usi ng the f irst s ample of each pair the stratified mean was found 
to be 2.79, corresponding to an average median diameter of 0. 145 milli
meter . The second sample of each pair yielded a stratified mean of 
2. 57, corresponding t o 0. 168 mill tmeter. This difference was consideraoly 
reduced when the poor s amples were excluded. In t his Case the values 
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were 2.74 and 2.67, corresponding to average median diameters of 0.150 

and 0.157 millimeter respectively. This illustrates the effect of a 
single poor sample in a limited number of observations. 

The standard error of the strat ified mean for the first samples of 
each pair was found to be 0.24, corresponding to a relative standard 
error of 8.6%. For the second set the standard error was 0.25, correspond
ing to 9.7%. These estimates included the poor samples. Their 
exclusion reduced the relative error by several percent. By using 
the standard errors with the poor samples included, a conservative 
value is obtained which indicates that a set of 30 samples (one from 
each pair), arranged as 10 samples per profile over six strata, provided 
an estimate of the grand Mean with a relative standard error of less 
than 10%. Inasmuch as the es t imates included samples from the exposed 
beach, these estimates apply to the ent ire beach zone from within the 
back shore to water depths of the order of 30 feet. 

Even with inclusion of the poor samples, the estimates based on 
one sample from each pair were not significantly different, inasmuch 
as the two-thirds confidence bands about the two means overlap. For 
the first set the confidence limit s were found to be 2.79 t 0.24 = 2.55 
to 3.03; and from the second set they were 2.57 t 0.25 = 2.32 to 2.82. 
The range from 2.55 to 2.82 is in common, and includes both computed 
means. 

It is judged from this exper iment that collecting and analyz1ng 
duplicate samples at each sampling locality is not worth the added 
effort. The magnitude of the relative error (which here included the 
additional hazard of picking up occasional poor underwater samples) 
suggests that additional prof i les be included in a beach study in order 
to keep the relative error safe ly under 10%. The practical implication 
is that for any given segment of beach being studied, a number of pro
files commensurate with the scale of the study be employed, with a 
minimum set at four or preferably six. This point is mentioned again 
in the following section. 

SUMMARY REMARKS ON ESTIMATION OF MEAN PARTICLE SIZE 

The sampling experiments described here lead to the general con
clusion that strati fied sampling, with computation of a weighted mean, 
y i~ lds a more reliable estimate of the population mean particle size 
t han does an unwe i ghted mean. As far as generalizationsmay be drawn 
f rom the exper iment s, they seem to point in the following direct i on: 

1) Estimates of mean particle size of beaches should i nclude 
contributions from samples taken from each of the natural 
zones on the beach. This implies that the profile should 
extend from ~el1 within the backshore (if not completely 
across it) to a point offshore at some fixed depth, as 
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30 feet. Por some purposes it may be desirable to extend the 
l andWard end of t he profile into the dune belt . 

The boundar i es of the natural beach zones should be indicated 
on the profiles . On the exposed beach these are indiCated by 
the seaward edge of the foredune, by the bevel at the major berm 
near the high tide line, and by the low water datum line. The 
nearshore bottom can normally be divided into from two to 
f our 'natural zone s, depending upon changes in bottom slope. 
presence or absence of bars. and perhaps major changeS in 
texture. The wi dth of each zone can be i ndicated on the pro
f ile as a weighting factor for later use . 

2) Allocation of samples a long the profi le can in genera l be handled 
in three ways. In the first, the number of samples per s tratum 
is proportional to the stratum width. This was the method 
fo l lowed in the Ocean Beach design, where the uniform spacing 
o( 50 fee t between sampling points gave a number of samples 
roughly proportional t o stratum width . More formally,the 
number of samples per stratum can be made directly proportional 
to width, starting with one or more samples in the narrowest 
stratum. This is a form of proportional sampling , which assure 
that each stratum makes a oontribution to the weighted mean 
proportional to its relative magnitude. 

A second way of allocat i ng samples is to have an equal number 
of samples from each stratum, regardless of relative width. 
Thus, in its simplest form. one sample could be taken from the 
center of each stratum. This assures that each stratum is 
incl uded in the final estimate, but it takes no account of the 
relative s t ratum weighting in the sampling plan . In one of 
the Illinois Beach experiment s four random samples were taken 
from each beach stratum, which is an example of this method. 

The third method of allocation distribut es the samples over 
the strata in proportion to the relative variability in each 
stratum. If the fore&lore is four times as variable as the 
back shore , for example, this would ;l.ssign four times as many 
samples to the foreshore, regardless of stratum width. This 
method requires knowledge of the var i ability in each stratum, 
which is usual ly not available before samples are taken, unless 
data from a previous survey can be used. As il l ustrations of 
this sort of allocation, a sampling of the back shore and fore
shore at I llinois Beach (omitting the dune belt ) would assign 
4. 5 sample s in the fo resbore for each backshore sample. The 
equations for such allocations are given in the Appendix. 
Experience thus f ar available suggests that the foreshore 
variability is commonly f rom four to ten time s as great as 
the backshore var iabi lity, as measured by the stratum variances. 
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3) The prescnt exper~ents suggest that more t han one profile 
should be sampled for any given stretch of beach under study. 
and that each profile should be sampl ed at least once in each 
natural beach zone. This would supply the minimum number 
of samples deemed adequate for even approximate estimates 
of mean particle size . If six profile s are used, each with 
say five sampling strata, the minimum sampling plan would 
embrace 30 samples. It is probably fair to say that such 
a set would provide an estimate of the population mean with 
a relative error of about 10 percent at the 95% confidence 
level in most cases. To cut this error in half would require 
four samples from each stratum on each profile. although 
application of the principles of optimum allocation may 
permit nearly this amount of improvement with something le ss 
than four times the same number of samples. 

4) Computation of the weighted mean particle size is probably 
preferably done with either the log median (ph i median) 
or the log mean (phi mean) inasmuch as they are both normally 
distributed. There may be some advantages to using the phi 
mean in subsequent operations, inasmuch as the final result 
is an estimate of the phi mean of the popUlation. whereas 
the final result in using the phi median is the arithmetic 
mean of the phi medians. Many beach particle populations 
are lognormally distributed. so that the differences in 
f inal results are commonly slight. 

When several profiles are used in the sampling, the mean 
particle size can be computed f or all sample s in" one operation 
by combining the samples from each profile according to their 
position in the several strata. If desired, separate means 
may be computed for each stratum over all the prof iles, or 
for each profile over its strata. Such supplementary data 
are useful in evaluating differences between str ata across 
the beach, or between profile s along the beach. 

5) It seems des1rau~e ~o express the e stimated mean part icle 

- - -----

size in terms of some standard confidence l~its. The 95 per
cent confidence l~its are conventionally used, although 
for some purposes the 67 percent confidence limits, based 
directly on the standard error, may be suitable. Use of 
the probable error, which represents the 50 percent conf idence 
limit s, is usually regarded as being less discriminatory than 
seems desirable. The probable error is computed by taking 
0 .6745 times the standard error . 

Use of confidence limits is helpful in two ways. In the 
first place the l imits indicate how much reliability may be 
placed in the estimate. This information is of value in 
indi cating how narrowly the mean has been pinned down for 
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later use in design specification. In addition. the habit 
of computing confidence limits helps increase awareness 
of the general framework of precision with in which conven
tional beach sampling is conducted. Confidence limits are 
discussed in the Appendix. 

6) The tentative proposals for beach sampling presented in Beach 
Erosion Board Technical Memorandum No. SO are in genera l 
supported by the added inf ormat ion from the present experi
ments. The remarks regarding sample size and depth, the 
need for randomization processes in s~pling, t he use of 
more than one prof ile in beach sampl ing, and the spaci ng of 
prof ile s at some multiple of the prof i le length, seem all 
to be ver ified by the present study. 

7) The question of the specific number of samples required for 
any given beach study is one that still needs considerable 
qualification. As the present experiments show, the variance 
of the mean, shown as V(Xp ) in Tables 2 and 4, depends in 
part on the sampling design (simple random, systematic , 
stratified, etc.) as well as on the total number of samples 
collected. Beach sampling almost always has an element of 
systematic sampling in it, inasmuch as the basic sampling 
reference line is the profile. Profiles as a rule are 
spaced a fixed distance apart along the beach, and this 
distance may vary for different beaches. It was also seen 
to be desirable that the several natural beach zones be 
explicitly represented in the sampling. Prom these two 
features it would appear that beach sampling in the f uture 
may tend to emphasize some form of combined systematic
stratified sampling design. In such designs the systematic 
element of profile spacing may introduce some component of 
variability , and other components will be introduced by each 
sampling stratum represented by the natural beach zones. 
Although the analysis of the Ocean Beach profiles suggested 
no between-profile variance component at either the 100-foot 
or 800-foot spaCings (Tables 7 and 9), it is probably not 
safe to conclude that this is a general rule. 

The interplay of these components of variability , as re
flected by the allocation of samples in the design, results 
in different l evels of r eliability of the means when different 
number s of samples are distributed in different ways over 
the beach zones in a set of profiles. Until sufficient data 
are assembled and analyzed to provide information on the 
average values of these components on a variety of beaches. 
sample planning cannot be undertaken on a completely 
quantitative basi ~·., 

40 



The writers are of the opinion that there are at present 
enough beach data in the literature and among beach engineers 
and geologists to provide a basis for estimating the orders 
of magnitude of the variances associated with particle sizes 
in dunes, backshores, f oreshores, and one or more nearsl0re 
bottom zones. As this knowledge is organized it will become 
increasingly possi ble to set up engineering specifications 
i n terms of the expected r e liability of estimated means of 
beach proper ties. By use of cost functions it should also 
be possibl e to state specifically what sort of sample 
al l ocation wit hi n a .pToposed design will give satisfactory 
results for minimum cost . 

8) In the light of the f oregoing remark s i t would appear that 
the recommendation mentioned earlier ( item 3 in this list ) 
with respect to beach sampling provides a pragmatic solution 
to beach sampling in the present state of knowledge. This 
recommendation may result in some over-sampling, but it 
appear s to err on the conservative side : 

Six profiles extending from within the backshore to a 
depth of 30 feet, with five sampling strata (say the back
shore , the foreshore, and three nearshore bottom zones) , 
and with one sample per stratum per profile, would provide 
a set of 30 samples. It is bel ieved that such a set would 
estimate the population mean particle size with a relat ive 
error of about 10 percent at the 95 percent confidence 
level. 

This pragmat1c suggestion is based on the findin~s at 
Illinois Beach which indicated that the set of 16 strat i fied 
samples (design 2P) gave a relative error of 0.15/1.40 : 
10.7 percent. Considering the heterogeneity of the deposits, 
it would seem that in more homogeneous instances a set 
of 30 samples taken as suggested above, should gener ally 
give results 'thi the 10 percent restriction. 

OOOCLUDIrc REMARK.S 

This report emphasizes the estimation of mean particle size on 
beaches because of the incre sing importance of that aspect of beach 

. studies in the design and specification of beach fill. The material 
presented here will be drawn upon in a report being prepared fo r such 
specifications. The other two features of beach sampling, related 
to studies of gradients in beach populations, and to studies of 
variability within the several beach zones, were touched upon in the 
Illinois Beach design. These features are important enough to deserve 
specific treatment, although space limitations prevent such additional 
developm' nt here. 
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As the se nior author' s experience with beach problems grows. it 
becomes increasingly evident that there is no unique answer to the 
problem of the number of samples needed for beach analysis. Never the~ 
le ss, it is apparent that certain under ly ing pr inciples of beach 
sampling have emerged. and the most important of these has been re 
cognition of the need for formal planning of sampling designs. Such 
planning will be facilitated a s better knowledge of the natural 
Var iations in beach zones becomes available . With such information 
it will be possible to enlist the aid of mathemat ical statisticians 
in the development of general sampling plans that should have wide 
applicability when estimates of the expected variatiop~ are used in 
the designs . Moreover, more rigorous methods for com~!ing the 
variances in mixed sampling designs can be made available to engineers 
and geologists by such act ive collaboration of statisticians. ThE 
resulting improved quantitat i ve estimates of beach characteristics 
will in turn help sharpen specifications needed in some branches 
of beach engineer i ng design. 

It maY be remarked that all the examples given in this report 
are based on average particle diameter s. and nothing was said about 
the sorting coefficients of the sand. The degree of sorting varies 
widely from place to place on some beaches, and it is possible to 
app ly statistical methods to the estimation of an average degree of 
sorting. These methods do not differ in principle from those used 
with the median or l og mean d iameter s, except that transfornmtions 
or the observed values may be required to f ac i litate statistical 
analysis . This aspect of beach studies is being examined and will 
be treated explicitly in subsequent r eports. 
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APPENDIX 

INTRODUCTION 

Tbe preceding text omitted technical de tails of the statistical 
methods used in the sampling designs, in or der that the main theme of 
the report could be emphasized. This appendix is added to make more 
explicit the methods of computation used with various kinds of sampl
ing designs. The treatment is expository rather than theoretical , 
and it is assumed that the reader interested in further detail will 
refer to the authors cited. 

Three topics are emphasized in this Appendix. Tbe f irst is con
cerned with the computation of means and variances for each type 
of sampling design. The second is concerned with computing confidence 
l imits for the population mean, and the third topic concerns the 
applicat ion of cost functions to the optimum allocation of samples 
within a given design. 

COMPUTATION OF MEANS AND VARIANCES 

Simple Random Sampling 

The wr iter s follow Cochran (1953) in most of their defini t i ons 
and usages of sampling terms. Basic sampling theory is re lated to 
purely random samples, and for such a design the sample mean (X) and 
sample variance ( S2 ) are defined as follows (Cochran 1953, chapter 2; 
Dixon and Massey 1951, p. 19): 

x = Lx.IN 
1 

(1) 

(2) 

where Xi is an individual random observation and N is the total number 
of observations. 

Computation of (2) is most conveniently performed by using an 
a lgebraic equivalent as2follows: 2 

2 LXi - (LXi) IN (3) 
S II!. N - l 

The variance expressed in this manner is the sample variance, 
and it may be converted to the variance of the mean, V(X ). by 
dividing by the number of sarop es. Thus, p 

( 4) 
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The square root of this i s the standard error of the mean, S(X ). The 
'subscr ipt p has been used her e to indicate that the grand meanP is in
tended, a s it is used in text Tables 2 and 4. This helps distinguish 
it ~rom other means as used be l ow, although normally no subscript is 
needed. 

Use of the above definit ions for the sample observations of the 
phi mean particle size as given in column I of Table 1 for the set 
of 16 simple random samples collected at the points shown in Figure 2A, 
yields the fol lOWing est imates for the beach population: 

x :: 1.06 
p 

2 
S = 1. 1584 V(X ) = 0.0724 

P 
S <X ) = 0.27 

P 

The se values are shown in line 1 of Table 2. Similar computations 
for the observations on percent of acid so luble s given in column 1 
of Table 3 yield the est imates shown in line 1 of Table 4. 

Stratified Random Sampl ing 

In t his case t her e are k strata with n samples each, so that 
N = kn. The grand mean is computed as a weighted mean involving the 
individual strata means each weighted according to the area of the 
stratum (Cochran, Chapter 5, P. 67 ff . ): 

+ + .... (5) 

wher e a l , a
2

, ••• ak are the areas of the indi vidual strata, A is 
the tota l sample area, and is equal to the sum of the a's. The 
individual stratum means are i ndicated as Xl' X2 , ••• Xk• 

The var i ance of the grand mean is also weighted 
is proportional to the square of the stratum areaSi 

vd,p ) = (1/A2) [ a/ v(i'l ) + az
2 

V (X2) + 

but the weight i ng 

... 
In this case V(X

l
), V(X

2
), ••• V(Xk) are the var iances of the 

individual stratum means, computed in accordance wi th equations (3) 
~~d (4). It is to be noted that (6) is the variance of the stratified 
mean computed in accordance with (5). 

In the Illinois Beach stratified sampling plan there were four 
strata each with four samples, so that k = 4 and n :: 4. The relat i ve 
ar ea s of the strata shown in Figure 2F were expre ssed as the number of 
unit sampling cells in each stratum, so that A = 16, and 
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a
l 

(dunes ) = 6.89 units 

a
2 

(backshore I) = 1.15 units 

a
3 

(backshore II ) = 5. 51 units 

a
4 

(foreshore ) = 2. 45 units 

The values of the sample observations in the stratified set , shown in 
Figure 2F, are given in column 6 of Table s 1 and 3, and the compu ted 
population parameters are tabulated on line 6 of Tables 2 and 4. 

The I llinois Beach samples were colle c ted at random in each 
stratum independently , as is ~al1ed for by the ory, whe reas the Ocean 
Beach underwater stratified samples were taken systematically . Equation 
( 6) was used for the latter samples as though they had been collected 
at random. 

Cluster Samplin~ 

19 this design there are k clusters of n samples each. The grand 
mean, X , is computed as in the case for simple random samples (equation 1). 
The douBle bar above the X indicates that there are really two levels 
of sampling in this design. The total variance can be separated into 
tw~ part s. The first is contained in the between-cluster me an square2 
~b ' and the second is estimated by the within-cluster mean square Sw • 
Tfie between- cluster mean square is (Cochran, P. 219): 

S 2 = 
b 

n 

k _ 

L (X 
I C 

(7) 

-where X c 
is the individual cluster mean. The within-cluster mean square 

is : 

S 2 = 
w 

k n 
L L 
I I 

- 2 (X - X ) /ken - 1) 
c 

(8) 

where X is a single obserVoltion. Equation (8) is equivalent to the 
average of the k within-cluster variances. 

The variance of the grand mean can be had directly from the 
relation: 

vd ) 
p 

2 
= Sb /kn (9) 

as shown in Cochran, P. 225. It caD also be shown that the between
cl~ster mean square estimates the sum of ihe between-cluste r variance, 
S ,and the within-cluster variance, S ,(Cochran, p. 219). Thus, 
fgr est imation of variance components, SW2 is found from the relation: 

u 
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S 2 = (5 2 _ S 2 )/n 
u b w 

(10 ) 

so that the variance of the grand mean in equa tion (9) can also be 
shown as : 

vex ) = ( S 2/k ) + (S 2/kn ) 
p u w 

(11) 

This for m is useful when, the effect of o ther combinat ion s of k and 
n are to be studied, as men t ioned in the text. It was illustrated for 
three sampling leve l s in Beach Erosion Board Technical Memorandum 
No. 50, P. 24. 

The Illinois Beach cluster samples in Figure 2D had k = 4 and 
n = 4. The between-clusters mean square was 4 8 2172. from Nhich the 
variance of the grand mean was f ound to be 4. 2172/16 = 0.2636 as shown 
on21ine 4 of Table ~. The variance components were estimated as 
S = 0. 9950 and S = 0 .2373. 

u w 

Multilevel (Nested ) Sampling 

This is a more general case that includes c luster sampling as a 
two-level design. A three-leve l design is illustrated in the Illinois 
Beach exreriment in Figure 2E. In this case k major groups were chosen 
at the top leve l, m subgroups were taken within each ma jor group, and 
n s,uTlples ~ere ta~en wi thin each subgroup. There is a mean for each 
l evel. X. X, and X , the last be ing the grand mean . The to tal varia.
bility can be sepaFated into three par ts. each represented by a mean 
square. The be~een-major-units mean square is (Cochran~ P. 230): 

S 2 = mn ~ X - X )2/(k - 1) 
b p 

The between-subgroups mean square is: 

2 
S = n 

\'l 

k m _ - 2 
~ ~ (X - X) / k(n-l ) 
I I 

(12 ) 

(13) 

and the between subsubunits (samples) is: 
k m n 

S 2 = ~ L ~ (X - X)2/km(n - 1) (14) 
WW I I 

The grand mean is computed as in equation (1). where N = kmn. and 
the variance of the grand mean is (Cochran , p. 230): 

V(X )= 
p 

(15 ) 

The three mean squares provide estimates of the variance components 
t each sampling leve l : 

S 2 = ($ 2 _ S 2)/mn 
u b w 
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S 2 = ( S 2 _ S 2)/n 
5 W WW 

(16) 

S 2 = S 2 
ww ww 

where S 2 is an estimate of the variance component at the top level, 
u 

S 2 is ~n estimate of the variance component at the subgroup le ve l. 
a~d S is it self an estimate of the variance component at the lowest 
level~ The variance of the grand mean may also be expressed in terms 
of these components as (Cochran, P. 229 ): 

v(f ) = (S 2/k ) + (S 2/km ) + (S 2/kmn ) 
pus ww 

( 17) 

2 
For the three-level design of Figure lEt S was found to be 

3.5918, which would yield a var iance of the gran8 mean of 0. 2245 by 
equation (15). However . when the number of sample s selected at any 
level in the design exceeds 1/20 of all such element s in the population. 
a finite population correction is applied at that level (Cochran, PP . 17; 
220) . In the present instance all four of the beach strips were sampled 
so that a correction factor \\'as applied at this level by use of 
equation (17 ). The effect of this correction was to change the unad
justed variance of 0. 2245 to 0. 1684. The latter value is shown in Table 2, 
line 5. 

Systematic Sampling 

For th is type of sampling the mean is computed as shown in equation ( 1) , 
bu t there seems to be no generally satisfactory method for computing 
the variance of a single systematic sample . Cochran (1953 , chap ter 8) 
discusses systematic sampling in detail and points out that a systematic 
sample may be considered as a particular case of cluster sampl i ng in which 
the systematic set is one cluster. Several equations are provided for 
estimating the variance of the mean, based on k systematic samples of n 
observations each. The methods in part express the variance of the 
systematic sample in terms of the variance of a single random sample. 

The Illinois Beach design had 16 samples representing one systematic 
set, so that a compromise method of computation was used, by considering 
the set as four systematic samples of four items each. The computed 
variance differed in value depending on the sample combination selected, 
but tended to l ie between that for cluster sampling and for simple 
random sampling. The value entered in lines 3 of Tables 2 and ' 4 ;s 
believed to represent at least the proper order of magnitude. If the 
pOEulation mean M is known, the variance of the systematic me an 
vex ) is given by Cochran P. 163) as: 

sy 

vex ) :: (l/k) 
sy 

k _ ? 
2: (X - M) J , , __ 

I 

where X is the mean of the individual systematic samples. 
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Systematic sampling is important in most beach studie s, and Cochran 
cites the need for add it ional research in systematic sampling (P. 168) 

Random i n Cells 

Like the systematic samples the use of sampl ing cells with a sample 
r andomized in each presents a problem of comouting the variance. The 
mean, however , is computed in the usual way (equation 1) . Inasmuch as 
r andom in ce l ls al lows some tendencies toward clus t ering, it was felt 
appropriate for illustrative purposes to consider the samples as a random 
set. Hence equations ( 3) and (4 ) were used directly ~o compute the 
estimates of the population parameters shown in l i ne 2 of Tables 2 and 
4 from the data tabulated in column 2 of Tables I and 3. 

Purposive Selection 

Cochran point s out (P. 7) t hat sampling theory does not apply t~ 
purposive selection of the unit s i nasmuch as it contains no element 
of random selection. However, inasmuch as t he samples selected by Dr. 
Dapples for this purpose are par t of one or another of the other 
designs, they were treated as simple random samples in order to obtain 
some estimates of the population parameters for il l ustrative purposes. 
Consequently, equations (1-4) were used to obtain the values given on line 
8 of Tables 2 and 4 using the observations tabulated in column 7 of 
Tables I and 3. 

Mixed Designs 

Some of the examples cited in the text , especially those at Ocean 
Beach, are ~ot standard sampling designs inasmuch as they represent 
mixtures of several kinds of sampling. Theory for such mixed designs 
can presumably be deve loped by mathematical statisticians, but in order 
to avoid complexities in exposition, compromise methodsof computation 
were used to gain at least quali tative estimates of the variability 
present. For example, the four closely spaced profiles at Ocean Beach 
represent basically a systemat ic set of samples distributed over natural 
beach strata, and involving clusters of two individual sampl~ at each 
sampling point. Obviously the rigorous computation of varipees in such 
a design requir es the guidance of a mathematical statistician. For 
present purposes, however, it was f e lt that the methods used, which 
involved treatment by multileve l t echnique s, ( see Tables 7 and 9) , in
cluding use of average degrees of freedom a t some levels, gave SOme 
insight into the problem of sample allocation, inasmuch as all such 
sample allocations assumed use of the same basic design. 

CONFIDENCE LIMITS ON MEANS 

Confidence limits for the true population mean are: 

and X + t l. S(X) 
P act P 

(19) 
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where tl is the value of the normal de viate corresponding to the 
desired~~onfidence probability u. Its value may be found in tables 
of t for any specified u and for any given total number of samples 
(see Table 5 . Dixon and Massey. 1951, P. 307). 

The 95% confidence band for the true population mean is 
determined for the case of t he simple random set (F igure 2A) in the 
following way: 

t l fo r u = 95% and f or N-I = 15 degrees of fr eedom = 2.13 
2"u 

Confidence limits are therefore 

1.06 - (2.13) (0.27) to 1.06 + (2.13)(0.27 ) = 0.49 to 1.63 as shown 
on line 1 of Table 2. 

APPLICATION OF COST FUNCTION FOR OPTIMUM ALLOCATION OF SAMPLES 

One advantage of multileve l sampling is that it provides data for 
optimum al l ocat ion of the number of s~lples to be taken at each level 
of the design. Thi s may be especially important in redesi gn of a pre
liminary sampling plan for subsequent more de tai led analysis of a 
sampl ing unit . The optimum sampling and subsampling f ractions are 
found by applications of cost functions to combinations of the se veral 
variance components. 

Cochr an (1953 , p. 225) describe s the application of a cost f unc t ion 
in a two-level ne sted design and Potter and Ol son (1954) discuss it s 
application to additional sampling le vels. In applying the cost 
function, the cost (or t ime ) required to make an observat i on is so 
distributed over the levels of the design that the var iance of the grand 
mean is a minimum. 

Applicat ion of a cost fUnction to two levels can be handled by 
sett ing up the cost func t ion as fol l ows : 

C = C k + C kn 
c s 

(20) 

where C, the tota l cost , is made up of a component C t hat is the cost 
( or time ) required to select and locate the top level sampling positions 
which in this case are the cluster center s; and a component C which is 
the time required to collect and analyze an individual samplesin the 
cluster. 

Cochran (1953, p. 226) shows the process by which the variance is 
minimized and der ives the so lution f or the optiml~ number, n l

, of 
samples per cluster: 

n l = / (S 2 IS 2) (C Ic ) 11 w u c s 
(21) 
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Assume that in a part icular Case it costs t wice as much to arrive at 
and stake out the clust~r posit~ons as to analyze a single sample . 
Using t he values for S and S for the I l linois Beach cluster 
samples would t hen giv~: w 

n' = 1/(0.2372/0. 9950) (2/1) = 0.69 

The nearest whole number to this is I, which would imply that if 16 
samples are to be collected it is more eff icient to collect one at 
each of 16 random locations than to collect f our clusters of four . 
It i s to be emphasized that this is not a general r e sult but that the 
optimum allocation can differ depending upon the relative variabilities 
as well as upon the relative costs at the sampling levels. In applied 
work it is common practice to add a constant cost in the original func
tion which relates to overhead, perhaps transportation to and from 
the beach, and similar items. 

SAMPLE ALLOCATION OVER STRATA 

It was ment i oned in the text that one way of allocating samples 
to the strata could be based on the relative var iability within each 
stratum. By this type of a llocation it is possible to collect such 
numbers of samples from each stratum that the contribution made by the 
stratum variability to the variance of the grand mean i s the same for 
all strata. 

Por two strata whose variances are S2 and S2b respectively, the 
number of samples ( n' ) from the more variabte stratum per un i t sample 
in the less variable stratum is proportional to the ratio of the 
variances. Thus if s 2a > s2b , 

(22) 

As an example the foreshore variance at Illinois Beach was estimated 
as 2.1706 and the estimate of the backshore variance was 0. 4782. Hence, 
for each backshore sample it would be necessary to col lect (2.1706)/ 
(0. 4782) - 4.5 foreshore samples. Potter and Siever ( 1955) discuss 
the theory and apply it to more than two levels of sampling. In con
trast to this type of allocation is one that relates the sample size 
in a stratum to the product of the stratum size and the stratum standard 
deviation. This is discussed by Cochran on p. 74 . 

CLOsn~; REMARKS 

The material presented in this Appendix is useful mai nly as a guide 
to further reading in standard statistics reference books. It is likely 
that some terms were used relatively loose l y. and that some applications 
of variance equations to particular sampling designs need more rigorous 
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examinat ion. It was emphasized earlier tbat the collaboration of 
mathematical statisticians ,'lilt be needed in many specific instances, 
espec i ally for mixed sa;lI.pling designs. 

The experiments r eported here are all based on limited number s of 
samples, and hence the means and variances that were used to test re
l ative eff ic ienc i~s of the designs are themselves subject to sampling 
fl uct uations. It is believed , however, that the generalizati')ns 
re gardi ng the value of strat ified sampling for estimating populat ion 
means are valid, inasmuch as the experiment s support theory in the 
sampling of populations with gradient s. I t i s hoped that this Appendix 
will provide at least a star t toward expressing beach sampling problems 
in the frat1lework of stat istical design. 
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