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4 Systematic and Cluster Sampling.

4.1 Systematic Sampling

This is a quick and easy method for selecting a sample when the sampling
frame is sequenced. Randomly select a start from the first k& units where
k= [%] + 1, then select every kth unit thereafter.

The k possible samples will only be of equal size if N is a multiple of k.
If N =23 and n =5 then the k = [£] + 1 = 5 possible samples are
units numbered:

S1 S2 S3 5S4 55

Yyr Y2 Ys Y+ Ys
Ye Y7 Y3 Yo Y10
Yir Y12 Y13 Y4 Yis
Yie Yir Yis Y19 Y20
Ya1 Y22 Y23

For simplicity we will restrict attention to the case N = nk. (If N is large
then the following results will be approximately true.) Under systematic
sampling only k of the possible (]X ) samples under SRS are considered.
We expect systematic sampling to be beneficial if the k samples are
representative of the population.

This might be achieved by selecting the sequencing variable carefully.
For example, suppose we have a list of businesses giving location, indus-
try, and employment size. We want to estimate the amount of overtime
wages paid and we expect such amount to be correlated with the em-
ployment size. Then sorting the list according to employment size before
drawing the systematic sample allow small, medium and large values to
be included in the sample and hence gives more efficient sample.
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4.1.1 The Sample Mean and its Variance.

Denote the sample by v, ..., y,. Then

I
Ysys :ﬁzl:yz
1=

can take only one of k possible values:

Vi= M +Yi+ .+ Yvp)/n

Vi = (Yp+ Yo + ..+ Yy)/n.

Thus

so the systematic mean is unbiased for the population mean.

Let Yy = Yiq(j—1), fori =1,2, .. kand j = 1,2, ..., n.

k
_ 1 _ _
Var(Ysys) = E(Ysys — Y)2 = A Z(Y; - Y)z-
i=1
Recall
N
(N=1)8 = > (Vi=V)
i=1
k n
= > > (Y=Y
i=1 j=1
k n k
= > D Yy =Y)?Pen)y (Yi-Y)
i=1 j=1 i=1

= k(n —1)S2 + knVar(ys,s) = (N — k)S2 4+ NVar(ys,s)
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since N = nk. Thus Var(gs,s) is the between cluster variance and S2 is
the within cluster variance.

Var(gys) = ———9* — ——S5>

Theorem: Systematic sampling leads to more precise estimators of Y’

than SRS if and only if S? > S2.

Proof: The variance under SRS is (1 — %) %2 Since
Var(y) > Var(ysys)
- NT_ksfu > [NA; L NN_n”] %= %(Nn—n—NJrn)SQ
= %(n —1)5%* = NT—kS2
1k
= 52 > 5° (sinceN:nkigzﬁ).

Hence Systematic sampling is most useful when the variability within
systematic samples is larger than the population variance.

With one systematic sample, we cannot estimate S2. Instead, we can
draw ng repeated systematic sample each of size n/ns with a random
start chosen from 1 to k' = ngk = nyN/n and the sampling interval is
k'. Suppose y;,i = 1, ..., ns are the sample means, the mean estimator
and its variance are

% -_ 1 = ny S
Ysy,rs =y = n— Yi and V&I‘(Ysy’rs) = (1 — _> ¥
s 7

where

SydU STAT3014 (2015) Second semester Dr. J. Chan 63



THE UNIVERSITY OF

= SYDNEY

Ll
¥ BE ¥
kud

STAT3014/3914 Applied Stat.-Sampling C4-Sys. & Cluster Sam.

Y — Yy

1

_)2 _

ne — 1

Ng

—2 =2
E Y, —nsy
1=1

Read Tutorial 12 Q3.

Systematic Sampling

Parameter

Point Estimate

Estimated Variance

One systematic sample

Mean Y

)

N
Sampling interval k = —
n

(

-~ 1 B 3
var(Ysy) = % Z(y] - 9)2
j=1
N —1 N —k
— —SQ . —SQ
N N w
1 n k
where SSJ—N—_]{ [Z Z(ym 7i)?
i=1 j=1

~

Var(Y,) < Var():/'srs) if 52 > 52

Repeated systematic samples

Mean Y

(Sampling interval k' = — ny)

n

<

=~ £
var(Y sy rs) = (1 — %) n—y
1 & _
2 _ 2
55 = — ;(?J; —7)
1 = —2 =2
Cong— 1 = j—n3y>
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4.2 Cluster Sampling
4.2.1 Introduction

If a population has a natural grouping of units into clusters one way of
proceeding is to perform a SRS of the clusters and then include all units
in the selected clusters in the sample. Systematic sampling has this struc-
ture but the distinct ‘clusters” may not have any physical significance.

For cluster sampling we do not need a complete population list, just a
list of clusters and then a list of elements for the selected clusters.

4.2.2 Notation

N = Number of clusters in the population.
M; = Size of cluster ¢,2 =1,..., N.
M = Zi\il M; = Population size of elements.

_ N
M = % = # = Population average cluster size.
-value for element j element in cluster 2,72 =1,..,N;7 =1, .., M;.

=
&
|

<

Z?ﬁl y;; = y-total for cluster 4,2 =1,..., V.
4 = y-mean per element for cluster 7,4 =1,..., N.
N N M, .

i1 Yi = D i1 21 Yij = Population y-total.

= Population mean per cluster.

% = Population mean per element.

n = Number of clusters in the sample.

~.

= M S u B
I
h<”2|”<M :<\|g

For 1-stage sampling
m =Y., M; = Sample size of elements.

m = % > | M; = Sample average cluster size.
Yy = %Z?:lnyi = Sample mean per cluster.
r=1y= %;%'_:11 ijl = Sample mean per element.
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E.g. Sample of clusters in blue

N=6,n=3

1 =10, Yo =12, y5 =7, Y4 =9, Y5 =6, yo =17

M =20, m=11

My =4, My=4, M3=3, My=2, M; =3, Mg =14

M=2=333
= 11 _
Y =51 Yo = 12 M4 —9 .
Y =3 -850 My =4 ]\94664
R=13 =255 /
_ 28 Ys =
y===9.33 _

e =10 =7 M=3
T My=4 M;=3

SRS Cluster sampling

Pop. size of element N  —of cluster N
Pop. total  of aux. var. X X  —of element M

Sample unit  element with  y;  — cluster with cluster total y; = > i Yij

Auxiliary var. value x;  — cluster size M;
Mean mean per ele. y  —mean per cluster y
Estimator ordinary y  —ordinary y
Estimator ratior = Ez z, - —ratio r = S,

Relationship between estimates
Mean /ele. Mean /cluster Total

R My XNy
R M, Y

since M x N =2t x N = M.
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4.2.3 Estimators for cluster sampling

Ratio estimate & variance

~ Y ~ 1 n . s
Mean/ele. R Ra,=r= - var(R.i ) = W(l _ N)E
VAR v S n . s
Mean/clus. Y Yu,=Mr X var(Ya,) = (1——=)—
’ N'n
~ N n 52
Total Y Ya,=Mr X var(Ya,) = N*(1-—)=
’ ’ N'n
Ordinary estimate & variance
~ 2
R4 Aoy LS
Mean/ele. R R, = 7 X var(Ra) = ]\_42(1 N) -
_ ~ 3 o~ n 8?3
Mean/clus. Y Y. =19 var(Ye) = (1 — N)E
Total Y V.= Ny T = N2
Ota cl = IVY var(Y.1) = N

Note that X indicates that the estimator cannot be applied when M or
M is unknown.

Remark:

The ratio estimators use the sample mean per element

n Mi
- 2?21 Yi _ D i Zj:l Yij
Z?:l M; Z?:l M;
and the variance estimates follow from the ratio estimators in SRS where
2 Z?:l(yi - TMz'>2 2?21 %2 —2r 2?21 yiM; + 1 2?21 Mi2

or = n—1 B n—1

Read Tutorial 13 Q1(a).
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4.2.4 Equal Cluster Sizes

The analysis is simpler when the clusters are of equal size, that is, M; =
M/N = M, i=1,2,.,N where M and N are the total number of
elements and clusters respectively.

Recall from ANOVA

)9) SUTEEIEEDS

1=1 j7=1 1=1 7

N M
2
VP4 D
1 i=1 j=1
2

(M —1)S* = (M — N)S? + (N —1)S}.

where 32/2 =Y;/M; = R; and Y = Y/M = R are the mean per element
for cluster ¢ and overall respectively. The within cluster variance is

S M NZZ _1225/;] Y/M

1=1 j=1 1=1 j=1

Ma«

The between cluster variance is
N N N

1 _ 1 Y, Y\’ 1 ., S
2:— }/,L—Y 2:—_ MZ _Z__— — = N 1 2:Ty
% N—1i:1( ) M(N—1); (MZ- M) M(N—l)Z(Y Y=

=1
since M = M; and R = Y/M = Y /M. Based on a SRS of y;, an
unbiased estimator for S7 is

s = m Z(yi - 9)°

i=1
and an unbiased estimator for S? is
1 n M
. — 2 _
Sw = m 12:1: ;(yzy - yz) where 1; = yz/My, =7

Both components of S? can be estimated under cluster sampling unlike
systematic sampling where we only observe one ‘cluster’ and so cannot
estimate the between cluster component.
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42,5 Comparing SRS and Cluster Sampling

A SRS of n clusters includes nM observations. An estimate of mean per
element Y based on one SRS of y;; of the same size has variance

= nM\ S? ny\ S?
Var(Y') = (1 - NM) =0

This is compared to a SRS of cluster totals y; from n clusters

Var(Y 1) = % (1 —%) %5 - (1 —%) :_;;

b

AN

where Y, = R is the mean per element estimate. Thus

Var(Ycl) . Sg

AN

Var(Y) 5%

and so the cluster estimator is preferable when Sg < S?. Note that

2 1 L\ 2

i=1
is minimised when all the cluster totals are equal, ie. Y; =Y, 1 =
1,.., N, which are then equal to the average cluster total.

In other words, it should be more homogeneous across clusters and more
heterogeneous within each cluster. The worst case occurs when S? = 0
in which case each cluster consists of identical responses.

4.2.6 Two-stage cluster sampling

1. Description

In a single-stage cluster sampling, all the elements in the selected
clusters are included in the sample. In practice, it may not be feasible
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to survey all the elements in the selected clusters when the cluster

sizes are large. A natural way is to sub-sample elements from the

selected clusters resulting in a 2-stage cluster sampling where at
Stage 1: a SRS of clusters is drawn,

Stage 2: a SRS of elements is taken from each cluster selected at stage 1.

2. Further notation

For 2-stage sampling

m; = Sub-sample size of elements from M, elements in cluster 2.

m = > _m; = Total sample size (> M; in 1-stage cluster sam.).
i=1 i=1

n
m =1 231 M; = Average cluster size in the sample.
1=

m;
> Yij

v = My, = Mﬂ:nll‘ = Estimated y-total for cluster 2.

]

n
Yy = % > ¢; = Sample mean per cluster.

= Sample mean per element.
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Comparing 1-stage cluster sample with 2-stage cluster sample:

1-stage 2-stage
Sample size in cluster: M m;
Mi Z_f Yij
Cluster total: Yi = Y Yij is observed  ¢; = M;? _;1. is estimated.
j=1 i
n R n
Sample mean per cluster: y = % >y y = % > v
i=1 i=1
i Yi Z Yi
Sample mean per element: r = 2 7= =l
> M; > M;
=1 1=1
E.g. Sample of clusters and their elements in blue
N =6
n=23
M =20
m =6
2 M =11
M =2 =333 _9
m =1 = 3.67 A
Y =51 (S v =7
Y =3 =850
R=5 =255 . J5=3-5=9
y=3=11 n=4-53=10 ;=7
F=3=3
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3. Estimation

M;
The observed cluster totals y; = > y;; are estimated by
j=1

:&' — zyz — Zym (1)

where ;. is the sample mean per elements for the elements y;; se-
lected from cluster ¢ at stage 2 and then replace y; by ;.

The additional variance when the cluster total y; is estimated by

y; = M;y;. is
var(y;) = Mi2 var(y;.) = MZ.Q (1 — MZ) %
1 1
where
oy ) = g vk a2
Y — 1 Yij — Yi.) = e — 1 Yij iY;.
=1 =1

is the sample variance for m; elements y;; selected from cluster ¢ at

N N
stage 2. Then for Y = > g; say, estimating the population total
i=1

N N
Y = y;, the additional variance, )~ Add. var(y;) follows as

=1 1=1

2 mg 552‘ .. .
E M7 1—- — : Additional var. due to g; for n selected clusters
m

= \

my

2
— Z M; 2 ( —) 2. Average additional var. due to 9; for each cluster
my;

2
S
— Z M: 2 (1 — —) 2 . Estimated additional var. due to ¢; for N clusters.

M; ) m;
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A~ AN

Hence the additional variance of var(Y .,) and var(Y s,) are ob-

tained by dividing the additional variance of var(Y,) with N* and
M? respectively.

For ratio estimator:

~ 1 n\ s N < m; 822-
i) =3 (1= 7) S+ aap oM (15 )

i=1 M; ) m
= n\ s> ] — m;\ S
Yo, (1——)—7“ M2 (1= D) e
var(Yeo. ) N/ n nN; ' ( Ml) m;
~ n\ s> N « m;\ S
Voo, N2(1——)i+ SN Ve (SR B
var(Year) N/ n n ; ! M; ) m;
~ i % =
where R =7 = 24— =Y 5, is a mean per element estimate and
M
DG = PM)? 3D uE = 20 3D M+ 72 D M?
9 =1 =1 i=1 i=1
Sr - _ (3)
n—1 n—1

is obtained by substituting g; for y; in s? for 1-stage cluster sampling.

For ordinary estimator:

€S i

2 2

~ n\ S 1 m S
Pa- (-0 Lyap(iom) s
var(Y o) N n+ nN; ! M, ) m,;
p 2

~ n\ S N m; \ S
SESCTEEAL TS SV (AL
var(¥eo) N njL n; ‘ M, ) m;
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where

S

n
)3
=1

2

(9 —y

A

U
=1

y n

—1 n

— 1

is obtained by substituting ¢, for y; in sz for 1-stage cluster sampling

n
and y = % > ¢; is the sample mean of ;.
i=1

Note: It can be shown that ﬁcg, Y .o and 5702 are exactly unbiased

while ﬁcg,r, ch,r and ?cg,r are approximately unbiased for large sam-

ple sizes.
Summary
Ratio |Ordinary| Variance Additional variance in
Est. (S7)|Est. (S7)| instage 1 |in stage 2 §; = My — y;
. Yy 1 n\ S N <., m; 331
Mean/ele. R r \/ ﬁ X W(l_ﬁ);nM2zzlel 1—M E
\/ A A n S2 1 n 2 mi S;Z
Mean/clus. Y| Mr X | y +/ (1—N>; W;M’ (1—M>E
- S2 N " m; 32.
Total Y M# X | Nj N2(1—3)_ VN R AT
ota r y v N) ol n lzzl: i M) m,
Note:

(a) '3/ or "X’ indicates whether we can use the estimator when M
is unknown. In the case when M is unknown, M is replaced by

the sample mean m = %

(4

> M; and
=1
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Add. var. for R = ZM? (1 _ _> “y

i M; ) m,
1 - m.\ s
— M1 2 )2
e ()
1 - 9 m; Szz
nNm2 2_M, (1 B M) m;

and Yo, will become Yo since

A

AN —

Vi, = NMi — Nimit = Ninl = Nj = V.
m

Read Tutorial 13 Q1(b).

4.2.7 Stratified one-stage cluster sampling

Stratified cluster sampling can be performed by selecting a cluster sample
from each of the L strata in the population. There are ordinary, separate
ratio and combined ratio estimators. For the separate ratio estimator,
the population size in each stratum [V; are usually unknown, we will
investigate only the combined ratio form.

Let y;; represents the ¢-th cluster total in stratum [ and 7, the average
cluster total in stratum [. The following table is the same as the table
for stratified sample in P.60.
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Stratified one-stage cluster sample

Estimate Variance

] — 1
Ordinary estimator: 7, = — , 2 _ __ ~ 72
Yy 1 Yi n ‘E_ Yii, Sy T E_ (v — 1)

—1
1=1
1 L 1 L n 2

R = 77 D 2 l yl
Rgte1 = i lzl: Wiy X var( Rt ) e lz_; 0% < — ﬁl) -
- L _ P 2
% T ! !
YStCl — Z myl \/ V&I’(stcl) Z VVZQ <1 — _l> Fyl

=1 =1

L I N
% - o l l
Fam NYWin Vel ey (1) 5

ng )

Separate ratio estimator: r; = 2iz1 Vi 2 = s — 21Spy + r?sil

. S
] ) srl —
Zizl Mli

L
R ! E 2 nj Szrl
Riter,sr = E :VVZ nM; X | var(Rersr) = M2 =1 W (1 N Ng) n

2
Ssrl
ny

& 2
Ystcl,sr = N E Wl T’lMl X Var(&stcl sr = N2 E [/[/l < _N ) ;71'1
=1

~ ~

L
Ystcl,sr - Z VVZ TIMZ X Var(Ystcl sr) - Z VVZ2 (1 -
l—l

n
N

Wi+ Wa 4o 2 2 _ops 4ol
- cozy

S 22
Wy my + Wy my 0 7Y

Combine ratio estimator: r,. =

L

~ ~ 1 n\ s2
Rsc cr — Te Rsc cr) = 5o W2 1—— Zerl

wr=te sl = 5 W (15 )
X . i .
Ysc cr:M c X Ysc or) — W2 1__l Zarl

tel, r var (Y se1 er) zz; l < Nz) T
Vieror = M. X var(Yaetor) = N2ZW | S
stcl,cr c stcl cr l Nl n

‘X’ indicates that the estimate cannot be applied if M or M is unknown.
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Example: (City income) Interviews are conducted in each of the 25
blocks sampled from 415 blocks in City 1 with M; = 2500 individu-

als and 10 blocks sampled from 168 blocks in City 2 with M, = 850
individuals. The data on incomes are presented in the table below.

(a) Estimate the overall average income per individual in the two cities

and its standard error using

(i) ordinary estimator if My and My are known,

(ii) separate ratio estimator if M; and M, are known,

(iii) combined ratio estimator if M; and M, are unknown and

(b) Estimate the average income per household in the two cities com-

bined and its standard error using the four estimators.

(c) Estimate the total income in the two cities combined and its standard

error using the four estimators.

City 1 City 2

ooy My ozguo zeti | 0 yu My zZegu Zeti |00 Y2 Moy Zgoi Zero
1 96000 &8 25589 20918| 14 49000 10 -39013 -44852 |1 18000 2 -4327 -770
2 121000 12 15384 8377 |15 53000 9 -26212 -31467 |2 52000 5 -3816 5074
3 42000 4 6795 4459 |16 50000 3 23596 21844 |3 68000 7 -10143 2303
4 65000 5 20993 1807417 32000 6 -20808 -24311 |4 36000 4 -8653 -1541
5 52000 6 -808 -4311|18 22000 5 -22007 -24926 |5 45000 3 11510 16844
6 40000 6 -12808-16311]19 45000 5 993 -1926 |6 96000 &8 6694 20918
7 75000 7 13391 9303 |20 37000 4 1795 -b41 |7 64000 6 -2980 7689
8 65000 5 20993 18074| 21 51000 6 -1808 -5311 |8 115000 10 3367 21148
9 45000 8 -25411-30082| 22 30000 &8 -40411 -45082 |9 41000 3 7510 12844
10 50000 3 23596 21844| 23 39000 7 -22609 -26697 {10 12000 1 837 2615
11 85000 2 67397 66230| 24 47000 3 20596 18844

12 43000 6 -9808 -13311| 25 41000 & -29411 -34082

13 54000 5 9993 7074

M 53160 6.04 0.00 -3526.90; 54700 4.90 0.00 8712

S

21784 2.37 25189 25999

32342 2.85 7193 8656

Note: zgs = yii — riMii, Zeti = Yii — TeMii, p1 = 0.30315 and py = 0.97498.
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Solution: Note that

n N m M Mean SD

Income for city 1, y1; 2541515125007, = 53, 160 Sy1 = 21,784.322
Resident for city 1, Mj; m; = 6.04 Sy = 2.3714
Col. Zsrli = Y1i — 7“1M12' Zor] = 0 Sgr1 — 25, 189.308
Col. Zerli = Y1i — TCMM gcrl = —3, 526.90 Serl = 25, 998.656
Income for city 2, yo; 10168 49 850 ¥, = 54, 700 Sy2 = 32,342.10
Resident for city 2, My, my = 4.90 Syo = 2.846
Col. Zsr2i = Yoi — TQMQZ' Zor9 = 0 Sgro2 = 7, 192.970
Col. Zer2i = Yoi — TCMQZ' Zerg = 8, 712.28 Ser2 = 8, 656.483
Total 355832003350

(a) We have
ry = %11 = 52’.320 = 8,801.3257r9 = %22 = 51’.9780 = 11,163.265 sep. r., mean/ele.

Niyy + Nayy 415 x 53,160 + 168 x 54, 700

.= = =0, 385.248 b. r., le.
T Ny + Ny 415 % 6.04 + 168 x 4.90 comb. ., mean/ele
— M 2. 500 — M. 850
M, = Ni = 2115 = 6.024 My = Fj = 168 — 5.060 pop. mean cluster size
M M _ 3,350 H.7461 [l lust '
= — = — =215, overall pop. mean cluster size

N~ 583 pop

N 415 N 168
Wy = Wl = %3 =0.7118 Wy = WQ = %3 = (.2882 wt. prop. to mo. of cluster
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2 .2 2.2
Ser1 = Sy1 — 2?“1p1$y18M1 + riSin

= 21784.3222 — 2(8801.325)(0.30315)(21784.322)(2.3714) + (8801.3252(2.37142)
= 25189.308%
grl = 332,1 — 2rep1Sy1sm + 7"35?\41
= 21784.322% — 2(9385.248)(0.30315)(21784.322)(2.3714) + 9385.248%(2.37142)
= 25998.656>
527»2 = 352 — 219025,25 M2 + T%s?m
= 32342.1% — 2(11163.265)(0.97498)(32342.1)(2.846) + 11163.265%(2.846%)
= 7192.97°
Sers = Syp — 2rcpasyasir + oS 1
= 32342.1% — 2(9385.248)(0.97498)(32342.1)(2.846) + 9385.248%(2.846?)
= 8656.4832

S

(i) Estimate of the average income per individual in the two cities
combined and its standard error using ordinary estimator are

~ sample average of income per block
Rstcl —

population average no. of residents per block

1
= ﬁ(Wlﬁ + Ways)

583 (415

3350 \ 583
= 9328.66

(Fu) = — |w2 (1= Sy (1 12 S
ar ste - — _ _ - 7
v fel M2 L N1 ny 2 N2 no

5837 [4152 ( 25) 21784.3222+

168
X 53160 + ——= x 54700
583

33502 [5832 \© 415 25
1682 10 32342.0952
@( _168) 10 ]
— 521168.3451

AN

se(Rge) = v/521168.3451 = 721.92.

(ii) Estimate of the average income per individual in the two cities
combined and its standard error using separate ratio estimator
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~ sample average of income per block
Rstcl,sr —

population average no. of residents per block
1 _ _
= M(WlMﬂ’l + WQMQ?“Q)

583 <415 2500 53160 168 &850 54700)

X X + X X
3350 \ 583 415 6.04 H&3 168 4.90
= 9,400.623

= 1 2 2
Var(Ystcl,sr) = T [Wf (1 — E) % + W22 (1 — 2) 2]
1

M2 Ny Ns ) ng
5832 [4152 25\ 25189.3082
33502 | 5832 415 25

B 1682 . 10\ 7192.9702

N 5832 168 10

AN

= 366938.7745
se(Yersr) = V366938.7745 = 605.7547

(iii) Since M is unknown, it is estimated by

—~

M = Nymy 4+ Nomy = 415 x 6.04 + 168 x 4.90 = 3, 329.8.

Estimate of the average income per individual in the two cities
combined and its standard error using combined ratio estimator
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are
B B sample estimate of total income
LT sample estimate of total no. of residents
o Niy1 + Noyy
Nymy + Nomg

415 x 53,160 + 168 x 54,700
_ 200 X005, DU DO X ORI g 38595
115 x 6.04+ 168 x 4.90

~ 1 ny\ s ny\ s
Rs o) = — N2 1 — —— crl N2 1 — = cr2
var(Ftet er) = [ i ( N1) o + N ( Ng) s

1 25\ 25998.6562
= [4152 <1 — ) +

3329.82 415 25
o2 (1 10 8656.4832
168 10

= 407060.1502
se(Ryerr) = VA07060.1502 = 638.0127

Note that if M = 3350 is known, it should be used for M =

3329.8 instead and var(Rg1 o) = 402165.9266 & se(Rsie1 o) =
634.1655 respectively.

(b) , (c¢) Left as exercise.

Note that

1. The 3 estimates, Ry = 9, 328.66, Ryge1.or = 9,400.62 and Ryeq o =
9, 385.25 using respectively ordinary, separate ratio and combined
ratio estimators are similar.

2. Since

Jisie 53160(2.3714
0.30315 = p, < 2m 23714 _ ) 479048
Dimisy, | 2(6.04)(21784.322)
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—_— AN

S1er > S1y. Also since se(Yge1sr) = 605.755 < se(Rge1er) =
638.013 < Se(ﬁstcl) = 721.92, the ratio estimate is better than
the ordinary estimate because the block sizes My; are highly and
positively related to the total incomes yo; for block j of city 2.

3. Between the two ratio estimates, the separate ratio estimate }A%Stcl 18
again better because there is great difference between the two ratios
of average income per residents 1 = 8, 801.3245 and ro = 11, 163.265
in the 2 cities and their sample sizes of blocks, ny = 25 and ny = 10
are not too small. Hence the assumption of a common ratio in the
combined ratio estimator is not appropriate.
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