On the Naive Error Formula for Bivariate
Linear Interpolation

Boris Shekhtman

Abstract. In this article we investigate a “naive” error formula for
linear bivariate interpolation. We show that such a formula exists if
and only if the interpolation sites form the vertices of a right triangle
with sides parallel to the axes. Hence the mere existence of a naive
error formula imposes a rather stringent limitation on the type of
interpolation.

§1. Introduction

Various forms of “error formulas” for multivariate interpolation have
been studied and asked for by many authors (cf.[2]-[5], [8]-[14] and [18]).
A possible algebraic nature of such formulas was suggested in [2], [3], [4]
and [9].

In this paper we provide the necessary and sufficient conditions for the
existence of error formulas of a particular form, which we call "naive”, for
interpolation by affine functions in two variables.

To start with, consider this question in the univariate case. Let P be
a Lagrange projector from the space of all real polynomials, R[z], onto
its subspace of real polynomials of degree less than n (which we denote
Ry, [z]) , that interpolates at the given n interpolation sites Z C R. Then
the ker P is the ideal of all polynomials that vanish on Z. This ideal is
generated by the unique monic polynomial h := z™ — Px™. That is, for
every f € ker P there exists a (unique) polynomial g € R[z] such that
f=gh

One of the well-known expressions for the error formula (cf. [3], [17])
is

(@) = PI(@) = ( [ Kalo.) G FOd0M),
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where Kz (z, -) is an appropriately normalized B-spline with knots ZU{z}.
The mapping

O /KZ(-,t)f(t)dt

is a linear mapping into the space F(R) of all real valued functions on R.
Hence the formula for the error can be rewritten as

mn
F() ~ Pf(x) = O P (11)
We are interested in the possibility of generalizing this formula to La-
grange interpolation (or more generally, ideal interpolation) in several vari-
ables. In this article we will discuss ideal interpolation in a very restricted
setting, namely the ideal interpolation of polynomials of two variables from
the space of affine polynomials span{1,z,y}. However, we feel that the
explicit computations in this simple case illuminate the jungle of abstrac-
tions needed in the general situation, and make the meaning of the results
easily accessible to an analyst not familiar with Algebraic Geometry.
So, let F(F?) be the set of all F-valued functions on F?, let F[z,y] be
the ring of polynomials in two variables with coefficients in F and let

Feolz,y] :={a+bx+cy:a,bcecF}.

Here, I is either the real field or the complex field.

Let P be the Lagrange projector from Flz,y] onto Fos[x,y| that in-
terpolates at three points Z = {21, 22, 23} C F2. Such a projector exists,
provided that the points are not collinear. As in the univariate case,

ker P={f € Flx,y] : f(z1) = f(22) = f(23) =0}

is an ideal. It is not a principal ideal, i.e., it is not generated by a single
polynomial. However the polynomials

ho = 2% — P2?,hy = xy — Pxy, hy = y*> — Py?

do generate this ideal (cf. [15], [16]), thus every g € ker P can be written
as

9 = goho + g1h1 + g2ho
and, what amounts to the same thing, for every f € F[z,y],
[ = Pf=goho+ gih1 + g2h2

for some polynomials gg, g1, g2 € F[z,y]. (Unlike the univariate analogue,
the polynomials gg, g7 and g are no longer defined uniquely and that is
the underlying obstacle to much of the multivariate theory).
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So, what kind of an ”error formula” should we expect in the bivariate
case? A naive generalization of (1.1) would be

0? 0? 0?
—Pf=Co(z==fho+ Ci(z=—f)h1 + Co(== f)h 1.2
f f 0(8x2f)0+ 1(8xayf) 1+ 2(8y2f) 2 (1.2)
for some linear mappings Cy, C, Cy : F[z, y] — F(F?).

In this article we will show that such formula in fact does not hold for
most interpolation schemes. It exists if and only if the interpolation sites
Z = {z1, 22, 23} C F? form the vertices of a right triangle with sides parallel
to the x and y axes. Hence the mere existence of a "naive” error formula
(1.2) imposes a rather stringent restriction on the Lagrange projector P.

§2. Ideal Projectors

We start with the general definitions. Let F[x] = Flxy, 2, ...,24] be
the ring of polynomials in d variables with coefficients in F and let F,, [X]
be the spaces of polynomials of degree less than n. A subset J C F[x] is
called an ideal if

frgeJ=pf+qgeld

for all p,q € F[x].
For every ideal J C F[x] we use Z(J) to denote the associated variety

Z(J) ={z €F’: f(z) = 0,Yf € J}.
Likewise, with every set Z C F? we associate an ideal
J(Z):={f €F[x]: f(z) =0,Vz € Z}.

It is easy to see (cf. [6]) that J C J(Z(J)). An ideal J is called a radical
ideal if J(Z(J)) = J. Equivalently (cf. [6]) an ideal J is radical if and
only if f™ € J for some integer m implies f € J.

Definition 1. (Birkhoff, [1]). A (linear) projector P on F[x] is called
ideal if ker P is an ideal in F[x].

The following useful characterization of ideal projectors is due to de
Boor (cf. [2]):

Theorem 1. A linear mapping P on F[x] is an ideal projector if and only
if the equality

P(fg) = P(fPg) (2.1)
holds for all f,g € F[x].
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The standard example of an ideal projector is a Lagrange projector,
i.e., a projector P for which Pf is the unique element in its range that
agrees with f at a certain finite set Z in F¢. For, its kernel consists of
exactly those polynomials that vanish on 7, i.e., it is the zero-dimensional
radical ideal whose variety is Z. Another example of an ideal projector
onto F.,[x] is the Taylor projector which maps f € F[x] into its Taylor
polynomial of degree less than n . The kernel of the Taylor projector is
the ideal generated by the monomials of degree n.

We will use an analog of theorem 1 for the projector P’ := I — P:

Theorem 2. A linear mapping P on F[x] is an ideal projector if and only
if the mapping P’ = I — P satisfies

P'(fg) = fP'g+ P'(fPg) (2.2)
for all f,g € F[x].

Proof: We have
P'(fg) = fg— P(fg)

and

fP'g+P'(fPg)=f-(9—Pg)+ fPg— P(fPg) = fg— P(fPg).
Hence (2.2) is equivalent to (2.1). O

Let P be an ideal projector from F[z,y| onto F.o[z,y]. Then

P2? iyl = aj+ bz +cjy, j=0,1,2 (2.3)

for some coefficients a;, b;,c; € F. As was mentioned in the introduction,
the three polynomials

hji=a* Ty — Pe¥ Iyl = a® 7yl — (a; + bjx +¢jy), 5=0,1,2 (2.4)
completely define the ideal ker P, i.e.,
ker P = {go - ho + g1 -h1+ g2 - h2 : g1, 92,93 € Flz, y]}

and hence completely define the ideal projector P. The associated variety
Z(ker P) is also defined by these polynomials:

Z(ker P) = {(z,y) € F* : 2* 77y’ — (a; + bjz + ¢jy) = 0,Y j = 0,1,2}.

If P is a Lagrange projector then there are precisely three distinct solutions
of the equations

@y —(aj + bz +¢jy) =0, j =0,1,2



On the Natural Error Formula 5

and these correspond to the interpolation sites for P.
Interestingly, the converse is not true. That is, given three polynomials

hj = 2* 77yl — (aj + bjx + cjy)

there may not exist an ideal projector P such that Pz2 7y/ = h;. It turns
out (and this is a uniquely two-dimensional phenomenon) that for that to
happen, the scalars a; must be uniquely determined by b; and c;. Here is
the exact statement (cf. [15], [16]):

Theorem 3. Let P be an ideal projector from F|x,y] onto Fo[z,y] and
Pa* iyl = aj+ bz +cjy, j=0,1,2 (2.5)
for some coefficients a;,b;,c; € F. Then
ag = —cocz + coby — c1bg + C%

a1 = —brcy + cobs (2.6)
ag = 7b2b0 + bQCl — blcg + b%

Conversely if aj,bj,and ¢;, j = 0,1, 2 satisfy (2.6) then there exists an
ideal projector, necessarily unique, from F[z,y] onto F.qo[x,y] such that

Pg(;Q_jyj =a; + bj.’L' +cjy, j=0,1,2.

83. Error Formula

We are now ready to address the main topic of our investigation, the
naive error formula.

Theorem 4. Let P be an ideal projector from F[z,y| onto F.olz,y| and
let
Pz iyl =p; =:a; +bjx+cy, j=0,1,2. (3.1)

Suppose that there exist linear mappings Co,C1,Cs : Fla,y] — F(F?)
such that

2 2 2

f)ho + 01(87]0)}111 + 02( 0

3
i -
Pf = Col 0xdy oy?

o b (32)
where h; = 2*7JyJ — p;. Then ¢y = by = 0.

Proof: First, by (3.2) we have

hy = P'(a> 7yl = (2 - §)11C; (D)h. (3.3)
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Further, P’(z - hg) = x - hg, since x - hy € ker P. On the other hand

P(x-hy) = — (aoz + box? + cozy))

) (600(1‘) - 21)000(1)) . ho - C()Cl(l) . h1

P’(I’3
by (3.2
by (3.3

Y89 (6C0(x) — bo)ho — coh.

Assume that ¢y # 0. Then
1

In particular, this implies that every zero of hg is also a zero of h;. We
claim that this leads to a contradiction. Indeed since hy = z2% — (ao+box+
coy) and cg # 0, we conclude that

2

1
ho(z,y) = 0 if and only if y = —(2° — ag — box).
Co

Plugging this expression into hi(z,y) = zy — (ap + box + coy), we have

1 b 1
hi(z, —(2* — ag — boz)) = (_ao> x + (—O - 1) z® + —a°,

Co €o Co

which is a non-zero polynomial, and hence not identically zero. That gives
us the contradiction. The proof that by # 0 is similar. O

Corollary 1. Let P be a Lagrange projector from Flx,y] onto F.o[z,y].
Suppose that there exist linear mappings Cy,C1,Cy : Flz,y] — F(F?)
such that

2 2 2

0]
P'f = Colgz o + Oz + Calz 5

da?

f)h’27

where h; = x?7Jy/ — p;. Then its interpolation sites Z(ker P) consist of
three points that are the vertices of a right triangle with sides parallel to
the x and y-axes. In other words, then the projector P interpolates at three
points of the form (uy,v1), (u1,v2) and (us,vy) for some uy, vy, us, ve € F.

Proof: By Theorem 4, the projector P satisfies
Px? = ag + box, Pxy = a1 + bz + c1y, Py? = ag + cay, (3.5)

with
agp = —c1bg + c%,al = —bicr, a0 = —bico + b%, (3.6)
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by Theorem 3. From (3.5) and (3.6) we obtain the system of equations

0=2a%+c1bg — 2 —bor = (—c1 + ) (x — by + 1)
O=zy+bici —byz—cry=— (b1 —y)(—c1 + x)
0=y +bica — b —coy = (b1 — y) (b1 + c2 — y)

Choosing u; = ¢1,v1 = by, us = ¢1 — by and vy = co — by, we obtain the

desired conclusion. O

Remark 1. In the previous corollary we showed that a Lagrange projec-
tor that satisfies (3.5) has its interpolation sites in the form

(u1,v1), (u1,v2) and (uz,v1)

for some uy,v1,us,v9 € F. The converse is also true. That is, if a Lagrange
projector P interpolates at points

(u1,v1), (u1,v2) and (uz,v1)
for some u1,v1,u2,v9 € F then it satisfies (3.5).

Proof: Choose ¢; = u1,b1 = v1,¢0 = v9 + vy and by = —us + uy. By
direct computation, it is easy to verify that (3,5) holds. O

We will now prove the converse to Theorem 4. For this we will recall
a standard key lemma for factorization of homomorphisms:

Lemma 1. Let A : X — Y and B : X — Z be two linear operators
between linear spaces X,Y and Z. Then

A=CB (3.7
for some linear operator C' if and only if
ker B C ker A. (3.8)
We are now ready to prove the converse:

Theorem 5. Suppose that P is an ideal projector onto F.so[x,y] for
which, for some a;,b;, c;,

Pz? = pg := ag + boz,
Pxy =p1 := a1 + bz + 1y,
Py? = ps = as + coy.

Then there exist linear mappings Cy,C1,Cy : Flz,y] — F[z,y] C F(F?)
such that

2 2 2

0 0
[)ho + Cl(@xayf)hl + CQ(@T/Q

0
/e
P'f = Col3

f)h2, (3.9)

where h; = x2Iqyd - Dj.
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Proof: By Lemma 1, it is sufficient to prove the existence of linear oper-
ators A; : Flz,y] — Flz,y], s =0,1,2 so that

P'f = Ao(f) - ho+ Ai(f) - ha + Az(f) - ha,Vf € Flz, y] (3.10)

and

82
kerm (- keI‘A]‘. (311)

We define operators A; on span{1l,z,y} to be zero and
Aj(@*FyP) i= 85 for 4,k =0,1,2. (3.12)

Then one can easily check that (3,10) and (3.11) hold for f € F<a[z,y].
What is left is to define A; inductively, so that

A;(fg) = [A;(9) + A;(fPg). (3.13)

If this is so, then the formula (2.2) will guarantee (3.10). However, certain
caution has to be exercised at this point. First, this definition may (and
does) depend on the factorization. Second, we have to make sure that the
relations (3.11) hold. So, first, we define A; for monomials of the form z*
as follows:

Aj () = xAj (2P + Aj(x P2, (3.14)

By assumption, Px? = ag + by, hence, by (2.1) and induction, Px*~! =
ag—1+ Br—1z, for all k. Since for j > 0, the monomials 1,z, 22 € ker 4;,
it therefore follows, by (3.14) and induction, that A;(z*) = 0 for all k.
The corresponding fact that 2* belongs to ker A; Nker Ay as well as to
ker ;—:2 Nker % is immediate. Similarly we define 4;(y*) = yA;(y*~1)+
Aj(yPyk’l) and conclude that y* € ker Ay Nker A;. Hence, altogether,
ker aﬁ% C ker A;.
Next we define for k& > 1

Aj(ya®) = yA;(«*) + A;(yPa®).

We need to verify that As(yxz*) = 0. Indeed, since Ay(z¥) = 0 and
Pak = oy, + Bra,

As(ya®) =y 0+ As(awy + Bray) = 0
by (3.12), and this finishes the proof. Similarly we define
Aj(ay®) = 2 A; (") + Aj(@Py*) k> 1,

and conclude analogously that ker 63722 C ker Ay. This guarantees (3.11).
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Now, that we don’t have to worry about (3.11) anymore, we can define
(for instance)

Aj(a™y") = xR + Aj(eP(e™ )
for all m, k > 2, which will do the job. O

Summarizing the results of this section we obtain the following theo-
rem:

Theorem 6. Let P be an ideal projector from F[z,y] onto Fo[z,y], and
let a;,b;,c¢; be given by (2.5). Then the following are equivalent:

1) P admits an error formula (1.2);

2) Co = b2 = O,’

3) The polynomials hg, hi, he, defined by (2.4), form a reduced basis
for the ideal ker P, i.e., no two of these polynomials generate the ideal
ker P.

In addition, if P is a Lagrange projector, then the previous statements
are equivalent to

4) The interpolation set Z(ker P) consists of three points that form the
vertices of a right triangle with sides parallel to the x and y-axes.

84. General Error Formula

If the ideal projector P is such that either ¢y or by is different from
zero, then we can produce a slightly more complicated error formulas by
change of variables.

Theorem 7. Assume that P is an ideal projector from Fz, y] toF o[, y].
Then for j = 0,1, 2, there exist linear mappings

Co,C1,Cy : Flz,y] — Flz,y) C F(F?),
homogeneous differential operators

o? 0? 0?

f{J(D) :uj@ +Ujm +’LU]'@

(4.1)
and quadratic polynomials l~zj (x,y) € F<alx,y] such that
1) The functions ho(x,y), h1(z,y) and ho(z,y) generate the ideal ker P,

and no two of these functions generate the same ideal.
2) For all f € Flx,y]:

Pf= Co(ﬁfo(D)f)ilo + C~'1(—f{1(D)f)iL1 + Cz(ﬁz(D)f)iLZ (4.2)

3) The operators H;(D) are dual to the polynomials h;(x,y) in the
sense that R ~
H;(D)hy, = 8;, for j,k = 0,1,2. (4.3)
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Proof: (Terribly computational). Let P be an ideal projector onto
F oz, y] satisfying

P(:C27iyi) =Dp; = a; —+ bil‘ —+ CY, 7= 0, 1, 2 (45)

and assume cg # 0. It suffices to introduce a non-singular matrix

a p
o=[2 8] "
with
detG =1 (4.7)

such that in the new variables X and Y defined by

X =azx+ Py
4.8
Y =vzx+y (4.8)
the same projector P satisfies
P(X*Y) =p; =a; + b X +&Y;i=0,1,2 (4.9)

with ¢ = 52 = 0. We have
P(X?) = P((ax 4 By)?) = &®(ao + box + coy) + 2af(a1 + brz + cry)+
B%(az + baz + cay) = (a2ao + 2a8a; + ﬂ2a2) +
(fa%o’y —2afc1y — BPeay + a?bgd + 203b15 + ﬂzbgé) X+
(—aQboﬂ — 20321 — 33by + oy + 202 By + ﬂzcga) Y
P(Y?) = (y2ag + 2ya1 + az)
+ (—7%co — 27%e1 — cay +72bo + 291 + by) X+
(—’beOﬁ — 2913 — baB 4+ y2cpa + 2yci1a + 62(1) Y
Thus we need to find scalars «, 8,y € F such that

(—a2b0ﬂ —2a3%b; — B3by + ey + 202 By + 5202a) =0
(=v*co — 2920cy — 62cay 4+ ¥2bo + 2vby 4+ b2) =0 . (4.10)
a—py=1

Substituting the values for a; from (2.6) we obtain the system of equations
for o, B, :

—a2bo3 — 203%b1 — 33by + acy + 202 Bcq + fPeoa =0
—v3¢o — 272¢1 — coy + 2o + 29b1 + by =0 . (411)
a—pBy=1

Solving these equations explicitly we have

a=p+1,8=y=p (4.12)
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as the solution, with p being a root of the equation
pPco + (2¢1 — bo) p? + (ca — 2by) p — by = 0. (4.13)

Since ¢y # 0, hence this is a cubic equation and thus has a solution in the
field FF.

The theorem is proven by letting izj = X279Y7 — (a; + b X + ¢;Y) and
H;(D) = j!(2 - j)!axzé)ijayj- g

The existence of the error formulas satisfying (4.2) and (4.3) is not new
for Lagrange projectors onto F.3[x]. Such formulas are explicitly given
by Shayne Waldron in [18] and generalized by Carl de Boor in [4] (since
interpolation at three noncollinear points is a special case of Chung-Yao
interpolation). A relative novelty here is the existence of such formula for
ideal interpolation. I decided to include it in the paper as an application
of Theorem 5. Interestingly, the ideal basis used by Waldron in his error
formula is different from the one used in the Theorem 5. This shows that
the ideal bases that admit error formulas are not unique.

I would like to express my appreciation to Carl de Boor for his support,
advice and for pointing out the reference [18] to me.
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