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SAMPLING THEORY METHODOLOGY APPLICABLE TO 
DATA VALIDATION STUDIES 

Michael R. Chern ick 

ABSTRACT 

I n  da ta  v a l i d a t i o n  s tud ies ,  surveys a r e  conducted t o  o b t a i n  i n f o r -  
mat ion about t h e  da ta  c o l l e c t i o n  process and t h e  uses o f  t h e  data.  I n  
many cases s tandard sampl ing techniques can be used. Two methods, 
s t r a t i f i e d  random sampl ing and c l u s t e r  sampling, were used f o r  surveys 
i n  t h e  Form 4 da ta  v a l i d a t i o n  study. Form 4 i s  a  da ta  c o l l e c t i o n  system 
on month ly  genera t ion  and consumption o f  f u e l s  by e l e c t r i c  power p l a n t s .  
Those a p p l i c a t i o n s  a r e  descr ibed  i n  Sec t ion  B. 

Sometimes t ime  and c o s t  c o n s t r a i n t s  make more s o p h i s t i c a t e d  con- 
t r o l l e d  sampl ing approaches necessary. One such approach us ing  balanced 
incomplete b l ock  d e s i g n s . j s  descr ibed  i n  Sec t i on  C and an appendix 
survey ing  t h e  ex i s tence  r e s u l t s  f o r  these  t ype  des igns i s  i n c l u d e d  i n  
t h e  r e p o r t .  Sequent ia l  methods which may prove t o  be more c o s t  e f f e c t i v e  
a r e  d iscussed i n  Sec t ion  D. Sequent ia l  approaches t o  t h e  problem o f  
de te rmin ing  t h e  s i z e  of a  p o p u l a t i o n  i s  a l s o  d iscussed i n  Sec t ion  D. 

Problems r e q u i r i n g  f u ra l t l e r  research  are ~ ~ s c u s s ~ ? ; ~  i n  Sec t ion  E. 
T h i s  i nc l udes  some p r e l i m i n a r y  r e s u l t s  on t h e  problem of s t r a t i f i c a t i o n  
w i t h  r espec t  t o  more than one v a r i a b l e .  The r e s u l t s  were ob ta i ned  f o r  
t h e  Form 4 respondent popu la t i on .  

The Form.4 s tudy  i n d i c a t e d  t h a t  s tandard s t a t i s t i c a l  sampl ing 
methods c o u l d  be usefu l  i n  da ta  v a l i d a t i o n  surveys. For example, a t  
l e a s t  30 pe rcen t  o f  t h e  respondents do n o t  r e p o r t  n e t  gene rd t i on  as  
t h e  i n s t r u c t i o n s  d e f i n e  i t ,  and o n l y  25 pe rcen t  o f  t h e  s t a t e  r e g u l a t o r y  
agencies use t h e  Form 4 data.  Such i n fe rences  were p o s s i b l e  o n l y  
because s t a t i s t i c a l  sampl ing procedures were used. 



A. INTRODUCTION 

I n  data v a l i d a t i o n  studies,  surveys are  conducted t o  o b t a i n  

i n fo rma t ion  about t h e  data c o l l e c t i o n  process an'd t h e  uses o f  t h e  

data. These surveys are r e f e r r e d  t o  as respondent and user  surveys. 

Of ten  i n  t h e  case o f  respondent surveys t h e  popu la t i on  f rom which 

t h e  sample i s  taken i s  known, and one wants t o  design a sampling p l a n  

f rom which in ferences can be drawn about t h e  populat ion. For  such 

cases, techniques such as pure random sampling, s t r a t i f i e d  random 

sampling, and one- o r  two-stage c l u s t e r  sampling can u s u a l l y  be appl ied. 

Some of these methods w i l l  be descr ibed i n  Sect. B; they  are  standard 

and are  covered thoroughly by Cochran [1977]. 

Sometimes a d d i t i o n a l  c o n t r o l s  a re  requ i red  on t h e  sampling plan. 

I n  such cases, c o n t r o l l e d  random sampling procedures may prove usefu l .  

One method based on t h e  llse o f  balanced i neomplete b lock designs i s  

g iven by Avadhani and Sukhatme [I9731 and i s  discussed i n  Sect. C. 

I n  some cases, t he re  may be advantages i n  us ing  sequent ia l  

sampling methods. The theory  o f  sequent ia l  sampling i n  f i n i t e  popula- 

t i o n s  i s  no t  a wel l-developed area. A recent  paper by L a i  [1979] 

deals w i t h  t h e  f i n i t e  popu la t i on  problem. L a i ' s  s topping r u l e  i s  

app l i cab le  t o  t h e  problem o f  t e s t i n g  a hypothesis about a p r o p o r t i o n  

. i n  t h e  populat ion. H is  rr~ethod o r  an extension o f  i t  cou ld  be used f o r  

a sequent ia l  t e s t  o f  the p r o p o r t i o n  o f  respondents i n  the  popu la t i on  

who would g i ve  a p a r t i c u l a r  answer t o  a survey question. L a i ' s  method 

and a method based on t h e  technique o f  Sobel and Wald [I9493 are  g iven 

l'n Sect. D. 



F o r  some d a t a  v a l i d a t i o n  surveys ( i  n  p a r t i c u l a r ,  use r  surveys)  t h e  

s i z e  o f  t h e  p o p u l a t i o n  i s  unknown. We may be i n t e r e s t e d  i n  e s t i m a t i n g  

t h e  p o p u l a t i o n  s i z e  o r  de te rm in ing  a  s topp ing  procedure, which assures 

us  of a  h i g h  p r o b a b i l i t y  t h a t  we have found a l l  t h e  users.  The f i r s t  

p rob lem has been approached i n  severa l  ways, w h i l e  t h e  l a t t e r  problem 

has n o t  r ece i ved  much a t t e n t i o n  i n  t h e  1  i t e r a t u r e .  One s o l u t i o n  t o  

t h e  second problem i s  g i v e n  by D a r l i n g  and Robbins [1967]. Scver.d1 

au tho rs  have t r e a t e d  t h e  f i r s t  problem. A good survey o f  t h e  l i t e r a -  

t u r e  on cap tu re - recap tu re  methods i s  g i v e n  by Johnson and Kotz  [1977, 

pp. 248481. S o l u t i o n s  i n v o l v i n g  l o g  l i n e a r  models a r e  g i v e n  by 

Bishop, Fienberg, and H o l l a n d  11975, pp. 229-561. E f r o n  and T h i s t e d  

[ I 9 7 5 1  use an e m p i r i c a l  Bayes approach t o  t h e  problem. Gov indara ju l  u 

119751 d iscusses t h e  sequen t i a l  e s t i m a t i o n  problem as t r e a t e d  by 

Samuel 11968). Some of t hese  methods a r c  d iscussed III Sect. D. 

I n  a1 1  cases some model i ng assumptions a r e  made about. t h e  

sampl ing  mechanism, which w i l l  n o t  s t r i c t l y  h o l d  i n  t h e  ac tua l  da ta  

v a l i d a t i o n  surveys. The e f f e c t  of  t h e  assumptions on t h e  es t imates  i s  

a  s u b j e c t  f o r  f u r t h e r  research. The au tho r  o f  t h i s  paper has can- 

duc ted  a t e s t ,  u s i n g  l i t e r a t u r e  a r t i c l e s  on o u t l i e r  methods as t h e  

p o p u l a t i o n  and reference l i s t s  f rom chosen a r t i c l e s  as t h e  sampl ing 

rl~echdrl'isrn. K e s u l t s  o f  t h e  t e s t  and imp1 i c a t i o n s  o f  t h e  r e s u l t s  a r e  

g i v e n  i n  Sect. D. 

T h i s  document i s  p r e l i m i n a r y  f o r  severa l  reasons. F i r s t ,  t h e  

a u t h o r  has had 1 i m i  t e d  exper ience  w i t h  d a t a  v a l  i d a t i o n  p r o j e c t s ,  and 

t h e  methods descr ibed  h e r e i n  a r e  o n l y  t hose  which have proved u s e f u l  

t o  date. It i s  expected t h a t  severa l  o t h e r  sampl ing problems and 



methods o f  s o l u t i o n  w i l l  a r i s e  i n  t h e  f u tu re .  Second, some o f  t h e  

2 methods descr ibed  i n  t h i s  paper r e q u i r e  f u r t h e r  research  as t o  t h e i r  

a p p l i c a b i l i t y .  Th i rd ,  b e t t e r  methods of s o l u t i o n ' m a y  be developed 

t h rough  f u r t h e r  research. A d i scuss ion  o f  p o s s i b l e  approaches t o  

these  problems, which r e q u i r e  f u r t h e r  research, i s  g i ven  i n  Sect. E. 

A1 so, a s t r a t i f i e d  sampl ing problem f o r  which c u r r e n t  research  ho lds  

promise f o r  s o l u t i o n  i s  g i ven  i n  Sect. E. 

B. STANDARD SAMPLING METHODS 

Many o f  t h e  s tandard sampl ing techniques desc r i bed  i n  t ex tbooks  

such as Cochran's El9771 a r e  a p p l i c a b l e  t o  da ta  v a l i d a t i o n  surveys. 

Two techniques, s t r a t i f i e d  random sampl ing and c l u s t e r  sampling, were 

used f o r  surveys i n  t h e  FPC fo rm  4 da ta  v a l i d a t i o n  study. Those 

a p p l i c a t i o n s  a r e  d e s c r i h ~ d  i n  t h i s  s e c t i o n  t o  i l l u s t r a t e  t h e i r  use= 

f u l n e s s  f o r  f u t u r e  v a l i d a t i o n  e f f o r t s .  

We s h a l l  f i r s t  desc r i be  t h e  b a s i c  concept o f  random sampling. We 

s t a r t  w i t h  a f i n i t e  popu la t i on  o f  s i z e  N. We s e l e c t  n members f r om 

t h e  popu la t ion ,  and based on these  n observa t ions  we w i sh  t o  draw 
N 

i n f e r e n c e s  about t h e  popu la t ion .  There a r e  (n)  d i s t i n c t  ways o f  

choosing n members o u t  o f  t h e  p o p u l a t i o n  o f  s i z e  N. A sample o f  n 
N 

from t h e  p o p u l a t i o n  i s  s a i d  t o  be chosen a t  random i f  t h e  (n) cho ices  

a r e  e q u a l l y  1 i k e l y .  * 

* 
T h i s  i s  t h e  d e f i n i t i o n  used i n  most survey sampl ing t e x t s  f o r  a pure  

. o r  s imp le  random sample. 



L e t  Y 1 ,  Y2, ..., YN denote t h e  va lues i n  t h e  p o p u l a t i o n  o f  a  

v a r i a b l e  which would be measured f o r  each u n i t  i n  t h e  chosen sample. 
N  N Y i  

The p o p u l a t i o n  t o t a l ,  c Y i ,  p o p u l a t i o n  mean, c -, and p o p u l a t i o n  
- i = l  i = l  N 

N  ( Y i  - Y) '  
va r iance ,  c N - 1  , a r e  a1 1  parameters o f  t h e  p o p u l a t i o n  which we 

i = l  . - 

may choose t o  est imate.  The p o p u l a t i o n  mean i s  denoted by  and t h e  

v a r i a n c e  by  ~ 2 .  

F o r  a  random sample, t h e  sarnple mean and sample va r i ance  a r e  

unb iased  es t ima tes  o f  7 and s2 r e s p e c t i v e l y .  The p r o o f s  a r e  g i ven  by 
-2 n  

Cochran [1977]. The va r i ance  o f  t h e  sample mean i s  3 ( 1  - m). The 
n n 

q u a n t i t y  ( 1  - w) i s  c a l l e d  t h e  f i n i t e  p o p u l a t i o n  c o r r e c t i o g ,  s i n c e  t h e  

if t h e  p o p u l a t i o n  were i n f i n i t e .  v a r i a n c e  would be - 
n 

O f t e n  we can d i v i d e  t h e  p o p u l a t i o n  i n t o  d i s t i n c t  ca tego r i es  

c a l l e d  subpopulat ions.  If we have L  subpopulat ions and N i  members i n  

t h e  ith subpopul a t i o n  f o r  i = 1, 2, . . . , L, we can choose a  random 

sample o f  s i z e  n i  (_ N i  f r om t h e  i th subpopulat ion.  A sample obtalned . 

i n  t h i s  manner i s  c a l l e d  a  s t r a t i f i e d  random sample. Fo r  any s t r a t -  

i f i e d  sampl ing p lan ,  unbiased es t imates  can be ob ta ined  f o r  t h e  popu- 

l a t i o n  mean and var iance.  S t r a t i f l e d  random sampl ing can be advan- 

tageous when t h e  v a r i a b i l i t y  w i t h i n  t h e  subpopulat ions i s  l e s s  t han  

t h e  v a r i a b i l i t y  between t h e  subpopulat ions. When t h i s  i s  t h e  case, we 

have f o r  a total sample o f  s i z e  n a  s m a l l e r  var. iance f u r  t he  e s l i ~ ~ ~ d l e  

o f  t h e  mean f rom t h e  s t r a t i f i e d  random sample t h a n  f o r  t h e  es t ima te  we 
k 

would g e t  from a  p u r e l y  random sample. When t h e  t o t a l  sample s i z e  n  

f o r  a  s t r a t i f i e d  random sample i s  f i x e d ,  t h e  cho ice  o f  t h e  s i z e s  n i ,  

i = 1, 2, ..., L, f o r  t h e  subpopulat ions i s  c a l l e d  t h e  a l l o c a t i o n  

scheme ( i  .e. , a scheme'which min imizes some s p e c i f i e d  1  oss f u n c t i o n ) .  



I n  p r a c t i c e  we may have some i n f o r m a t i o n  about t h e  v a r i a b i l i t y  w i t h i n  

t h e  subpopul a t i ons ,  b u t  i t  would be un l  i k e l y  t h a t  we would know t h e  

var iances.  I n  such cases we would choose an a l l o c a t i o n  t h a t  was no t  

op t ima l  b u t  would p robab ly  g i v e  b e t t e r  es t imates  t h a n  a  pure  random 

sample of cornparable s ize.  A p r o p o r t i o n a l  a1 l o c a t i o n  scheme ( i  .e., 

nNi 
n i  ) w i l l  o f t e n  s a t i s f y  t h i s  purpose when i n f o r m a t i o n  about t h e  

v a r i a b i l i t y  w i t h i n  t h e  subpopulat ions i s  vague. Such an a l l o c a t i o n  

scheme was used f o r  t h e  te lephone survey o f  f o rm  4 respondents. 

I n  t h e  forn i  4 respondent survey i t  seemed p l a u s i b l e  t h a t  t h e  

v a r i a b i l i t y  i n  response t o  some survey ques t ions  migh t  be r e l a t e d  t o  

t h e  s i z e  o f  t h e  power company. Consequently, we dec ided t o  s t r a t i f y  

accord ing  t o  company s ize.  A s tudy  o f  t h e  f requency d i s t r i b u t i o n  o f  

companies accord ing  t o  s i z e  i n d i c a t e d  a  1  o g i c a l  breakout  i n t o  s i x  

ca tegor ies .  S ince t h e  s i x t h  ca tegory  represen ted  such a  smal l  percen- 

t a g e  o f  t h e  t o t a l  number o f  companies, we dec ided t o  combine i t  w i t h  

ca tegory  f i v e .  

An op t ima l  a l l o c a t i o n  scheme was n o t  attempted, s i n c e  t h e r e  would 

be many v a r i a b l e s  o f  p o t e n t i a l  i n t e r e s t .  Even i f  enough i n f o r m a t i o n  

were a v a i l a b l e  f o r  an op t ima l  a1 l o c a t i o n  scheme w i t h  r espec t  t o  one o f  

t hese  va r i ab les ,  t h e  scheme c o u l d  be f a r  f r om op t ima l  f o r  o t h e r  

va r i ab les .  

We chose a  p r o p o r t i o n a l  a l l o c a t i o n  scheme, s i n c e  i t  would be 

b e t t e r  t h a n  a  pure  random sample i f  ou r  assumptions about t h e  r e -  

sponses were c o r r e c t .  On t h e  o t h e r  hand, i f  t h e  responses a r e  n o t  a t  

a l l  r e l a t e d  t o  s i z e  c l ass ,  t h e  s t r a t i f i e d  sample would do about t h e  

same as a  pure  random sample. 



Geographica l  l o c a t i o n  was another  v a r i a b l e  which c o u l d  be r e l a t e d  

t o  t h e  responses. S ince  l o c a t i o n  would be ano ther  cand ida te  f o r  s t r a t -  

i f i c a t i o n ,  we chose t o  c o n s i d e r  t h e  n i n e  census reg ions  and determine 

t h e  d i s t r i b u t i o n  o f  s i z e  c l a s s  f o r  each o f  t h e  reg ions .  If t h e  

d i s t r i b u t i o n s  were s i m i l a r ,  we cou ld  use a  s t r a t i f i e d  random sample 

w i t h  p r o p o r t i o n a l  a l l o c a t i o n  among s i z e  c l a s s  and n o t  expect  t o  induce 

s i g n i f i c a n t  b i a s  w i t h  r e s p e c t  t o  census reg ion.  

T h i s  s t a t i s t i c a l  p r o b l  el11 cou ld  be t r e a t e d  more p r e c i s e l y .  We 

choose t o  s t r a t i f y  a  sarnple one way, t h u s  e x e r c i s i n g  some c o n t r o l  over  

t h e  sample. We would l i k e  t h e  sarnple t o  be d i s t r i b u t e d  " n i c e l y "  w i t h  

r e s p e c t  t o  ano ther  p o s s i b l e  s t r a t i f i c a t i o n  scheme w i t h o u t  e x e r c i s i n g  

f u r t h e r  c o n t r o l .  We need t o  d e f i n e  p r e c i s e l y  what we mean by d i s t r i -  

bu ted  n i c e l y .  One p o s s i b l e  d e f i n i t i o n  i s  t h a t  t h e  number o f  samples 

i n  s p e c i f i c  ca tego r i es  f a l l  w i t h i n  some l i m i t s *  The work o f  Sobel, 

U p p u l u r i ,  and Frankowski  [I9771 may g i v e  answers t o  t h e  p r o b a b i l i t y  of 

occur rence  f o r  t h e  event  n i c e l y  d i s t r i b u t e d .  The p o s s i b i l  i t y  of 

f u r t h e r  research  on t h i s  t y p e  o f  problem i s  d iscussed i n  Sect. E. 

A sample o f  s i z e  3 1  was chosen f o r  t h e  f o rm  4 respondent survey, 

s i n c e  a sample 'o f  about 30 was cons idered adequate, and 31  gave a  

c l o s e r  approximation t o  t h e  p r o p o r t i o n a l  a1 1  oca t ion .  Note t h a t  an 

e x a c t  p r o p o r t i o n a l  a1 l o c a t i o n  would n o t  i n  genera l  g i v e  an i n t e g e r  

d l  l o c a t i o n  t o  each subpopulat ion.  

The sample of  s i z e  3 1  was taken  from a p o p u l a t i o n  o f  1474. The 

s t r a t i f i e d  random sample enables us t o  cornprlte 11nhiased es t imates  o f  

t h e  p r o p o r t i o n  o f  t h e  p o p u l a t i o n  g i v i n g  a  s p e c i f i c  response and assess 

t h e  v a r i a b i l  i t y  of t hose  est imates.  



The s t r a t i f i e d  random sample would p robab ly  y i e l d  es t imates  w i t h  

b e t t e r  p r e c i s i o n  t h a n  would a  pure  random sample and hence narrower  

con f idence  i n t e r v a l s .  Tab1 e  1 g i ves  t h e  s tandard d e v i a t i o n s  and 

approximate con f idence  i n t e r v a l s  f o r  p r o p o r t i o n s  when t h e  t r u e  

p r o p o r t i o n  p  ranges between 0.1 and 0.9; j? i s  t h e  unbiased' es t ima te  

f o r  p. 

Tab le  1. Standard d e v i a t i o n s  and con f idence  i n t e r v a l  s  f o r  
p r o p o r t i o n s  (p )  

p  Standard d e v i a t i o n  Approxirnate 95% con f idence  i n t e r v a l a  

a ~ o n f i d e n c e  l i m i t s  a r e  ob ta i ned  u s i n g  t h e  normal approx i inat ion 
w i t h o u t  t h e  c o n t i n u i t y  c o r r e c t i o n .  

These i n t e r v a l s  a r e  q u i t e  broad, i n d i c a t i n g  t h a t  a  sample o f  s i z e  

30 wi1.l n o t  g i v e  p r e c i s e  est imates.  I n  o r d e r  t o  reduce t h e  w i d t h  o f  



t h e  i n t e r v a l  f rom 0.3 t o  0.1, we would need t o  increase t h e  sample 

s i z e  by nea r l y  a  f a c t o r  o f  9. The ga in  i n  p r e c i s i o n  i s  probably no t  

wor th  t h e  expense o f  t a k i n g  280 samples. 

Besides t e l l i n g  us about t h e  p r e c i s i o n  o f  our  est imates, t h e  

i n t e r v a l s  enable us t o  make some va luab le  inferences. If, f o r  

example, we o b t a i n  an es t imate  f o r  t h e  percentage o f  respondents 

r e p o r t i n g  negat ive  generat ion o f  6 = 0.8, we can say w i t h  h igh  con- 

f ldence e h a t  t h e  p r o p o r t i o n  i n  t h e  popu la t ion  i s  g rea te r  than 0.65 and 

l e s s  than  0.95. From t h i s  we can conclude w i t h  near c e r t a i n t y  t h a t  a  

n ~ a j o r i  t y  o f  t h e  popu la t i on  r e p o r t  negat ive generation. On t h e  o the r  

hand, i f  6 were near  0.5 we cou ld  no t  be con f i den t  t h a t  a  m a j o r i t y  

r e p o r t  negat ive  generat ion. We could, however, concl ude t h a t  a  s i g n i f -  

i c a n t  p r o p o r t i o n  of t h e  popu la t i on  r e p o r t  negat ive  generat ion, s ince  

f o r  = 0.5 we would get  an i n t e r v a l  of 10.32; 0.681. 

I n  some sampling problems i t  i s  no t  easy t o  i d e n t i f y  t h e  sampling 

u n i t s  i n  t h e  popu la t ion ,  b u t  i s  r a t h e r  easy t o  i d e n t i f y  groups o f  

sampling un i t s .  When groups a r e  se lec ted  a t  random and a l l  sampling 

u n i t s  a r e  taken w i t h i n  t h e  group, t h e  sampling procedure i s  c a l l e d  

s i  ng l  e-stage c l u s t e r  sampling. When, i n  a d d i t i o n  t o  s e l e c t i n g  t h e  

group a t  random, a  random subset o f  t h e  u n i t s  w i t h i n  t h e  group i s  

taken, t h e  procedure i s  c a l  l e d  twn-s tage c l  u s t e r  sampl ing. 

I n  t h e  FPC form 4 s t a t e  users survey, a  two-stage c l u s t e r  sample 

seemed appropr iate;  t h e  sampling u n i t  was s t a t e  agencies. It was 

known t h a t  each s t a t e  has a t  l e a s t  one r e g u l a t o r y  agency, b u t  a  l i s t  

o f  t h e  agencies was n o t  ava i lab le .  It was convenient t o  p i c k  t h e  



s t a t e s  a t  random, con tac t  t h e  s e l e c t e d  s t a t e s  t o  ge t  a 1 i s t  o f  t h e i r  

agencies, and t h e n  choose a random sample f r om t h e  l i s t .  

We cons ider  a general  problem where t h e r e  a r e  N s t a t e s  and M 

agencies w i t h i n  each s ta te .  Time and c o s t  cons ide ra t i ons  r e s t r i c t  us 

t o  a t o t a l  sample s i z e  o f  L o r  less .  Our sampl ing procedure w i l l  be 

t o  choose n o f  t h e  N s t a t e s  a t  random and t hen  f o r  each s t a t e  choose m 

o f  t h e  M agencies a t  random. The a l l o c a t i o n  problem i s  t o  dec ide n 

and m, g i ven  t h e  requi rement  nrn 5 L. 

One way t o  choose i s  t o  p i c k  a parameter o f  i n t e r e s t  and min im ize  

t h e  var iance  o f  an unbiased es t ima te  o f  t h e  parameter, keeping t h e  

r e s t r i c t i o n  i n  mind. 

One example o f  a parameter o f  i n t e r e s t  f r om t h e  survey would be 

t h e  p r o p o r t i o n  o f  t h e  p o p u l a t i o n  o f  s t a t e  agencies which use form 4 

data. 

L e t  Y i j  = 0 i f  i t h  agency i n  t h e  j t h  s t a t e  does n o t  use 

f o rm  4 da ta  

= 1 otherwise. 

m 
n C 

j = 1  y i  j 
L e t  = z 

i = l  nm ' 

- 
y i s  t hen  t h e  p r o p o r t i o n  i n  t h e  sample which uses f o rm  4 data,  and 

s i n c e  t h e  s t a t e s  and t h e  agencies were chosen a t  random, i t  i s  an 

unbiased es t ima te  o f  t h e  parameter. 



- L 

( Y i j - Y i )  M Yi j  
S 2 =  .Z , where Y i  = z - .  

2 2 
4s t h e  pararneter o f  i n t e r e s t ,  and S 1  and 52 are p o p ~ ~ l a t l o n  

2 
parameters  which a f f e c t  t h e  .va r iance  of 7; S1 i s  c a l l e d  t h e  va r i ance  

2 
among pr i rnary  u n i t  means, and S2 i s  c a l l e d  t h e  va r i ance  among sub- 

u n i t s  w i t h i n  pr i rnary  u n i t s .  I n  o u r  example t h e  p r ima ry  u n i t s  a r e  t h e  

agencies.  The va r i ance  of 7 i s  d e r i v e d  by Cochran [1977, p. 2771: 

Our goa l  i s  t o  m in im ize  ~ ( y ) ,  s u b j e c t  t o  nm ( L. We see t h a t  

s :  
and s i n c e  - i s  cons tan t ,  m in im iz i ng  V(y)  i s  e q u i v a l e n t  t o  m in im iz i ng  

N 



sz2 
sub jec t  t o  nm <_ L. I f  we choose nm = L, t h e  term - i s  as small as 

mn 

possib le,  and t h i s  choice does not  a f f e c t  t h e  o the r  terms. We have 
s12 s22 

thus  reduced t h e  problem t o  mi nirni z i  ng - - - , subjec t  t o  nm = L. n Mn 2 2 
We see t h a t  t h e  s o l u t i o n  depends on whether o r  no t  MS1 > S2 . 

2 2 
I f  MS1 > S2 , we minimize t h e  var iance by ~nal.,iny n  as l a r g e  as 

2 2 
possib le,  and i f  MS1 < S2 , t h e  minimum occurs when m i s  as l a r g e  as 

2 2 
possible. So i f  L  < N and MS1  > S2 , we choose n  = L and m = 1. If 

2 2 
L > N and MS1 > S2 , we take  n  = N and m = L/N i f  L/N i s  an in teger .  

2 2 
When MS1 < S 2  , we take  n  = 1 and m = L i f  L ( M, o r  we take  n  = L/M 

and m = M i f  L  > M and L/M i s  an in teger .  I n  our  case, N = 50, L  was 

chosen t o  be 30, and M was be l i eved  t o  be 2. It turned out  t h a t  M was 

1 f o r  some s ta tes  and 3 o r  more f o r  o the r  s tates.  Although t h i s  

v i o l a t i o n  o f  t h e  assumptions has an e f f e c t  on t h e  var iance formula and 

t h e  f e a s i  b i  1  i t.y o f  t h e  opt imal  a1 l oca t i on ,  t h e  necessary adjustments 

were no t  considered serious. 

I n  t h e  case o f  p ropo r t i on  o f  agencies us ing  form 4, we do not 
2 2 

even know whether o r  no t  MS1 > S2 . Assuming N = 50, M = 2, and L  = 

30, we would e i t h e r  want t o  choose n = 30 and rn = I ,  o r  n  = 15 and m = 

2. Answers t o  o the r  quest ions i n  t h e  survey prov ide  est imates f o r  

o the r  parameters o f  i n t e r e s t  from t h e  populat ion.  It i s  1  i k e l y  t h a t  

n  = 15 and m = 2 would be opt imal  f o r  es t ima t ing  some o f  these parame- 

t e r s .  Note t h a t  t h e  o p t i m i z a t i o n  depended o n l y  on t h e  es t imate  be ing  
2 2 

a  sample mean and t h e  r e l a t i o n s h i p  between S1 and S2 . The choice 

n  = 15 and m = 2 seems t o  be best,  s ince  i t  would l i k e l y  be opt imal  

f o r  some o f  t h e  est imates and would probably n o t  inc rease t h e  v a r i a n c e  



v e r y  much f o r  t hose  cases where n  = 30 would be opt imal .  We no te  t h a t  

when m  = M = 2,  

The f i n i t e  p o p u l a t i o n  c o r r e c t i o n -  i s  0.7, and hence i t  i s  
N 

s i g n i f i c a n t .  

S ince some o f  t h e  chosen s t a t e s  had t h r e e  agencies and o t h e r s  had 

o n l y  one, m was chosen t o  be 3  f o r  some. A t o t a l  o f  30 s t a t e  agencies 

was chosen. T h i s  change i n  procedure w i l l  have some e f f e c t  on t h e  

v a r i a n c e  o f  t h e  es t imates .  

T h i s  example shows t h e  va lue  o f  u s i n g  c l u s t e r  sampl ing methods i n  

d a t a  v a l i d a t i o n  surveys. It i s  t h e  f i r s t  a p p l i c a t i o n  t o  t h e  a u t h o r ' s  

know1 edge o f  t h e  use o f  t h i s  s tandard sampl i n g  method. 

Un fo r t una te l y ,  s t r a t i f i e d  random sampl ing, a v e r y  commonly used 

sampl ing  procedure, has n o t  been used much i n  da ta  v a l i d a t i o n  surveys. 

It appears t o  t h e  a u t h o r  t h a t  a  p r o p o r t i o n a l  a l l o c a t i o n  scheme f o r  a  

s t r a t i f i e d  random sample cou ld  be reasonably  appl  i e d  t o  many respon- 

den t  surveys i n  da ta  v a l i d a t i o n  s tud ies .  

I n  Sects. C, D, and F, spec ia l  sampl ing techn iques  ar.r described 

wh ich  we ree l  w i l l  have some a p p l i c a t i o n  i n  da ta  v a l i d a t i o n  s tud ies .  

Some o f  these  methods can be a p p l i e d  immediately,  w h i l e  o t h e r s  may be 

improved by f u r t h e r  research. We f e e l ,  however, t h a t  t h e  b a s i c  

methods o f  su rvey  sampling, o f  which t h e  two desc r i bed  i n  t h i s  s e c t i o n  

a r e  examples, can have a  ma jo r  and favorab le  impact  on da ta  v a l i d a t i o n  

surveys, if p r o p e r l y  appl  ied. 



C. CONTROLLED RANDOM SAMPLING 

Pure random sampl ing w i t h o u t  replaceme'nt, when used t o  draw a  

sample o f  s i z e  n  f rom a  p o p u l a t i o n  o f  s i z e  N, g i ves  equal p r o b a b i l i t y  
N 

o f  s e l e c t i o n  t o  each o f  t h e  (n )  p o s s i b l e  samples. I n  some sampl ing 

s i t u a t i o n s ,  some o f  t h e  p o s s i b l e  samples may be undes i rab le ,  p o s s i b l y  

because t h e  sarnpl i n g  u n i t s  a r e  t o o  widespread. The s e l e c t i o n  o f  such 

a sample migh t  t h e n  l e a d  t o  excess ive t r a v e l i n g  expense o r  r e q u i r e  

much more t i m e  f o r  t h e  c o l l e c t i o n  o f  t h e  sample. The techniques o f  

s t r a t i f i c a t i o n  and c l u s t e r i n g  desc r i bed  i n  t h e  p rev ious  s e c t i o n  can be 

used t o  e x e r c i s e  some c o n t r o l  on t h e  sample. However, even a f t e r  

s t r a t i f i c a t i o n ,  t h e r e  may be a  need t o  c o n t r o l  t h e  s e l e c t i o n  o f  

samples w i t h i n  t h e  subpopulat ions. C l u s t e r  sampl ing has t h e  drawback 

t h a t  i t  u s u a l l y  causes a  r e d u c t i o n  i n  p r e c i s i o n  of t h e  es t ima te  o f  t h e  

parameter o f  i n t e r e s t .  The method g i v e n  by Avadhani and Sukhatme 

[I9731 i s  a  s imp le  procedure which g i ves  t h e  undes i rab le  samples 

( c a l l  ed nonprefer red samples) 1  ower probabi  1  i t y  o f  occurrence t h a n  f o r  

t h e  p re fe r red  samples w i t h o u t  l o s s  of  p r e c i s i o n  i n  t h e  est imate.  I n  

some cases, some o r  a l l  o f  t h e  nonpre fe r red  samples can be g i v e n  ze ro  

p r o b a b i l i t y  o f  occurrence. 

The method i s  based on t h e  use o f  balanced incomple te  b l ock  

designs, t h e  t h e o r y  o f  which was developed t o  p r o v i d e  good sampl ing 

d e s i g i ~ s  i n  experiments.. It i s  uscd here  i n  a  d i f f e r e n t  con tex t .  

Never the less,  a l l  known r e s u l t s  on t h e  ex i s tence  and c o n s t r u c t i o n . o f  

balanced incomple te  b l ock  des igns a r e  r e l e v a n t ,  s i n c e  t h e  more we know 

about  t h e  c o n s t r u c t i o n  o f  these designs, t h e  more f 1 e x i b i l i t . y  we have 



i n  c o n s t r u c t i n g  a  c o n t r o l l e d  random sample. There i s  a  vas t  1  i t e r a -  

t u r e  on ex i s tence  and c o n s t r u c t i o n  o f  these designs which w i l l  be sum- 

mar ized  i n  t h e  Appendix. 

I n  an a g r i c u l t u r a l  experiment, crops may be p lan ted  i n  rows w i t h  

an equal number of crops i n  each row. These rows a re  r e f e r r e d  t o  as 

.blocks. Several d i f f e r e n t  types o f  f e r t i l i z e r  a re  a p p l i e d  t o  t h e  

crops. The d i s t i n c t  t ypes  o f  a p p l i c a t i o n  o f  f e r t i l i z e r s  a re  r e f e r r e d  

t o  as treatherslh. I n  o rde r  t o  o b t a i n  est imates o f  d i f f e r e n c e s  between 

t t-&d.l;~l~e~rls f u r  a1 1 possi  b'le p a i r s  w i t h  equal p rec is ion ,  t h e  ba l  anced 

i ncompl e t e  b lock  des ign  was devised. It requ i res  t h a t  each t reatment  

occurs  i n  t h e  sarne number o f  b locks  and t h a t  each p o s s i b l e  p a i r  o f  

t r ea tmen ts  ,occurs i n  t h e  same number o f  blocks. 

I n  a  survey sampl ing problem, t h e  b locks  correspond t o  t h e  sam- 

p l e s  t o  choose f r n m  w i t h  equal p r o b a b i l i t y .  T h d l  each sample u n i t  

. occurs  t h e  same number of t imes i m p l i e s  t h a t  t h e  sample mean w i l l  be 

an unbiased est imate o t  t h e  popu la t i on  nrean j u s t  a s  f o r  a pure r>ilnrlom 

sample. The c o n d i t i o n  on t h e  appearance o f  p a i r s  o f  sample u n i t s  

i m p l i e s  t h a t  t h e  var iance of t h e  sample mean w i l l  be t h e  same as  f n r  a 

pu re  random sample. So t h e r e  i s  no l o s s  i n  p rec is ion .  

To c l a r i f y  these ideas we w i l l  cons ider  a  s imple example. 

Suppose we have a  popu la t i on  of s i z e  6 and want t o  t ake  a sample o f  

s i z e  3. We l a b e l  t h e  sampling u n i t s  w i t h  1, 2, ..., 6. I n  pure ran- 
6 

dom sampl ing we choose f rom t h e  (3) = 20 poss ib le  samples, each w i t h  

p r o b a b l l  Jty 1/20. Now cons ider  t h e  f o l l o w i n g  balanced incomplete b lock  

d e s i  gn: 
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234 

456 

Each o f  t h e  t e n  samples l i s t e d  would be taken  w i t h  p r o b a b i l i t y  1/10. 

We see t h a t  each u n i t  occurs f i v e  t i rnes i n  t h e  design, w h i l e  each p a i r  

occurs  i n  two b locks.  We have e l i m i n a t e d  h a l f  o f  t h e  p o s s i b l e  

samples. If we had severa l  nonpre fe r red  samples, we c o u l d  i n c l u d e  

sorne o f  them i n  t h e  t e n  samples exc luded frorn t h e  design. Fo r  

example, t h e  t r i p l e  123 i s  n o t  i n c l u d e d  i n  t h e  design, and so we c o u l d  

l e t  123 des igna te  an unp re fe r red  sample, t h u s  p reven t i ng  i t s  se lec-  

t i o n .  

L e t  Y i  , i = 1, 2, . . . , 6, denote t h e  observa t ions  and = 

6  Y i  
c - be t h e  p o p u l a t i o n  mean. L e t  X i ,  X2, and X3 denote t h e  sample 

i = l  6  
X 1  + X2 + X3 - 

va lues  and X = . We see t h a t  E(X) =. Y, s i n c e  
3  

- 2 
6  ( y i  - Y) 6  2  

Also, Var fl) = E ( 1  - 3) = - r ( ~ i  -y) , 
i = l  6  x 5 6 0 i = l  

t h e  same as f o r  a  pure  random sample. 



I f  we a r e  i n t e r e s t e d  i n  es t ima t ing  t h e  popu la t ion  variance, t h e  

usual  sample es t imate  i s  unbiased j u s t  as f o r  a  pure random sample. 

However, t h e  var iance o f  t h e  es t imator  w i l l  be d i f f e r e n t  from .the 

var iance o f  t h e  corresponding es t imator  f rom a  pure random sample. 

The author  has done some c a l c u l a t i o n s  on s imple examples which i n d i -  

c a t e  t h a t  t h e  d i f f e r e n c e s  can be small. 

Suppose t h e  popu la t i on  cons is ted  o f  t h e  f o l  low ing seven values: 

1, 5, 6, 7, 10, 1.1., and 14. The popu la t ion  parameters a re  = 7.714 

and ~2 = 18.57. We compare a  random sample o f  s i z e  t h r e e  t o  t h e  

f 01 1  owing c o n t r o l  l e d  random sample: 

124 135 . 167 236 257 

347 456 

Each element appears t h r e e  t imes and each p a i r  once i n  t h e  design. 

F o r  t h e  pure random sample t h e  var iance of t h e  es t imator  nf var iance 

i s  161.86, as compared w i t h  161.91 f o r  t h e  c o n t r o l l e d  random sample. 

V l ~ r r l  r!rdwing a samplc o f  s i z e  n f rom a  popu1al;lon o f  Size N, our  

a b i l i t y  t o  e l i m i n a t e  c e r t a i n  sample paths depends on t h e  ex is tence o f  

a  balanced incomplete b lock  design w i t h  n  elements i n  each b lock  and 
N 

1 ess than (n)  blocks. Fo r  some values o f  n  and N, no such des i yn  may 

e x i s t ,  o i .  ever1 'If i t  e x l s t s  i t  may not  be known. A complete character-  

i z a t i o n  o f  balanced incomplete b lock  designs has no t  been found t o  

date. 

I n  o rder  t o  be more f l e x i b l e ,  Avadhani and Sukhatme [ I9731 a1 low 

t h e  nonpreferred samples t o  have smal le r  b u t  nonzero p r o b a b i l i t i e s .  

They d i v i d e  t h e  N  samples i n t o  k groups con ta in ing  N1,  N2, ... , 
Nk u n i t s .  The elements a r e  p laced i n  t h e  groups a t  random. For  each 



i = 1, 2, . . . , k  we choose an i n t e g e r  n i  such t h a t  n i  < n i  < N i ,  where 

n  = n l  + n2 t ... t nk, and n i  i s  p r o p o r t i o n a l  t o  N i .  The cho i ce  o f  

n i  i s  made so t h a t  a  balanced incomplete b l o c k  des ign  e x i s t s  w i t h  t h e  

parameters (n;, b i ,  r i  , n i ,  x i ) ;  n j  denotes t h e  number o f  t rea tments ,  
s.. 

b i  t h e  number o f  b locks ,  r i  t h e  number o f  r e p l i c a t i o n s  o f  each t r e a t -  

ment, n i  t h e  b l o c k  ' s i ze ,  and x i  t h e  number o f  r e p l i c a t i o n s  o f  p a i r s  o f  

t rea tments .  We s e l e c t  a  sirnple random sample o f  n i  u n i t s  f rom t h e  

ith group and do t h i s  independent ly  f o r  each i. We t h e n  proceed t o  

determine t h e  sample f o r  t h e  ith group j u s t  as i n  t h e  s imp le  examples 

desc r i bed  e a r l i e r .  We make t h e  correspondence between p r e f e r r e d  

samples i f  necessary. Th i s  makes t h e  p r o b a b i l i t y  o f  drawing a  nonpre- 

f e r r e d  sample as smal l  as p o s s i b l e  f o r  t h i s  design. 

Avadhani and Sukhatme [ I 9731  g i v e  t h e  f o l l o w i n g  example: The 

i l l u s t r a t i o n  i s  f r om a  survey c a r r i e d  o u t  i n  I n d i a  i n  1964-1965. The 

o b j e c t i v e  was t o  o b t a i n  r e l i a b l e  es t imates  o f  acreage, y i e l d  r a t e s ,  

and t o t a l  p r o d u c t i o n  o f  ma jo r  f r u i t  crops. The d i s t r i c t  under s tudy  

was d i v i d e d  i n t o  severa l  stratum, based on i n f o r m a t i o n  f r om p rev ious  

surveys. I n  one s t r a t a ,  t h e r e  were 90 v i l l a g e s ,  and a  sample o f  9  

v i l l a g e s  was proposed t o  be se lected.  Because o f  t h e  mountai.nous 

t e r r a i n  and l a c k  o f  good roads and t r a n s p o r t a t i o n ,  i t  was d e s i r a b l e  t o  

keep t h e  d i s t a n c e  between t h e  s e l e c t e d  v i l l a g e s  as smal l  as poss ib le .  

To show how c o n t r o l l e d  random sampl ing c o u l d  have been used i n  t h i s  

problem, t h e y  d i v i d e d  t h e  90 v i l l a g e s  i n t o  t h r e e  random groups o f  s i z e  

30; (go)  i s  a  l a r g e  number, so n j  was taken  t o  be 7. Suppose t h e  7 

v i l l a g e s  i n  group 1 ( t hese  7  were chosen a t  random f rom t h e  30) a r e  

l o c a t e d  as shown: 



7 
We have ( 3 )  = 35 poss ib le  combinations o f  s i z e  3.  h hey are: 

(1,2,3)*, (1,294) , (1,2,5) , (1,2,6)*, (192,719 (1,3341 , (1 ,3 ,5) ,  

(1,3,6)*,  (1,3,7)*,  (1,4,5)  , (1,4,6)*, (1,4,7)*, (195961. (1,5371 3 

(1 ,6 ,7IR,  (2,3,4)*, (2,3,5), ( 2 , 3 , 6 ) + ,  ( 2 , 3 , 7 ) * ,  (2,4,5) (2,4,6)*, 

(2,4,7)*,  (2 ,5 ,6 ) ,  (2,5971, (2,6971, (3,4951, (3,4961, (3,4,7)*, 

(3 ,5 ,6 ) ,  (3,5971, (3,6371, (4,596) (4,5371, (4,6,7)*, and (5,6,7) 

The 14 combinat ions marked w i t h  t h e  a s t e r i s k  are  no t  preferred. 

Fo r  a pure random sarnple t h e  p r o b a b i l i t y  o f  ob ta in ing  a nonpreferred 

14 sample i s  -. = 0.4. The f o l l o w i n g  balanced incomplete b lock design 
35 

c o r ~ l d  i r ~ s  only one nonpreferred sample: 

(1,2,4)  (2.6.71 

(1 ,3 ,7)*  (3,4,6) 

(1,526) (4,597) 

(2,3,5) 

So us ing  the  c o n t r o l l e d  sampling procedure t h e  p r o b a b i l i t y  o f  

1 o b t a i  n i  ng a nonpre fer red  sample i s  on ly  - = 0.14. 
7 

D. SEQUENTIAL SAMPLING METHODS 

We s h a l l  f i r s t  cons ider  t h e  problem o f  determin ing whether t h e  

f r a c t i o n  o f  a popu la t i on  which would g i ve  a yes response t o  a yes-no 



ques t i on  i s  g r e a t e r  t h a n  some s p e c i f i e d  p r o p o r t i o n  0 1  b u t  1  ess than  

some o t h e r  p r o p o r t i o n  (32. We cons ide r  t h i s  problem f rom t h e  sequen- 

t i a l  p o i n t  o f  view. We sample and dec ide t o  s t o p  sampl ing based on a  

d e c i s i o n  r u l e  which l eads  us t o  one o f  t h r e e  conc lus ions :  ( 1 )  0  i s  

1  ess than  01, (2 )  0  i s  between 01 and 02, (3)  0 i s  g r e a t e r  t h a n  02. 

When we use a  sequent ia l  s t opp ing  r u l e ,  t h e r e  i s  a  p r o b a b i l i t y  o f  

making an i n c o r r e c t  d e c i s i o n  when u s i n g  t h e  ru l e .  Sequent ia l  sampl ing 

procedures a r e  chosen which c o n t r o l  these . e r ro r s .  

Sobel and Wald [ I 9491  cons idered t h i s  t y p e  o f  problem f o r  t e s t i n g  

t h e  mean o f  a  normal d i s t r i b u t i o n .  The method i s  a l s o  a p p l i c a b l e  t o  

t h e  b inomia l  d i s t r i b u t i o n ,  which would be t h e  case here  i f  t h e  popula- 

t i o n  were n o t  f i n i t e .  L a i  [1979] cons idered t h e  problem o f  t e s t i n g  

0 < 01, vs 0 > 01, i n  t h e  case where t h e  p o p u l a t i o n  i s  f i n i t e .  S ince  

we a r e  cons ide r i ng  t h e  cho ice  o f  t h r e e  p o s s i b l e  dec i s i ons  i n s t e a d  o f  

two, soinrl m o d i f i c a t i o n  of  h i s  d e c i s i o n  r u l e  would be necessary t o  

app ly  i t  t o  t h e  problem we a r e  cons ider ing.  

I n  many s i t u a t i o n s  t h e  p o p u l a t i o n  s i z e  i s  l a rge ,  and t h e  Wald- 

Sobel approach can be appl ied.  Armitage [1950] gave a  m o d i f i c a t i o n  t o  

t h e  Wald-Sobel approach which avo ids  a  t e c h n i c a l  d i f f i c u l t y ,  and h i s  

approach i s  cons idered t o  be p r e f e r a b l e  by some s t a t i s t i c i a n s .  When 

t h e  p o p u l a t i o n  s i z e  ' i s  smal l ,  t h e  Wal d-Sobel approach 1  eads t o  a  con- 

s e r v a t i v e  t e s t .  For  some a p p l i c a t i o n s  i t  may be t o o  conservat ive.  We 

s h a l l  desc r i be  t h e  method and i l l u s t r a t e  t h e  conse rva t i ve  na tu re  o f  

t h e  t e s t  f o r  a  smal l  p o p u l a t i o n  s i z e  w i t h  a  s imp le  vs s imp le  hypothe- 

s i s  t e s t .  



Sobel and Wald [ I9491 d e f i n e  i n d i f f e r e n c e  regions f o r  0. When o E: 

0 0 .  0 0 
(ol , 0 2  ) ,  w h e r e 0 1  < o l  < 02  , we do no t  care  about d i f f e r e n t i a t i n g  

0 0 
between (1)  and (2)  b u t  wish t o  r e j e c t  (3).  When 0 E (03 , 04 ) , where 

0 0 0 
02 < 03 < 02 < 04 , we want t o  r e j e c t  (1 )  bu t  do no t  care about 

d i s t i n g u i s h i n g  between (2)  and (3 ) .  
0 

Fo r  0 < 0 1  we wish t o  accept (1 )  and r e j e c t  (2)  and (3) .  For  
0 0 
9 < < < 03  we wish t o  accept (2)  and r e j e c t  (1 )  and ( 3 ) .  When 0 > 

0 
134 we wish t o  acccpt ( 3 )  and r e j e c t  (1 )  a r ~ d  (2).  Once we have spec- 

0 0 0 0 
i f i e d  0 1  , 02 , H3 , and 04 , we have def ined what c o n s t i t u t e s  a 

wrong dec i s ion  f o r  each 0 i n  t h e  parameter space (i.e., 0 < 0 ( 1). 

We then do two sequent ia l  p r o b a b i l i t y  r a t i o  t e s t s  si lnul taneously: 
0 0 0 0 

01 , 02 , 03 , and 04 are  chosen so t h a t  

Thc two 1 i k e l  ihood r a t i o s  dr-.e 

where X i ,  X2, ..., Xn i s  t h e  observed sequence o f  n observat ions. We 

s top ,sampl ing  when both  t e s t s  reach a conclusion. The stopping t ime  T 

i s  t h e  maximum o f  (TI, Tp), where T1 = i n f  (n: L l n  > A 1  o r  L l n  < B1). 



and T2 = i n f  (n: L2, > A2 o r  L2, < 82). L e t  R denote t h i s  s topp ing  

r u l e  and ~ ( 0 1 ~ )  be t h e  p r o b a b i l i t y  o f  a  c o r r e c t  d e c i s i o n  when o i s  t h e  

t r u e  va lue  o f  t h e  parameter and t h e  r u l e  R i s  used. Fo r  i n f i n i t e  

popu la t ions ,  ~ ( 0 1 ~ )  has t h e  p r o p e r t i e s  g i ven  by Sobel and Wald [1949], 

which a r e  needed t o  keep t h e  p r o b a b i l i t y  o f  a  wrong d e c i s i o n  l e s s  t h a n  

some s p e c i f i e d  va lue  Y f o r  a l l  0 ;  -I' w i l l  depend on t h e  chosen A1, A2, 

B1, and B2. 

To i l l u s t r a t e  t h e  conse rva t i ve  na tu re  o f  t h e  t e s t  i n  f i n i t e  popu- 
0 

l a t i o n s ,  we cons ider  a  s imp le  vs sirnple hypo thes is  t e s t :  Ho: (3 = 0 1  
0 0 0 

vs HI: O = 9 w i t h  02 > 01 . The l i k e l i h o o d  r a t i o  s t a t i s t i c  a f t e r  

t h e  n t h  obse rva t i on  would t hen  be 

where X i ,  X2, ..., Xn i s  t h e  observed sequence o f  zeroes and ones, 
i 

X o  = 0, and S i  = X j .  N i s  t h e  s i z e  of t h e  popu la t ion .  
;i=o 

F o r  t h e  s topb ing  t i m e  T  = i n f  (n: L1, > A  o r  L l n  < B) f o r  A > 1 > 
B > 0, LIT i s  a  m a r t i n g a l e  w i t h  expected va lue  1 under Ho, and 1 / L 1 ~  

i s  a  m a r t i n g a l e  w i t h  expec ta t i on  1 under HI. T h i s  i m p l i e s  t h a t  a = P 

[ r e j e c t  Ho when Ho i s  t r u e ]  and R = P [ r e j e c t  H 1  when H 1  i s  t r u e ]  t o  a  

reasonable approx imat ion  s a t i s f y  



1 - 6  
S o l v i n g  these equat ions y i e l d s  A = - and B = -  . SO f o r  any 

a 1 - a  
s p e c i f i e d  a and B, A and B are  determined t o  good approximations. 

F o r  f i n i t e  p o p u l a t i o n  s i z e  t h e  theory  does no t  go through, and t h e  

approxirnat ing equat ions do not  hold. For  some sample paths we are  

c e r t a i n  a t  t i m e  T which o f  Ho o r  H i  i s  t r u e ,  and accord ing ly  t h e  1 i k e -  

l i h o o d  r a t i o  i s  e i t h e r  zero o r  +m. This  leads one t o  suspect t h a t  t h e  

t e s t  would be conservat ive.  Th i s  i s  borne out  by L a i ' s  work [1979], 

w l ~ i c h  shows t h a t  a reasonable procedure would be t o  apply a f i n i t e  

popu la t i on  c o r r e c t i o n  t o  the  stopping boundary. 

To i n d i c a t e  what i s  going an, here i s  an example o f  a simple vs 
0 0 

silnp'le hypothesis  t e s t .  We l e t  01 = 114, N = 8, and 02 = 314. 

Under bo th-  Ho and HI, t h e r e  a r e  28 poss ib le  sequences o f  zeroes and 

1 - E* ones which a r e  equal l y  probable. We l e t  a* = B* = 0.1, and A = * 
f2.k 1 u -- 

and B = ; so A = 9 and B = - %0.11. Under Ho we r e j e c t  Ho f o r  1 - a* 9 
one sequence and accept i t  i n  t h e  27 o the r  cases; so t h e  t r u e  value o f  

Under bo th  Ho and H1 t h e  average sample number i s  3. The usual 

method f o r  cornputing t h e  average sample n ~ l r n h ~ r  i s  by Wald's lerrlrna, 

which i s  n o t  a p p l i c a b l e  i n  t h e  f i n i t e  popu la t i on  case, s ince  t h e  

observa t ions  are  n o t  independent o r  i d e n t i c a l  l y  d i s t r i b u t e d .  Wald' s 

lemma would g i v e  

9 - 1 

E o  ( T I  = 
IU I O ~  B + m  10s A - 16 - 3.2 - - -  , Eo (T)  = - - -112 l o g  3 5 

l6 - 3.2 . 
1 2 5 

Th is  i s  not t o o  bad an approximation. 



We note t h a t  when N i s  small we o b t a i n  lower e r r o r  p r o b a b i l i t i e s  

than we c o n t r o l l e d  fo r .  A t e s t  procedure such as L a i ' s  would no t  be 

so conservat ive and hence might have a  smal le r  average sample number. 

L a i  [ I9791 formulates t h e  problem as fo l lows.  He t e s t s  H: 0 

1 1 - ( 1  - ON) vs t h e  a l t e r n a t i v e  K: 0 > - ( 1  + ON), where N i s  t h e  popu- 
2 2 

1 1 a t i o n  s i z e  and t h e  i n t e r v a l  [L 1 - ) - ( 1  + ON)] i s  an i n d i f -  
2 2 

1 ference zone f o r  t h e  experimenter. For  0 < a < -, he def ines  
2 

CN = min [max( { l o g  [(I - a ) / o l i / i l o g  [(I + ~N)/(I -ON)]},  I), 
N ( l  -ON) + 1 . 1 

He proposes t h e  stopping r u l e  

where Sn = 2Xn - n, and Xn i s  t h e  number o f  yes votes i n  t h e  f i r s t  n  

samples. The te rm subt rac ted  f rom CN can be viewed as a  f i n i t e  popu- 

l a t i o n  cor rec t ion .  He proves t h e  f o l l o w i n g  asymptot ic r e s u l t :  

Theorem [La i ,  19791: As N -+ and ON -+ 0 such t h a t  N@N -+ 05 , 

PH [ ( - r , 6 )  r e j e c t s  H I  = PK [ ( - c , 6 )  r e ~ e c t s  K] -+ a . 

L a i  presents some r e s u l t s  which show t h a t  t h e  approx i~nat ion  can be 

reasonable even when N = 200 and NON = 6. 



Another problem which can be t r e a t e d  sequen t ia l l y  i s  t h e  estima- 

t i o n  o f  t h e  s i z e  o f  a populat ion.  So lu t ions  t o  t h i s  problem may have 

appl  i c a t i o n  t o  user  surveys. 

There has been much work done on t h i s  problem, us ing  capture- 

recap tu re  ~nethodology. Other methods used are  t h e  emp i r i ca l  Bayes 

approach and s t o c h a s t i c  modeling. 

The capture-recapture method can be described by t h e  fo l l ow ing  

u r n  model. The u r n  conta ins  an unknown number, N, o f  w h i t e  b a l l s  and 

no others. An es t imate  o f  N i s  desired, based on a procedure o f  

drawing b a l l  s  a t  random one a t  a t ime  and c o l o r i n g  t h e  wh i te  b a l l s  

b l a c k  be fore  r e t u r n i n g  them. Black b a l l s  a re  re turned unchanged. Le t  

w i  , b i  denote t h e  number o t  w h ~ t e  and b lack b a l l  s  r e s p e c t i v e l y  

observed i n  t h e  f i r s t  i draws. 

Samuel [I9681 considers t h i s  f o rmu la t i on  o f  t h e  problem. Others 

have considered t h e  problem i n  t h e  more general setup o f  sampling 

n i  b a l l s  a t  t h e  i t h  draw. Samuel considers t h e  f o l l o w i n g  stopping 

r u l e s :  

Rule A. Le t  A > 0 be a f i x e d  i n t e g e r  t~ = A. 

Ru le  B. Le t  B > 0 be a f i x e d  i n t e g e r  tg = i n f  (i 1 b i  = B). 

Rule C. Le t  C > 0 be f ixed,  

tc = i n f  ( i l b i  ) - C W ~ )  = i n f  [ i l i  - 2 (C + l)wi]. 

Ru le  D. Le t  -m < D < m be f i xed ,  

t~ = i n f  [i ( b i  2 rnax (1 ,wi 1 og W i  + w ~ D ) ]  

= i n f  { i l i  > max [ w i  + 1, W i  l o g  W i  + w l  ( D  + I ) ] ) .  

R u l e E -  L e t  { D j )  be such t h a t  l i m D j  = a 

t~ = i n f  { i l b i  > max [ l , w i  l o g  w i  + w i  (Dwi)Jl. 



Rule  D  was,cons idered by D a r l i n g  and Robbins [1967]. They show t h a t  

f o r  0  < a < 1 and a  s u i t a b l e  cho i ce  o f  D, one o b t a i n s  t h e  p r o b a b i l -  

i t y  t h a t  WD = N i s  g r e a t e r  t han  1 - a f o r  any N. 

F o r  user  surveys, one may s t a r t  w i t h  an i n i t i a l  i ncomple te  1  i s t  

o f  users  and sample f r om t h i s  1  i s t .  The users  sampled w i l l  t h e n  be 

asked t o  name o t h e r  users. The extended l i s t  c o u l d  t h e n  be used t o  

i n t e r v i e w  a d d i t i o n a l  users  and t o  con t i nue  t o  add t o  t h e  1  i s t .  A 

sequent ia l  r u l e  would be used t o  dec ide  when t o  s t o p  i n t e r v i e w i n g .  I f  

t h e  cap tu re - recap tu re  methodology i s  t o  be used t o  dec ide  when a  

"good" es t ima te  o f  t h e  p o p u l a t i o n  s i z e  i s  a v a i l a b l e ,  we must determine 

t h a t  t h e  u r n  model on which i t  i s  based i s  a  good approx imate model 

f o r  t h e  ac tua l  sampl ing mechanism. One way t o  t e s t  t h i s  would be t o  

conduct a sample on a  p o p u l a t i o n  o f  known s i z e  and see how good t h e  

es t imates  are. The au tho r  chose t o  use a  b i b l i o g r a p h y  of o u t l i e r  

papers. The b i b l i o g r a p h y  was l a rge ,  c o n t a i n i n g  419 references.  The 

p o p u l a t i o n  was reduced f rom.419 t o  141 so t h a t  o n l y  r e fe rences  

a v a i l a b l e  i n  t h e  Mathematics and S t a t i s t i c s  Research Department were 

inc luded.  Th i s  was done t o  exped i t e  t h e  i d e n t i f i c a t i o n  o f  re ferences.  

The sampl ing procedure was as f o l l o w s :  T h i r t y  r e f e r e n c e  papers 

were se lec ' ted a t  random t o  f o rm  t h e  i n i t i a l  l i s t .  One paper was cho- 

sen a t  random f rom t h e  l i s t ,  and t h e  re fe rences  l i s t e d  i n  t h a t  paper 

were added t o  t h e  1  i s t .  I f  any o f  t h e  re ferences were on t h e  i n i t i a l  

l i s t ,  t h e y  were no ted  as repeats .  The procedure was conducted f o r  24 

i t e r a t i o n s ,  w i t h  es t imates  o f  t h e  p o p u l a t i o n  s i z e  computed a t  each 

stage. The n e a r l y  unbiased e s t i m a t o r  g i ven  by Johnson and Kotz  11977, 

p .  2531 was used. Th is  e s t i m a t o r  has smal l  b i a s  when t h e  u r n  model i s  



appropr iate.  However, i n  t he  o u t l i e r  paper example, t h e  model i s  no t  

appropr ia te ,  and t h e  es t ima to r  seemed t o  be h i g h l y  underest imat ing t h e  

.popu la t ion  s ize.  Table 2 g ives t h e  r e s u l t s  o f  t h e  t e s t ,  w i t h  t h e  

est i rnate o f  popu la t i on  s i z e  a t  each stage. 

L e t  No = 30 and Ni = number o f  papers on t h e  i t h  re fe rence 1 i s t .  

L e t  T i  = number o f  papers on t h e  i t h  1 i s t  which a re  a l ready on t h e  

popu la t i on  l i s t ,  arld l e t  U i  = Ni  - T i  be t h e  number o f  new a r t i c l e s  i n  

t h e  1 i s t ,  The est.in~a.tar. was 

The f i n a l  est i rnate o f  72.8 i s  on l y  about h a l f  t h e  s i z e  o f  t h e  

popul a t  i on. There i s some dependence s t r u c t u r e  i r l  l h e  r-ttfer.erlce popu- 

l a t i o n  which i s  causing t h i s  severe underestimation. One aspect o f  

t h i s  dependence i s  t h a t  authors can o n l y  re fe rence a r t i c l e s  which pre- 

ceded t h e i r  paper. Th i s  t ype  o f  temporal dependence [nay no t  be as 

severe f o r  data fo rm users, s i nce  they  a re  asked t o  1 i s t  cor i ter~~porary 

users, and t h e i r  knowledge o f  users may not  be as dependent on t h e  

t i m e  a t  which they  became users. 

The example i 11 ust.rstes t h e  p o t e n t i a l  d i f f i c u l t i e s  t h a t  cou ld  

a r i s e  from us ing  capture-recapture methodology on user  surveys. 

Although t h e  method might  no t  be as bad f o r  user  surveys as i t  was i n  

t h i s  popu la t i on  s i z e  t e s t ,  i t  may be necessary t o  t e s t  i t  on known 

use r  po.pulations o r  t o  f i n d  o t h e r  methods which would prove t o  be 

b e t t e r  i n  such t e s t s .  



Table 2. Popu la t i on  s i z e  t e s t  

Sarnple No. N i u i T i  fy 



E .  PROBLEMS FOR FURTHER RESEARCH 

Although many o f  t h e  sampling problems i n  data v a l i d a t i o n  can be 

hand1 ed reasonably we1 1  w i t h  e x i s t i n g  techniques, some problems occur 

which need spec ia l  t reatment .  The idea of reducing survey cos ts  by 

sequent ia l  t e s t i n g  has l e d  t h e  authors t o  t e s t s  such as L a i ' s  s o l u t i o n  

t o  t h e  hypergeometric sampling problem. Fur ther  research may l e a d  t o  

a m n d i f i c a t i o n  of L a i ' s  r e s u l t s  which would be app l i cab le  t o  t h e  

t hree-deci s i  on problem. 

That user  popu la t ions  f o r  var ious  data forms a re  unknown has l e d  

us  t o  cons ider  t h e  sequent la l  problens oF es t ima t ing  popu la t i on  s i z e  

and o f  determin ing when t h e  e n t i r e  popu la t ion  has been i d e n t i f i e d  w i t h  

h i g h  p r o b a b i l i t y .  A p r e l i m i n a r y  t e s t ,  us ing  reference a r t i c l e s ,  has 

i n d i c a t e d  t h a t  t h e  var ious  prvcedures need t o  be t e s t e d  aga ins t  an 

example where t h e  popu la t i on  s i z e  i s  known and t h e  popu la t i on  and 

. sampling mechanism a re  very much l i k e  they  a re  f o r  a  user  survey. 

Methods us ing  b i r t h -dea th  o r  o t h e r  types o f  s tochas t i c  models should 

be  s tud ied  and tested. 

Fo r  s imp le  s t r a t i f i e d  rando111 sa~ i ip l ing  schemes, t h e r e  are o f t e n  

two o r  more va r iab les  which a r e  reasonable candidates f o r  s t r a t i f i c a -  

t i o n .  Many quest ions a r i s e  f rom t h i s  problem which r e q u i r e  f u r t h e r  

research. For  example, which v a r i a b l e  would be t h e  bes t  s i n g l e  

v a r i a b l e  t o  s t r a t i f y  w i t h ?  Cochran [1977, pp. 1 2 6 2 6 1  g ives  a  method 

f o r  two-way s t r a t i f i c a t i o n .  I s  i t  des i rab le  t o  c o n t r o l  f o r  more than  

one v a r i a b l e  a t  a  t ime? I f  we c o n t r o l  f o r  on l y  one var iab le ,  what 

e f f e c t  w i l l  t h i s  have on t h e  d i s t r i b u t i o n  of t h e  sample w i t h  respect  



t o  ano ther  v a r i a b l e ?  The work of  Sobel, Uppu lu r i ,  and Frankowski 

El9771 niay be h e l p f u l  i n  answering t h i s  l a s t  quest ion.  

A t  t h i s  tirne, some p r e l  im ina ry  work o f  t h i s  t y p e  has been 

accomplSshed. We cons idered t h e  da ta  frorn t h e  f o rm  4 respondent su r -  

vey g i v e n  i n  t h e  f o l l o w i n g  t a b l e :  

D i s t r i b u t i o n  o f  respondents by census r e g i o n  and 
p r o d u c t i o n  c a p a c i t y  

Class Census 
s i z e  r e g i o n  3 4 5 6 7 8 9 

T o t a l  1474 88 82 237 429 165 47 173 136 117 

The s t r a t i f i e d  random sample used i n  t h e  f o rm  4 s tudy  was as 

f 01 1  ows: 

Cldss s i z e  No. o f  samples 

1 3 
2 9 
3 12 
4 4 
5 3 

Onc impo r tan t  ques t i on  which c o u l d  be asked about t h i s  scheme i s  

what i s  t h e  p r o b a b i l  i t y  t h a t  c e r t a i n  census reg ions  w i l l  n o t  be .repre- 

sented. Ques t ions  o f  t h i s  t ype  f o r  committee problems have been 

addressed by Wal te r  [I 9761. 



We computed these p r o b a b i l i t i e s  f o r  each o f  t h e  census regions by 

u s i n g  t h e  computer package f o r  t h e  m u l t i v a r i a t e  hypergeometric d i s t r i -  

b u t i o n  a v a i l a b l e  f rom V. R. R. Uppulur i  o f  t h e  Mathematics and 

S t a t i s t i c s  Research Department o f  Union Carbide Nuclear D iv is ion .  The 

r e s u l t s  are g iven i n  t h e  f o l l o w i n g  tab le :  

Census reg ion  number Probabi 1.i t y  o f  no observat ions 

It i s  no t  s u r p r i s i n g  t h a t  census reg ion 4 should have t h e  lowest 

p robab l l  i t y  ( d  very low p r o b a b i l i t y ) ,  s ince reg ion  4 has t h e  most c o w  

panies n f  any r e g i o n  and has over h a l f  t h e  t o t a l  number o f  p l a n t s  i n  

c l a s s  s i z e  2. Census reg ion  6  has t h e  h ighest  p r o b a b i l i t y ,  s ince i t  

has t h e  fewest companies i n  each c lass  s i z e  except number 5. The f a c t  

t h a t  t h i s  p r o b a b i l i t y  i s  as h i g h  as 0.366 i s  s i g n i f i c a n t  and ind i ca tes  

t h a t  i f  we wanted t o  be sure t h a t  t h i s  census reg ion  i s  represented, 

f u r t h e r  c o n t r o l s  on t h e  sample would be necessary. I n  t h e  ac tua l  

sample, nne member o f  census reg ion  6  was seiected. We now know t h a t  

i t  could have e a s i l y  happened t h a t  no samples were chosen from reg ion  6. 

Other quest ions such as t h e  p r o b a b i l i t y  t h a t  a t  l e a s t  one reg ion  

i s  no t  represented o r  t h a t  t h e  minimum number o f  representa t ives  i n  

any reg ion  i s  a t  l e a s t  two ( o r  any s p e c i f i e d  number) can be answered 



through t h e  use o f  t h e  program, and f u r t h e r  research t o  answer some o f  

t h e  more d i f f i c u l t  quest ions looks  promising. 

F. CONCLUSIONS 

Our experience i n  da ta  v a l i d a t i o n  s tud ies  has shown t h a t  survey 

sampling methods such as those g iven  by Cochran [1977] can be use fu l  

i n  respondent and user  surveys.. 

Sequent ia l  methods may prove t o  be use fu l  f o r  some problems, and 

f u r t h e r  research i s  needed, p a r t i c u l  a r l y  i n  t h e  popu la t i on  s i z e  

p rob1 em. 

Som6times cos t  and t ime  c o n s t r a i n t s  a re  such t h a t  c e r t a i n  samples 

must be excluded. The methods o f  Avadhani and Sukhatme [ I9731 enable 

one t o  exclude such samples i n  some instances w i t h o u t  s a c r i f i c i n g  

accuracy o f  est imates o f  popu la t i on  parameters. Even when i t  i s  no t  

p o s s i b l e  t o  exc lude these undes i rab le  samples, i t  may s t i l l  be 

p o s s i b l e  t o  make t he i  r probabi 1 i ty  o f  occurrence very  small. 

Assessment o f  t h e  usefu lness o f  t h i s  method and/or m o d i f i c a t i o n s  t o  i t  

awai ts  some p r a c t i c a l  appl i ca t i ons .  
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APPENDIX 

E x i  s tence r e s u l  t s  f o r  ba l  anced i ncompl e t e  b l  ock desi  gns 

We denote t h e  number o f  t reatments (a1 so r e f e r r e d  t o  as v a r i e t i e s  

i n  t h e  1 i t e r a t u r e )  w i t h  t h e  l e t t e r  v  and t h e  number o f  b locks w i t h  b. 

No v a r i e t y  appears more than once i n  a block, and no two b locks w i l l  be 

i d e n t i c a l .  We assume v > 1 and b i 1. Every b lock  must con ta in  t h c  

same number. say k, o f  var i 'c t les,  and each vdriety ~riirst appear i n  t h e  

same number, say r, o f  blocks. We assume, moreover, t h a t  any p a i r  o f  

v a r i e t i e s  appears toge the r  i n  t h e  same number, say A,  o f  blocks. Th i s  

t h e n  de f i nes  a ba l  anced i ncorr~pl e t e  b lock design. 

It f o l  lows t h a t  (1 )  bk = v r  and t h a t  (2 )  r ( k  - 1 )  = A ( v  - 1). 

When b = v and hence r = k, t h e  balanced i nco~nplete design i s  

c a l  l e d  symmetric. 

A balanced incomplete b lock design i s  c a l l e d  reso l vab le  i f  i t s  

blocks can be grouped i n t o  se ts  of equal sizes, so t h a t  t h e  b locks  o f  

each s e t  c o n t a i n  between them a l l  t h e  v a r i e t i e s  once. I f  i n  a d d i t i o n  

any two b locks  f rom d i f f e r e n t  se ts  have t h e  same number o f  v a r i e t i e s  

i n  common, then  t h e  design i s  c a l l e d  a t t i n e  resolvable.  

A na tu ra l  q u e ~ t i o n  t o  ask i s  f o r  what vn!\lps nf v, h,  r ,  k, and h 

do balanced incomplete b lock designs e x i s t  and how these designs can 

be constructed. 

There a r e  several  necessary cond i t i ons  known f o r  t h e  parameters 
k  

v, b, r, k, and A. From (1)  and (2)  we a l s o  ge t  t h a t  b(2) = ( 3 ) .  It 

was f i r s t  proved by F i s h e r  [ I9401 t h a t  b ) v. Later ,  Bose [ I9491 gave 

a simpl'er p roo f  which used t h e  concept o f  an inc idence mat r ix .  



The t h e o r y  o f  p r o j e c t i v e  and euc l i dean  geometr ies can be used t o  

c o n s t r u c t  va r i ous  types  of b a l  anced i ncompl e t e  b l  ock designs, and 

r e s u l t s  a r e  g i ven  i n  Mann [ I 9491  and Vajda 119671. 

F o r  r e s o l  vab le  designs b  2 v  + r - 1, i s  a  s t r o n g e r  i nequal i ty  

t h a n  b  2 v. A p r o o f  i s  g i ven  i n  Vajda [1967]. 

A balanced incomplete b locked  des ign i s  s a i d  t o  be o f  t h e  1 i nked  

b l o c k  t y p e  i f  two o f  t h e  b l ocks  have t h e  same number o f  v a r i e t i e s  i n  

common. Vajda 11967, p. 121 proves t h a t  symmetry i s  equ i va len t  t o  

be ing  o f  t h e  1  i nked b lock  type. 

Equat ions (1) and ( 2 )  i rnply t h a t  r = A(v - l ) / ( k  - 1 )  and b = 

Av(v - l ) / k ( k  - l ) ,  bo th  must be i n tege rs .  These necessary cond i t i .ons  

a r e  a l s o  s u f f i c i e n t  when 1 = 1 and k  = 2, A = 1 and k  = 3, k  = 3 o r  4  

w i t h  any va lue  o f  A, and a l s o  f o r  k  = 5 when A = 1, 4, o r  20; see 

Hanani [1961] f o r  p roo fs .  When k  = 6  afid A = 1 t h e  c o n d i t i o n s  a r e  n o t  

s u f f i c i e n t .  T h i s  r e s u l t  was q i ven  by T a r r y  [19flfl]. 

We s h a l l  now s t a t e  t h r e e  ex i s tence  theorems and g i v e  some con- 

sequences. 

Theorem 1. I f  v  = b  i s  an even i n t e g e r ,  t h e n  r - x = k  - x must 

be a  square. As a  consequence t h e  des igns v  = b  = 22, k  = r = 7, A = 2; 

and v  = b = 46, k  = r = 10, A =  2  a r e  n o t  poss ib le .  

Theorem 2. I f  v, k, and A a r e  parameters o f  a  symmetric balanced 

incomple te  b l ock  des ign  and v i s  odd, t h e n  x2 = ( k  - A )  y2 + (-I)("- 

hz2 has an i n t e g e r  s o l u t i o n ,  where x, y, drld z a r e  n o t  a l l  zero. The 

p r o o f  i s  g i ven  i n  Vajda [1967]. The theorem shows t h a t  t h e  ex i s tence  

o f  c e r t a i n  symmetric des igns i s  dependent on t h e  ex i s tence  o f  n o n t r i v -  

i a1 s o l u t i o n s  t o  c e r t a i n  D i  ophant ine equat ions. 



Theorem 3. If i n  an a f f i n e  r e s o l v a b l e  des ign  w i t h  parameters v, 

b, r, k, and A t h e  number v  o f  v a r i e t i e s  i s  odd, t h e n  i f  r i s  odd, k  

must be a  square; and i f  r i s  even, v  must be a  square. Th i s  r e s u l t  i s  

p roved  i n  Vajda [1967]. 

A theorem due t o  Chow1 a  and Ryser [1950] i s  a1 so g i v e n  i n  Vajda 

119671, and i t  can be used t o  show t h a t  a  des ign w i t h  v  = b  = 29, 

r = k = 8, and A = 2 cannot e x i s t .  

A compl e t e  c h a r a c t c r i  z a t i  on o f  b a l  anced i ncompl e t e  b l  sck des l  gns 

i s  n o t  y e t  known. I n  any event,  e x l s t l n g  r e s u l t s  i n d i c a t e  t h a l  such d 

c h a r a c t e r i z a t i o n  wou1 d  be compl i ca ted .  Many des igns have been 

cons t ruc ted ,  and some r e s u l t s  can be used t o  show t h a t  des igns o f  ce r -  

t a i n  s p e c i f i e d  o r d e r s  cannot e x i s t .  

The l i t e r a t u r e  on balanced incomplete b l ock  des igns i s  vas t  and 

sca t t e red .  T h i s  summary o f  r e s u l t s  i s  in tended t o  g i v e  t h e  reader  some 

i d e a  o f  t h e  t ypes  o f  r e s u l t s  a v a i l a b l e  and i s  n o t  in tended t o  enu- 

mera te  a l l  known r e s u l t s .  I f  t h e  reader  i s  i n t e r e s t e d  i n  d e t a i l s ,  t h e  

monograph of Vajda [ I 9671  i s  a  good s t a r t i n g  po in t .  Cochran and Cox 

[ I 9 5 7 1  l i s t  severa l  t ypes  o f  des igns f o r  p r a c t i c a l  use. 
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