Portland State University

PDXScholar

Dissertations and Theses Dissertations and Theses
5-7-1993

Designing and Simulating a Multistage Sampling
Rate Conversion System Using a Set of PC Programs

David Joseph Hagerty
Portland State University

Follow this and additional works at: https://pdxscholar.library.pdx.edu/open_access_etds

b Part of the Electrical and Electronics Commons

Let us know how access to this document benefits you.

Recommended Citation

Hagerty, David Joseph, "Designing and Simulating a Multistage Sampling Rate Conversion System Using a
Set of PC Programs" (1993). Dissertations and Theses. Paper 4697.

https://doi.org/10.15760/etd.6581

This Thesis is brought to you for free and open access. It has been accepted for inclusion in Dissertations and
Theses by an authorized administrator of PDXScholar. Please contact us if we can make this document more
accessible: pdxscholar@pdx.edu.


https://pdxscholar.library.pdx.edu/
https://pdxscholar.library.pdx.edu/open_access_etds
https://pdxscholar.library.pdx.edu/etds
https://pdxscholar.library.pdx.edu/open_access_etds?utm_source=pdxscholar.library.pdx.edu%2Fopen_access_etds%2F4697&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/270?utm_source=pdxscholar.library.pdx.edu%2Fopen_access_etds%2F4697&utm_medium=PDF&utm_campaign=PDFCoverPages
http://library.pdx.edu/services/pdxscholar-services/pdxscholar-feedback/
https://doi.org/10.15760/etd.6581
mailto:pdxscholar@pdx.edu
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Title: Designing and Simulating a Multistage Sampling Rate Conversion System

Using a Set of PC Programs

APPROVED BY THE MEMBERS OF THE THESIS COMMITTEE:
!.c. Jeng, Cha!ir

Richard Tymgfski

Gavin Bjork

The thesis covers a series of PC programs that we have written that will
enable users to easily design FIR linear phase lowpass digital filters and multistage
sampling rate conversion systems. The first program is a rewrite of the McClellan-
Parks computer program with some slight modifications. The second program uses
an algorithm proposed by Rabiner that determines the length of a lowpass digital
filter. Rabiner used a formula proposed by Herrmann et al. to initially estimate the
filter length in his algorithm. The formula, however, assumes unity gain. We
present a modification to the formula so that the gain of the filter is normalized to
accommodate filters that have a gain greater than one (as in the case of a lowpass
filter used in an interpolator). We have also changed the input specifications from

digital to analog. Thus, the user supplies the sampling rate, passband frequency,



stopband frequency, gain, and the respective maximum band errors. The program
converts the specifications to digital. Then, the program iteratively estimates the
filter length and interacts with the McClellan-Parks Program to determine the
actual filter length that minimizes the maximum band errors. Once the actual length
is known, the filter is designed and the filter coefficients may be saved to a file.

Another new finding that we present is the condition that determines when
to add a lowpass filter to a multistage decimator in order to reduce the total
number of filter taps required to implement the system. In a typical example, we
achieved a 34% reduction in the total required number of filter taps.

The third program is a new program that optimizes the design of a
multistage sampling rate conversion system based upon the sum of weighted
computational rates and storage requirements. It determines the optimum number
of stages and the corresponding upsampling and downsampling factors of each
stage of the design. It also determines the length of the required lowpass digital
filters using the second program.

Quantization of the filter coefficients may have a significant impact on the
frequency response. Consequently, we have included a routine within our program
that determines the effects of such quantization on the allowable error margins
within the passband and stopband. Once the filter coefficients are calculated, they
can be saved to files and used in an appropriate implementation. The only
requirements of the user are the initial sampling rate, final sampling rate, passband
frequency, stopband frequency, corresponding maximum errors for each band, and
the weighting factors to determine the optimization factor.

We also present another new program that implements a sampling rate
conversion from CD (44.1 kHz) to DAT (48 kHz) for digital audio. Using the

third program to design the filter coefficients, the fourth program converts an input
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sequence (either samples of a sine wave or a unit sample sequence) sampled at the
lower rate to an output sequence sampled at the higher rate. The frequency

response is then plotted and the output block may be saved to a file.
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INTRODUCTION

Sampling rate conversion is an important digital signal processing concept
that is used in a variety of applications. One such application is in the field of
professional digital audio. There are three primary rates used, with a need to
convert from one to another. The three include a broadcasting rate of 32 kHz, a
consumer product rate (primarily CD) of 44.1 kHz, and a studio rate (primarily
DAT) of 48 kHz [1].

Another application is in the area of digital communications, where a
variety of coding formats may be used in different parts of a communications
network [2]. One example is converting delta modulation (DM) format to pulse
code modulation (PCM) format. Delta modulation is a simple technique that
encodes the sign of each sample-to-sample difference of a highly over-sampled
signal in a single bit. In contrast, pulse code modulation requires that each
quantized sample be encoded in n bits. Intuitively, DM will operate at a higher
sampling rate than PCM. Hence, there is a need for converting the sampling rates
when changing formats.

Schafer and Rabiner [3] have shown that sampling rate changes are
effected by interpolation and/or decimation and can be efficiently implemented by
using finite impulse response (FIR) digital filters. Also, Crochiere and Rabiner [4]
have shown that the computational rates and storage needed for conversion could
be minimized by using more than one stage to change the sampling rate. Using
these ideas, our paper presents new thoughts on some old algorithms and two new

PC programs. One of the new programs allows users to easily design optimum
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multistage sample rate conversion systems that are based upon minimizing a factor
which is the weighted sum of the computational rate and the storage. The other
program uses a set of filter coefficients that is output from the first program to
simulate a CD-to-DAT sampling rate conversion.

This paper is divided into seven sections. In the section following the
introduction, we discuss the design of an FIR linear phase lowpass digital filter
with a predetermined number of filter taps, using the Parks-McClellan algorithm
[S]. After a brief explanation of the algorithm, a Turbo Pascal version of the
McClellan computer program [5] that incorporates the algorithm is used to solve
an example problem.

In many cases, however, one does not know the required number of filter
taps needed to meet the design specifications. Rabiner [6] proposed an algorithm
for solving this problem. His algorithm initially estimates the filter length using
Herrmann's formula and then uses the Parks-McClellan algorithm to see if the
maximum band errors have been minimized. If they are not minimized, the
estimated filter length is increased (or decreased) and the Parks-McClellan
algorithm is called again. This process repeats until the maximum band errors have
been minimized. Herrmann's formula and Rabiner's algorithm assume that the gain
of the lowpass filter is one. However, a lowpass filter that is part of an interpolator
system will require a gain that is greater than one. Consequently, we present a new
modification to Herrmann's formula to normalize the gain.. We also propose a
change to the input requirements for Rabiner's algorithm to include the gain of the
lowpass filter, along with the sampling rate, passband frequency, and stopband
frequency in analog terms rather than digital terms to more closely link the input to
the designer's specifications. A flowchart of the modified algorithm and an example

are presented. The example demonstrates that when the gain of the filter is greater



than five, the number of iterations required to determine the length of the filter is
less than half of the number required using Rabiner's original algorithm.

In the fourth section, the primary digital signal processing concepts that are
incorporated as part of the multistage design program are discussed. They include
sampling rate conversion, FIR structures for sampling rate conversion, multistage
design, and errors in the direct form FIR digital filters caused by quantization. We
also introduce a new finding. This discovery is a condition that determines when to
add a lowpass filter to a multistage decimator in order to reduce the total number
of filter taps required to implement the system. In a typical example, we show a
34% reduction in the total required number of filter taps.

In the fifth section, the new multistage design program is presented. The
program is demonstrated by designing a multistage system for CD-to-DAT
conversion and calculating the lowpass filter coefficients for each stage. The
program can optimize the design in approximately one second on a 486 machine.
The user can modify the design or continue analyzing the original design by testing
different word lengths to represent the filter coefficients. After this, the actual filter
length and coefficients of each stage are determined and saved to ASCII files for
further use. Hence, the total time spent designing and analyzing a sampling rate
conversion system can be reduced from a day or so to minutes.

The other new program is presented in the sixth section. It tests the designed
system by simulating a CD-to-DAT sampling rate conversion using the filter
coefficients that were calculated in the previous program. The program generates a
sampled sine wave or a unit sample, converts the sampling rate, and plots the
frequency response of the converted output. All of this can be done in less than
two minutes on a 486 machine.

The final section summarizes the results.



DESIGN OF AN FIR LINEAR PHASE LOWPASS DIGITAL FILTER OF
KNOWN LENGTH

McClellan and Parks [7] have shown that the method of equiripple design
based upon Tchebysheff approximation methods is a very effective way of
designing lowpass as well as other types of FIR linear phase digital filters. The
filters designed by this technique are optimal in the sense that the maximum
weighted approximation errors in the frequency bands over the range of interest
are minimized.

Suppose that we wish to design a type I FIR linear phase digital filter as in

Fig. 1.

%
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Figure 1. Lowpass filter design.

Recall that a type I FIR filter has a symmetric impulse response

h[n} = h{(N =1)-n], 0<snsN-1 (1)

where N is an odd integer. The frequency response is given by



the expression
N-1
H(e™)=) hlnk™™"
n=0
_Ii—_l_
2
=Y hlnle”™ + Zh[n]e Jon
n=0 n-N+1
2
ﬁ:l
2 . 0 .
= hnle” + Y h[N —1-n]e”"7
n=0 n= 2—3
N-1 N3
2
=Y hnle” ih[n]e fo(N=1=m
n=0
N_—l_
s N 2 NS e
= e-J(l’('Nfl) { Zh[n](e.lm(ﬂg—l-n) +e-Jm(ﬂ71—ﬂ) ) _ h[ﬂfl']}
n=0
N 1
= -f“’(“’{z.zh[n] cos(w(&5L - n)) — &)
n=0
_I!_—_l
3 ~ 2
= Y % 2L — k] cos(ak) - A[LFL)
_I‘_J_zj
= /o) Za[k]cos((nk)
k=0
where a[0]= A[251] and a[k]=2h[¥5L - k] for k=1,2,.... 251 The terms

cos(wk) can be expressed as the sum of powers of cos(w) in the form
cos(wk) =T, (cosw)

where T, (x) is the k th order Tchebysheff polynomial term, defined by

T, (x) = cos(kcos™ x). Thus,
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frequency response magnitude

N-1
_ .z
H(e™)= Za[k](coso))" 3)
=0
will best approximate an ideal lowpass frequency response
oy_f 1, O0Lo<o
Hy (e’ )—{ 0, w:SmSnp (©)
over the compact subset F c[0,n], where F =[0,® p]u[(o:,n], provided that
the maximum weighted error
|Ee™)]= max|Ece™) 9
where
E(e™)=W(e™)[H,(e*)-H(e™)] ®)
and
L3 0<o<o
o\_f ~=3 00<
W(e’ )_{ lK - S(oSnp ©)

exhibits at least %ﬂ alternations on F. These alternations are a set of extremal

frequencies such that 0, <@, <...< 0, <O, and E (') =—E(e™), for
i=12,... ,ﬂz"—l. The weighting function will differ from Eq. (9) if other filter types

are used instead of the type I filter.

McClellan et al. [S] wrote a FORTRAN program that determines the best
approximation to an ideal lowpass filter (as well as other types of filters) using the
equiripple design method that we just described. Since the a[k]'s are initially
unknown, the program uses a Lagrange interpolation polynomial A(e’®)of order

% that passes through the extremal frequencies to approximate Eq. (5). The

output to the program includes the extremal frequencies and the FIR linear phase

digital filter coefficients. We have translated the program into Turbo Pascal for use

on a PC.



As an example, consider the design of a 101-point digital filter with a

W,
ﬁ_0'46’

@y

passband frequency of T i 0.42, a stopband frequency of

. <2 <
Hﬁem)z{l’ 0_2n_042
0, 0.46<2<0.5
2n
and
107 -4 ®
W(ejm)={ oz =10, OSESOAZ

1 0.46<2<0.5

Figure 2 shows the format for data entry. The program may require several

McClellan-Parks FIR Linear Ph Filter Design Progran

Type the desired filter code (1=Multiple Passhand/Stophand, 2=Differ-
entiator. 3=Hilbert Transform Filter> and press <ENTER>: 1

Type the desired number of bands (hetueen 1 and 18> and press <ENTER>»: 2
Type the desired filter length <(betueen 3 and 256> and press <ENIER>: 1041
Type the lower and upper band edyes (betuween B and 8.5), desired value
Cor slope?, and weight for each band and press <ENTER>.

Band 1: @ 6.42 1 1e-4
Band 2: 8.46 8.5 8 1

Press <ENTER> when you are ready to see the output

Figure 2. Input for McClellan-Parks program.

iterations to ensure that the maximum weighted error meets the passband and
stopband requirements. Consequently, the program may take up a minute or so to
determine the extremal frequencies and corresponding filter length.

The filter coefficients and extremal frequencies are not shown here but are
part of the output. The frequency response is shown on the next page. Figure 3(a)
shows the error in the passband while Fig. 3(b) shows the dB magnitude response.

Note that there are % =51 extremal frequencies.



Louwpass Linear Phasa Digital Filter (N = 101>
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FEigure 3. Frequency response of a 101-point FIR linear phase lowpass
digital filter.




DESIGN OF AN FIR LINEAR PHASE LOWPASS DIGITAL FILTER OF
UNKNOWN LENGTH

The McClellan computer program requires that the filter length N, the

()
passband frequency —£, the stopband frequency ok
2n 2n

, and the ratio of passband-to-

stopband error K are known. The program can then determine the polynomial
with an order related to N that minimizes the maximum errors in the passband and
stopband.

In many engineering problems, however, one of the parameters may not be
known. A major breakthrough occurred when Herrmann et al. [8] discovered a
mathematical relationship that estimates the filter length in terms of the other four
filter parameters. Thus, it is possible to design a filter without knowing the length.

Herrmann's formula is given by

(@, -w,)
—+

[’\‘/_ D,,,(BP,SS)
2r

= 1 10
((op—(o:)/Zn (10)

_f(ap’as)

where
D.(8,,8,) =[a,(log,, 3,)* +a,log,, 8, +a]log,, 8,
+a,(log), 8,)* +aslog,, 3, +a;], (11)
f(5,.8,)=b +b,(log,, 8, -10g,,3,), (12)
and
a, =5.309x10" a, =-2.660x10
a, =7.114x107" a, =-5.941x107
a, =—4.761x10™ a, =—4.278x10™

b =11.01217 b, =0.51244.
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Rabiner (6] has written an algorithm that uses Eq. (10) to estimate the filter
length and then uses the Parks-McClellan algorithm to determine the actual filter
length that minimizes the maximum allowable errors in the passband and stopband.

Figure 4 illustrates the logic for the algorithm.The algorithm is described below.
w,
D5 5,
27: 2r |° |
Estimate N
using Eq. (10)
Jj=0

NP

N 1ox{2n
Invoke Parks-
McClellan Algorithm

Invoke Parks-
McClelian Algorithm

IDonel

Figure 4. Rabiner's algorithm [6].

After estimating the filter length from Eq. (10), the direction parameter j is

w, d
set to 0. The input parameters N, 2n 2 ,and K = Si are used as input to the

A

Parks-McClellan algorithm that returns the actual stopband error 9, . This value is

compared to §.. If they are equal (within some tolerance), the algorithm is done. If
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A A ;
8, >98,, N is incremented by 2. This increases the order of the approximating
polynomial by 1. If j = —1, the direction of estimation has changed and the

A
minimum value of N that meets or exceeds the specifications has been reached. In
that case, the Parks-McClellan algorithm must be invoked again and the algorithm
is done. If j # -1, itis set to 1 and the Parks-McClellan algorithm is invoked for
another iteration.

A A
If 6, <8, and j=1, the current value of N is the minimum one that meets

or exceeds the specifications and the algorithm is done. Otherwise, 1/\\/ is decreased
by 2, j is set to 1, and the algorithm repeats. From empirical evidence, Rabiner
found that for a large number of lowpass filters with unity gain in the passband, the
filter length could be found after two or three iterations.

What about the lowpass filters used for interpolation? A gain of L is
required of such filters. Intuitively, we can see that increasing the gain while
leaving the other filter parameters unchanged will require a longer filter length. No
allowance is made for this in Eq. (10), nor is one made in Rabiner's algorithm.
Consequently, Rabiner's algorithm will require more iterations to arrive at a final
solution.

We propose a modification to Eq. (10) to better address such problems. A
simple approach is to normalize the frequency response in the passband. Thus, we

can write the new relationship as

A 5, 5 _
= D) gy 3y U (13
(f,=f)IF F
where
5 8 5,2 8 5
Dw(—,:”-,—-,f-)=[al(logw—f) +a,log,,++a,llog,, =
+a,(log,, £)* +a;log,, £ +a,], (14)

f(%’%) =b, +b,(log,, ELL_IOgm GT)



and

Done |

Invoke Parks-
MccClellan Algorithm

12

= 1(3,.8,), (15
a, =5.309x107 a, =—2.660x107
a, =7.114x107 a, =-5.941x107°
a, =—4.761x10™ a, =-4.278x10""
b =11.01217 b, =0.51244.
The Rabiner algorithm can then be modified as in Fig. 5. In this case, original
F fp fs SPSJL
AN
Estimate N
using Eq. (13)
/=0
£,
L
Invoke Parks-
McClellan Algorithm
<
Yes
Done
Yes No
N=N=2
No
J=1 J=-1

Done

Figure 5. Modified algorithm .
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specifications are stated in terms of frequency and are used to estimate the filter
length. This feature links the program input more closely to the design problem.

The following example demonstrates the effectiveness of using Eq. (13) to

estimate the filter length. Suppose that we want to design a lowpass filter which
has the following parameters: F = 48 kHz, f, =20 kHz, f, =22 kHz, §, =107,
and 8, =10"°. We also want to vary the filter gain L. The test is to compare the

number of iterations required to arrive at a filter length that meets the design

specifications using Egs. (10) and (13). The results are shown in Table I. It is

TABLE I
COMPARISON OF EQS. (10) AND (13) FOR ESTIMATING

THE FILTER LENGTH
L ]/\\/ - Eq. (10) Iterations N ]/\\/ - Eq. (13) Iterations N
1 102 2 98 102 2 98
2 102 4| 110 115 41 107
5 102 11| 124 129 41 121
10 102 141 130 140 5] 130

obvious that more iterations are required as L increases if Eq. (10) is used. A few
more examples were tested, resulting in the following conclusions:
1.If L =1 or 2, Eq. (13) was either comparable or superior to Eq. (10).
2.1f L>2, Eq. (13) was always superior to Eq. (10).
3. The estimations by both Egs. (10) and (13) became less accurate as L

increased.
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Perhaps with more research, an estimate superior to Eq. (13) can be found by
determining new constants.
We have written a Turbo Pascal PC program for the modified algorithm.
The program will take from one second to two minutes to arrive at a satisfactory
filter length, depending upon the other specified filter parameters. Figure 6 shows

the input for the modified algortihm program.

Type the sampling rate, Fp, Fs (Gin Hz2), gain, delta p, and
delta s and press <ENTER>: 48e3 28e3 22¢3 1 1e~2 le-6

The program is determining the filter length. frequency
response, and coefficients vhich best meet the design
specifications. Please be patient.

Press <ENTER> uhen you are ready to see the output _

Figure 6. Input for the modified algorithm program.

On the following page, Fig. 7 shows the frequency response. The filter
coefficients, the extremal frequencies, and some other band data are also available
as part of the program, but are not shown here. The filter coefficients may be

saved to a file at the conclusion of the program.
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Figure 7. Frequency response of the lowpass filter system,




REVIEW OF SOME FUNDAMENTAL DIGITAL SIGNAL PROCESSING
CONCEPTS

SAMPLING RATE CONVERSION

Decimation By An Integer Factor M

Suppose that we want to reduce the sampling rate of a digital signal by an

integer factor M. If the initial sampling rate is F, the resulting sampling rate will

be
= F
F'= i (16)
and the corresponding sampling period will be
T'=MT, (17)

where T = %

An easy way to understand decimation is to examine the time and
frequency domain graphs. Figure 8 illustrates the overall process in a block

diagram and the time and frequency responses in graphs as the signal is processed.

N o v v v " w =

Figure 8, Decimation by an integer factor M [2].
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In the frequency domain, the lowpass filter anticipates the sampling rate
reduction by ensuring that the frequency components above % are negligible.
The frequency response of the lowpass digital filter approximates the ideal
characteristic
4

|0)| < ZTE(T) =

L
M (19)
ﬁSImISn

10] 1,
H,(e")= {
0,
Suppose that the filter is a type I FIR linear phase system as in Eq. (1). The filtered

output response to an arbitrary input sequence x[n] will be

N1

2 N-1 N-1

winl= Y hlklx[n—kl+x[n—(N -1-k)]} - h — M5 (20)
k=0

The sampling rate reduction is achieved by processing the filtered output through a

sampling rate compressor. The compressor saves every M th sample and discards

the rest. This process is called downsampling and can be represented

mathematically by
ylm]=w[Mm]. (21)
Substituting Eq. (20) into Eq. (21) results in
N-1
ylm]= ih[k]{x[Mm —k]l+x[Mm—-(N-1-k)]}- h[Nz— I]X[Mm - ﬁzll—] (22)
k=0

The process of lowpass filtering a signal and downsampling the result is called

decimation.

Interpolation By An Integer Factor L

If we want to increase the sampling rate F of a digital signal by an integer
factor L, the new sampling rate will be
F'=LF (23)
and the corresponding sampling period will be

=T
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where T = L

7
Again, we refer to the time and frequency domain graphs as an easy way of
grasping the concept. Figure 9 illustrates the overall process in a block diagram

and the time and frequency responses in graphs as the signal is processed.

SAMPLING RATE
EXPANDER

x (n) wimy | (m}
T L Ir h(m) !
F FlaLF F
- |
| \T\ . et
x(n}! AN - ix{e!V '
! \
L i A
ey ST T -
(c)
~——-
wim) ’ \\\ = (W / \
. H .
N o TmL ” 2T w

(d)

l - —4
1
F

27 W'

Figure 9. Interpolation by an integer factor L [2].

The sampling rate increase is the result of processing the signal through a
sampling rate expander. The expander inserts L —1 zero-valued samples between
each pair of samples of x[#], resulting in the sequence

x[%l]’ m=0,£L,£2L,...

0, otherwise. (25)

wlm] = {

This process is called upsampling.

In addition to having the baseband frequencies of interest (i.e., —27t(i;§—) to
2%(%), where f.. is the cutoff frequency) in its spectrum, w{m] also has images
of the baseband in its spectrum. The images are centered at i2—13t4—g To

eliminate these undesirable images, w[m] must be filtered through a lowpass digital

filter that approximates the ideal characteristic
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17

, PAR .4

Hd(ejm)'_'{ . |(0|<2717(F, L (26)
0. Zslof<n

f f

where @’ = 27:(—F—,) = ZR(F). The passband gain must be L in order to

compensate for the energy lost in filtering out the L —1 harmonic images. The
process of upsampling followed by lowpass filtering is called interpolation.
Assume for the moment that the lowpass filter is an FIR system of infinite

length. The filtered output will be

ylm]= ih[m —klwlk]. 27

k=—~oo

Substituting Eq. (25) into Eq. (27) results in

yiml= Y h[m—k]x[—i-], 28)

=00

where x[—lz—‘] is nonzero when —i— is an integer. If we make the substitution
k
—=7, 29
3 29)

we have

ylml="Y hlm-rL)x[r. (30)

r=—oo

We now make another substitution

r=[%J—n. (31)

where | #] is the truncation of u to the next lowest integer. The result is

yiml='3 Hm ~| 2 |L+ nLx| 2 |- n)

n=-—oo

= 3 Wm® L+ nL1x]| |- n) 32)

n=—oo0

where m® L denotes the value m modulo L, or the remainder of m divided by L.

Next, we introduce the notation

8nerln]1=hm® L+nL] (33)



20
to highlight that A[m @ L + nL] is periodic in m with period L. Since g4, [n]1s
the impulse response of the system at time m to an input at time [ZJ —n, adelay
of the input will not necesarily result in the same delay of the output. Thus, the

system is time-varying. Substituting Eq. (33) into Eq.(32) results in

yim)= Y g el 2|1, (34)

Suppose that the filter is an FIR linear phase system having filter length N
such that N = QL, where Q is an integer. If N is not an integer multiple of L, we
can pad A[k] with zeros so that the FIR filter length will be N = QL, yet the

sequence h[k] will remain unchanged. In either case, Eq. (34) can be expressed as

0-1
Ym)=Y g x| 4| -nl. (35)

n=0

When this form is employed, the number of computations is reduced by a factor of

1 .
I compared to the direct form for each output sample.

Conversion By A Rational Factor L/M
If the sampling rate of a digital signal is F and we convert it by a rational
L . .
factor Ve the resulting sample rate will be
=L
F'= i )F (36)
and the corresponding sampling period will be

T’ = (%)T, (37)

where T = % There are two ways of describing such a sampling rate conversion

system. The first way is to consider the system as the cascade of an interpolation
subsystem followed by a decimation subsystem. This is shown in Fig. 10(a). Note
the order of the subsystems. If the order were reversed, there would be fewer

samples used as a basis for interpolation. As a result, the output signal would be
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less accurate. The second, more efficient way is to replace the two lowpass filters
with one as shown in Fig. 10(b). This is possible since both filters are operating at

the same sampling rate.

INTERPOLATIONBY L DECIMATION BY M

l" ly(m

x(n) TL w k) h(k) vik) lM ﬂ)

F F'= LF F* F‘-% F

(b)

. . . L
Figure 10. Two ways of interpreting sampling rate conversion by o [2].

In order to fulfill the role of a lowpass digital filter for both interpolator

and decimator, the filter should approximate the ideal characteristic

o mine T T
Hyewy={ b <nm1:( L ) (38)
; 1 fO, mm(z-,-M—) <7
where 0" =2n(—) =27(—)(=).
(F,,) (L)( )

Examining Fig. 10(b), we see that the time domain relationship for the

interpolator subsystem is the same as Eq. (32). Thus, we have

k1= S ALk ® L+nLlxl] & |-n). (39)

n=—oo

From Eq. (21), we have
ylm]=v[Mm]. (40)

Substituting Eq. (39) into Eq. (40) results in
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yim) = ih[MmeaLmL]x[LML'ﬂJ— nl. 41)

Nn=-—oco

We now use notation similar to that which we used in Eq. (32); namely,
Zumor (N1 =A[Mm® L +nL)]. (42)
Again, this is a convenient way of highlighting the periodicity. Also, this notation is
makes it easy to translate the scrambled coefficients into a two dimensional
sequential array in a computer pfogram that implements a sampling rate
conversion.
If the filter is an FIR linear phase system having filter length N and

N = QL, where Q is an integer, Eq. (41) can be expressed as

0-1
yml =Y, gy (x| 42 |- ). (43)

n=0

When this form is employed, the number of computations is also reduced by a

factor of % compared to the direct form for each output sample.

IMPLEMENTATION OF A ONE-STAGE SAMPLING RATE CONVERSION
SYSTEM USING FIR STRUCTURES

An Efficient FIR Structure For Decimation By An Integer Factor M

Consider the decimator model that was developed in the previous section
and is shown again in Fig. 11(a). According to the model, the input sequence is
first lowpass filtered at the high sampling rate F' and then downsampled by the
sampling rate compressor. The two-step process is described by Eqgs. (20) and (21)

and the equations are repeated here
N-1
win]= Y hlklx(n—k] (44)
k=0

ylm]=w{Mm]. (45)



23
A realization of these equations is shown in Fig. 11(b) and is called the direct form

Structure.

The decimator can be realized more efficiently, however, if we substitute
Eq. (44) into Eq. (45). The result is Eq. (23), which is repeated for convenience as

yim)=Y AlkIx{Mm—k] (46)

k=0
A realization of this equation is called the transposed direct form structure and it is

shown in Fig. 11(c). The advantage of this realization is that the filter now

. F . .
operates at the low sampling rate ] and the computational rate is reduced.

xn) vim
(a? 4™
¢ F 2
" xn) NO) m"j yim)
¢
v 1) —
! n2)
x-'
l"{ HN-1 }
xn) — n0) yom)
te} ) F
! f'—""l N1
)
Pl
N2)
! NN
|
14 rm

Figure 11. Generation of an efficient direct form structure for realizing
decimation by an integer factor M [2].

Further reduction of the computational rate can be realized if the filter
coefficients are symmetric. If the filter length is even and the coefficients are

symmetric, Eq. (46) can be written as
N

—1

N-1
ylm] = 2Zh[k]x[Mm—kH Y hlkIx[Mm—k]
k=0 N

k=——
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2o

hlkIx[Mm —k]+ 2z’h[N —1-k]x[Mm—(N -1-k)]
k=0

Iz

1
=~ o
[ \g

|z

hlkHx[Mm —k]+ x[Mm—(N —-1-k)}}. (47)

>
<

A realization of this form is called the symmetric transposed direct form structure

and is shown in Fig. 12. This structure requires %’— multiplications and N —1

heo) y(mi

rin) I'_Il

!_“ e ni2)
| — — ]
— N }—L—f'u
pilaniie
N e

Figure 12. An efficient direct form structure for realizing decimation
by an integer factor M that uses symmetry [2].

additions for every output sample. Since the compressor discards M —1 of every

M input samples, the filter operates at the low sampling rate TF/!- Consequently,
F(N T F "
only w7 multiplications and H(N —1) additions are performed every second.

If the filter length is odd, it can be shown that —%(%} multiplications and

%(N —1) additions are performed every second.

An Efficient FIR Structure For Interpolation By An Integer Factor L

A model for the interpolator is repeated in Fig. 13.

un) '__l r—ﬂ yom)
St e

Figure 13. Block diagram for an interpolator [2].
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As we have previously shown, the interpolator can be represented by the

equation

-1
yml= Y gaclnlxl] |-nl. (48)

n=0

The direct implementation of this equation is shown in Fig. 14. The sets of

x(n) y(me

{%(nq yo(n)%’ N

1

/

NRALE FYE!

| e oy
N LU 1
'!——'{;(nrl 1' L |

b &l

bl

2

y, _,(M
e

LF

F
Figure 14, Efficient structure for an interpolator [2].

coefficients g,[nl,8,[n},...,8,_,[n] can be treated as L separate, linear, time-

invariant filters that are decimated (by a factor L) versions of the impulse response
h[n] and operate at the low sampling rate /. When treated in this way, the sets of
coefficients g,[nl,g,[n],...,8,,[n] are referred to as polyphase filters [2]. The
structure in Fig. 14 has L branches. Each branch requires 0 multiplications and

¢ —1 additons, summing to a total of LQ = N multiplications and

L(Q-1)= N - L additions for each input sample. Since each polyphase filter
operates at the sampling rate F, FN multiplications and F(N - L) additions are

performed every second.

An Efficient FIR Structure For Conversion By A Rational Factor L/M

Efficient realizations of the decimator and the interpolator were obtained
by commuting the filtering operations to occur at the low sampling rates. Such an
operation is difficult for the model shown in Fig. 15 because the filter is located

between the expander and compressor. Efficient structures do exist, however.
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x(n) ?L wk) h (k) vik) lM y {m)

F

x|

F F's \F F Fe

Figure 15. Block diagram for converting the sampling rate by -AI—:I— [2].

Figure 16 shows how the equation can be implemented using a computer program

x(n') y(m')

Q
INPUT OUTPUT

BUFFER BUFFER
(M SAMPLES) (L SAMPLES)
Fi=—=0—="" =05
STATE - VARIABLE S N N
SUFFER goln't  gytn" 'R

{Q SAMPLES)
COEFFICIENT STORAGE

(L SETS OF Q SAMPLES EACH

Figure 16. Block diagram of a program structure for converting
. L
the sampling rate by 7] [2].

whereby a block of M input samples is converted into a block of L output
samples. The program starts by initializing all buffers to zero. M input samples are
then shifted into the input buffer and the first of those is shifted into the state
variable buffer. Next, each of the O samples of the state variable buffer is

multiplied by one of the O samples of the coefficient set g,[n] and the products
are summed, resulting in y[1]. An additional decision must be made to calculate
ylm] when m>1.If V%EJ increases by one, another input sample is shifted into
the state variable buffer. Otherwise, no change is made to the input buffer. In
either case, an output sample is then calculated.

For each output sample, O =% multiplications and 0 —1= -AZ,-—I additions
are required. Since each of the O-tap FIR lowpass digital filters operates at the
sampling rate F (%), F (%) multiplications and F (—IXA:[L—) are performed every

second.
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IMPLEMENTATION OF A MULTISTAGE SAMPLING RATE
CONVERSION SYSTEM USING FIR STRUCTURES

Multistage structures have proven to be very efficient when designing
sampling rate conversion systems [2]. They are particularly useful in cases where
the sampling rate factors L or M are much greater than one or they are
approximately equal.

If a sampling rate conversion system has more than one stage, the ratio of
ransition band to sampling rate for each stage is greater than it is for a single
stage. From Eq. (13), we can see that this ratio is inversely proportional to the
estimated length of the lowpass filter. Consequently, the length of the lowpass
filter for each stage will be less than the length of a lowpass filter for a single stage
system. In many cases, the sum of the lengths of the lowpass filters for all stages
will be less than the length of the lowpass filter for a single stage. This can
significantly reduce the computational rates and required storage.

To demonstrate the effectiveness of the multistage design, consider the
following example. Suppose that the input sampling rate is 4 kHz and the desired
output sampling rate is 200 Hz. The decimation factor is M = 4000/ 200 = 20.
Assume that the passband of the signal ranges from 0 to 40 Hz and the signal is
attenuated for frequencies 50 Hz and above. Also, assume that the maximum
allowable errors in the passband and stopband are 1072 and 1075, respectively. We

will now examine three different system designs.

Design 1
The first design is the single stage system as shown in Fig. 17(a). The

frequency response of the lowpass filter is shown in Fig. 17(b). To estimate
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x(n) H 20 y(m)
Az 7 \L 2001z
N
(@)
: | L A1 11 / 1 \
4050 oo M | 4000 | fH
3550 4050
(b)
Figure 17. One-stage decimator.
the lowpass filter length, we refer to Eq. (13).
" D_(102,107) 2 s (50—-40)
N=—7b—=2—7——f107,107)——
50-40
( %0 00 4000
=1,734 taps 49)

The required amount of storage is equal to the number of filter taps. The

multiplication rate (assuming symmetry ) is (200)(%) =173,400 mps

(multiplications per second). The addition rate is (200)(1734 —1) =346,600 aps

(additions per second).

Design 2
If we factor M = 20 into descending prime numbers [2], we have the

structure shown in Fig. 18. In this case, there are three stages and each stage has a

lowpass filter to prevent aliasing as the sampling rate is decreased. The passband

Stage 1 Stage 2 Stage 3
x(n) y(m)
Xy H \|/5 H \Lz H \Lz IALLIEN
4 kHz n P BOO H2 2 [ 00 H2 s P 200 Hz
Nl N2 NS

Figure 18. Three-stage decimator.
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for each lowpass filter is the same; namely,
0<f<f,. (50)
The stopband region varies depending upon the stage. If F,_| is the incoming rate
and F, is the outgoing rate of the ith stage and we do not want aliasing in the final
transition band, the stopband region can be described by the inequality
F-f<f<i, (s51)
Thus, the transition bandwidth is
AF =F~-f,-f,. (52)
For the last stage, however, the stopband region must be
f<f <% (53)
with the corresponding transition bandwidth
AF=f,~f,. (54)
The frequency responses of the filters are shown on the next page in Fig. 19.
For a multistage design, the overall passband magnitude response is the

product of the magnitude responses of the stages [2]. If the lowpass filter of each

stage i of an [ -stage decimator satisfies the condition
1-8, <|H, (%) <148, f & passband, (55)
and if the responses align precisely in frequency in the passband (peak-to-peak in
an equiripple design), we would have
(1-8,) <|H,(e”¥"™)<(1+38,)",  f < passband. (56)
Since &, is a small number, the above bound can be approximated as in the

following inequality
1-18, <|H,(e”¥'*)[<1+15,,  f e passband. (57)
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Stage 1 Low Pass Filter

‘/\
Vo
L1l { f1 i

4050 800 "' 2000 '3200 4000 f, Hz
750 3250 3960 4040
()
H Stage 2 Low Pass Filter

800 f,Hz
350 450 760840

Stage 3 Low Pass Filter

4050 200 350400450 f.Hz
360 440
(c)
Figure 19. Frequency responses of lowpass filters for three-stage

decimator.

Clearly, the passband ripple will increase with the number of stages. To
avoid this increase, we define
o) =—+F (58)
and replace 8, by &', in Eq. (55). Thus, we have
1-8, <|[H (") <148, f € passband. (59)
This will guarantee the overall passband specification
1-8, < IHO (e*¥'F )I <143, f € passband. (60)

-2

=3.33x1072. A similar

The modified error specification for each stage is &', =

analysis for an interpolator lowpass filter with gain L is done in the Appendix.
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Since the lowpass filter stopband ripple is less than one for each stage, any
overlap of the stopbands will further reduce the overall stopband. Consequently,
no adjustment is needed for the stopband specification

-8, <|H,(e”¥"™)| <35, f € stopband. (61)

Estimates of the lowpass filter lengths can be determined from Eq. (13).
We refer to Fig. 18 to determine the sampling rates for each of the lowpass filters.
We can then use the formulas that we derived in the section on decimation and
compute the computational rates and storage requirements. The complete

specifications for the three-stage design are listed in TABLE 1I on the following

page.

Design 3

If we examine TABLE 11, we can see that stage 3 requires the longest
lowpass filter length. In Design 3, we will show a way that can reduce the length
by adding another stage consisting of one lowpass filter.

The filter length of the /th stage of an I - stage sampling rate conversion
system can be approximated by the following equation when the transition band is

small compared to the sampling rate:

A Deo(§-’;,8s)
Ni=G=fy
.

Suppose we increase the number of stages to / +1 by adding a lowpass filter to the

(62)

system. In that case, the filter length of the /th stage is

5
n o D.(509)
Ny = m—Lt] (63)

(F; —fs—f%_
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TABLE 11
SPECIFICATIONS FOR A THREE-STAGE DECIMATOR

I Ni M, F, FE fm [, b N Ss._ mps aps
1 251 514000f 800 40| 750 3.33x10°] 107°{ 10,400 | 19,200
2 12] 2| 800| 400|{ 40| 350| 3.33x107| 10| 2400 4,400
3 191 2| 400] 200 40| 50| 3.33x10°| 10| 19,200 | 38,000
Overall | 2281 20| 4,000 200| 40| 50 1072] 107 32,000 | 61,600

Note: All frequencies are in Hz.

and the filter length of the (/ +1)th stage is

A 6 5.8, ”
Niw = (f f/
If we add Egs. (63) and (64), we have
NA NA ( 5) D,‘,(8 ,9,)
LAN =
TR f f)“ (f f/
=D”(16:1’5‘)'(E—P};—fp+f:lf,,)' (65)

We want to determine the conditions that will ensure Eq. (65) is less than Eq. (63).

Thus, we assume that

o F, F,
D.(—£,8,) | —L L |<p.e3 66
“T )(E-Ji—f,+ﬂ—pr T )(f f) (e

From Eq. (14), we see that

£-.5,). 66b
-(o7%) (66b)
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The inequality can be simplified as follows
Fi F___F
F-f-f, f-f, f-f
fi _fp < F,-F
F, "f.v _f;: F,
Since F,_, = D, - F,, we have the following inequality
L1 < D/F -F
F-f-1 DK,
f:v —fp < Dl _1
F} -f:v —fp Dl

D _f_
5 o f <=t S,

2D, -1\, (1
(oo

Thus, Eq. (66d) is a sufficient condition for adding a lowpass filter to a

(66c)

multistage decimator to reduce the total number of filter taps required for the

system. The percent reduction in the required number of filter taps for the system is

I-1
2N{+D”[—§”—,63)- Fo
I+1 F-f-1, -1

i=1
I-1
YN, +D,°(8—",55)~——E-1
I -,

) -100% (67)

% Reduction =] 1-

As a direct consequence of the reduction in the total number of filter taps, the
computational rates and storage requirements will also be reduced.

In our three-stage example,

2D, -1\, (1
eplamen
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(2'2_1)-50—(——1—)-40<200
2-1 2-1

110 <200,
Therefore, adding a lowpass filter stage to the three-stage system will reduce the

total number of filter taps. Referring to Eq. (67), we have

% Reduction = (1- 26+13+15+97)-100%

25+12+191

=34%.
The designer should be aware that an additional lowpass filter may increase the
group delay. In our example, the group delay increases approximately four samples
from the three-stage design. See the Appendix for details. The four-stage design is

shown below in Fig. 20.

Stage 1 Stage 2 Stage 3 Stage 4
X 1pr -y \Ls LPF \Lz LPF |y \Lz pF L YM
4 kHz BOO Hz 400 HZ D00 HA 200 Hz 7
N, N, N, N,

Figure 20. Four-stage decimator.

The complete specifications for the four-stage design are listed in Table III on the

next page.

QUANTIZATION ERRORS IN THE DIRECT FORM FIR LINEAR
PHASE DIGITAL FILTERS
Quantization is the process of transforming a sample of signal x[n], whose
A

value is one of a continuous set, into x[n], whose value is one of a discrete set and

closest to the sample value. Quantization levels are usually spaced uniformly. In
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TABLE III
SPECIFICATIONS FOR A FOUR-STAGE DECIMATOR

1 N M, F, FE f, 3, d,  mps aps
1 26| 5]4000| 80| 40| 750 2.5x102 | 107 | 10,400 | 20,000
2 13] 2| 800| 400| 40| 350 2.5x10%] 10| 2.800] 4,800
3 15| 2] 400{ 200 40| 150 2.5x10° | 10| 1,600| 2,800
4 97{ 1| 200| 200] 40| 50 2.5x10° | 10 ] 9,.800| 19,200
Overall | 151 | 20 4,000| 200| 40| 50 1072 ] 10| 24,600 | 46,800

Note: All frequencies are in Hz.

some cases, however, the spacing may be non-uniform. In addition, the sample
values may be rounded or truncated to the nearest quantization level. For our
discussion, we will assume that the quantization levels are uniformly spaced and
that rounding is used to arrive at the nearest quantization level.

A

The difference between the quantized sample x{#] and the actual sample

x[n] is referred to as quantization error and is defined by the equation
A

e[n] = x[n]-x[n]. (68)
The quantization error range is
0 0
> eln] 5 (69)

where Q is the quantization step size that is defined by
Xm
Q= 25 (70)
X, is the full-scale of the quantizer and B is the number of binary bits. Since

e[n]is usually not known, a statistical model is useful in representing the effects of

quantization. The underlying assumptions of this model are [9]
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1.The error sequence e[n] is a sample sequence of a stationary random
process; i.e., the sequence properties do not vary with time.

2.The error sequence is uncorrelated with the sequence x[n].

3.The random variables of the error process are uncorrelated; i.e., the
error is a white-noise process.

4.The probability distribution of the error is uniform over the range of the
quantization error.

There are three types of error which affect the performance of an FIR
linear phase digital filter [10]. The first type occurs when the input samples to the
filter are quantized. This is known as A-D noise. The second type occurs when the
filter coefficients are quantized. Quantizing the results of arithmetic operations
within the filter results is the third type of error, which is known as roundoff noise.

Let us now examine each of these error types.

A-D Noise

Let the error process be defined by the RV (random variable) e, with

auniform distribution over (——S—,—S—). The mean of e is the expected value of e,

and can be determined as follows

=0. (71)
The variance of e, is

o’ =¢E{(e,—0)")
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== (72)

If the input to an FIR N-tap filter is quantized, then the output noise due to the

error is
N-1
Yalnl= D hlkleln—k] (73)
k=0 .
If y,,, is the RV for the output, the mean of y,,p, is
myo.= E{Yan!

N-1
=8{2h[k]e.,.k}

N-1

=Y E{h[kle, )

k=0
N-

1
h[k]E(e,. k)

N'
O

Il
(o)

(74)

The variance of y,;, is

ciw = 8{()'“) - 0)2}

N-1
=8{<2h[k]en.k -0)%}

—8{2 (hlkle,s ) +2}: hike,. k<2hmen,)}

k= j=0

z

" e((hlkle, ) }+228{h[k]e,, k(Zh[j]e,.m
k=1

k=l

— f=4

N- N-1 k-1

>, (k') + 23, D ElHKIe LTy,

k=1 j=0

N-
O
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N-1 N-1 k-1
> (HLKD?Ele; ) +23 > hIkTAL e, s6.,)
N-1 Q N-1 k-1
=Y (WD) -==+23" > KKTA[j]-0
k=0 12 k=1 j=0
Qi N-1 5
12 2 HAD' (75)

Using Parseval's equation [9], we can also state the variance in terms of the

frequency as

2
H(e™)| do. (76)

hn

s 2.1 J
12 277
In many applications, scaling is used as a preventative measure against

overflow. Two of the most common methods are sum scaling and peak scaling.

When sum scaling is used the following restriction is put on the filter coefficients
N-1

Y (k] <. 7
k=0
When peak scaling is used, the frequency response is normalized so that
max|H (e*)|=1. (78)
Examining Egs. (75) and (76), we see that

o? < Q—Z— (79)
Y 12
Filter Coefficient Quantization Noise
Chan and Rabiner [10] reasoned that a statistical analysis of the filter
coefficient quantization noise is appropriate even though the quantization of the
coefficients for a given filter is done only once because of the unpredictability of

the noise. The assumptions about the error process are the same as those

previously mentioned; namely, the RV e, has a mean of 0 and a variance of

Q2
'_2.

Suppose that we have an N-tap FIR linear phase digital filter, where N is



39
odd. If we quantize the filter coefficients, the frequency response of the error due

to quantization is
N-3

E(e™)= ize[k]cos[(N SLEpOPS Pl (80)

The mean of the frequency response erTor is

mg = E(E}

N-3

=8{i 28, cos[ (2
k=0

1—k)(1r)]+eﬁi}
2

2 N-1
=22£{ek}cos[( —kw]+Efey, )

k=0 2

=0. (81)
The variance of the frequency response error is

o2 =E((E-0)")

—k)w]+e§i>2}

N -3
—8{(i2e cos[(

N-3
2.
2 cosl (- —k)w1)2}+8{eu2}
=0 2
N3
2 N-1
+8{2(22ek cos[(——=k)w])(ex, )}
k=0 2

N-3
2 2
= i osz[(N —k)(o]}+—Q—

= 12
+0
N3
=4i8{ei}cosz[(N_l—k)co]+%2—
k=0



&0, N- 0
=4 = _k 4+ =
Zglz cosI(—— 2 o] 12

N-3
0 2, N— 0’
2 4% cos L o1+
12 ;; os (== Rwl+

N3

=_{42 cos [( —k)(o]+1}

Using the change of variables

in Eq. (82) results in

Nl

=—-{42 cos’ (nw)+1}.

n=l
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(82)

(83)

(84)

If the number of filter taps is even, we can use similar calculations to derive the

mean and variance. The results are

mg =0
and
N-1
23 N-1
o) = —Q-—Ecosz[( -n)o].
3 n=0
We now define a weighting function
N 1
W, (@) = {——-[4 o) +1))%
w(@)= {2N il ZCOS (nw)+1])

and substitute Eq. (87) into Eq. (84). The result is

o? ——Q—2—(2N—1)W"(w)
E7 12 N

The standard deviation of the error is

cEg 3 W().

To obtain a closed expression for W, (w), we rewrite Eq. (87) as

(85)

(86)

(87)

(88)

(89)
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N—l
Wy (w) = [ [42 L (14 cos(2ne)) + 1%
2N -1
N-1
1 2
= {———[(N-1)+2) cos(2nw) +1]}*
2N— n=|
—1
12nm +e -j2n0 y
[N+ 22( )
{ [ e,(N+1)m _ej?.u)
2N -1 e —1
—j(N+])o _ -j2m0
+£ — ¢ W
e’ -1
ej(N—l)(o _l_ej(N+l)m +ej2m
_{2N 1[ 1-e/*® —e7% +1
e—;(N—l)m _l_e—j(N+l)m +e-j2(o
TS 1
1-e’® —e’™ +1
1 N+ 2cos(N-Dw-2
2N -1 2-2cos2m
+—2cos(N+1)co+2cos2m]}%
2—-2cos2m
~ IN-1+ 2sin Nosin® _
2N 1 1-cos2mw
1 N 25inN(osin(1)]}y2
2N 1 2sin’ ®
1 sin No
={———[N-1+ %, 90
{2N 1 1 sin® L 0)

From Eq. (90), we can see that 0 < Wy (0) <1 for all N and that W, (») =1 when

® =0 or . Thus,
0 2N—1

S\ 3 91

Op <=

From Eq. (80), we have that E is a RV that is a linear combination of RVs from

the error process in the time domain. Since the error process RVs are independent

0

and 0 outside a finite interval (—%—,-2—), we can justify that E has an approximately

normal distribution for large N, according to the central limit theorem [10].
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We now return to the equiripple FIR linear phase digital filter design.

Recall that design specifications consist of a set of disjoint frequency bands
Q, c[0,x], where k =1,..., P (some finite number), and a set of error bounds 9§,
for a polynomial which is equiripple in the frequency bands and approximates

the desired frequency response H,, (e”). Thus, we have

max|H,(e"*) =~ A(e™)|=8,, k =1,....P, (92)

where A(e’”) is the approximating polynomial. If we denote the quantized

approximate frequency response by A, (e’®), we have

max|H, (€)= Ag (¢ = max|H, (")~ A(e™ )+ A(e’) ~ Ag ()

< joy _ jo joy _ jw

< max|H, (¢”) = A(e’)| + max|A(e™) - Ay (¢

<8, + m%xlE (e )| (93)
Since the RV E has an approximately normal distribution, we have

Pr{E<20,}=0.95. 94)
Therefore, we can state with 95% confidence that
216%):|Hd(ejw)—AQ(ejm )| <8, +20,

2N -1
—
If we restrict the peak-to-peak amplitude of the input signal to be 1, the

<3, +0 (95)
quantization step size will be Q = 27%. Substituting this value into Eq. (95) will
allow us to determine the minimum number of bits required to ensure that filter
coefficient quantization is negligible within a certain percentage range for a given
frequency band. For example, if we want the filter coefficient quantization effects

to be negligible within £1%, we have

8, +0 2L3_1)—8k =0.013,
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Sy e

o8 =_lg()_ 2N -1
d, 3
100 |2N -1
B=log10(8— )/log,,2
. 3

_ 2+log, % ~log,, 8,

96
log, 2 =
Roundoff Noise
As in our discussion on A-D noise, the output will be affected by the error
2
process e, which has mean 0 and variance % If we denote the error at the

output due to roundoff noise as the RV y.,, we have a mean
m, =0 (97

by using similar calculations as the ones we used in the A-D noise section. If we

have a N-tap FIR linear phase filter, where N is odd, and the quantization takes
+1

place between the multiplications and the additions of the filter, there are

white-noise sources at the output. In this case, the variance is
N+1\0?
2
c, =|—|=—. 98
Yro ( 2 ) 1 2 ( )

If the quantization takes place after the additions and a double-length accumulator

is used, the variance will be

Q2
o} == 99
Yro 12 ( )

. . N . . .
If N is even, there will be ey white-noise sources at the output and the variance

will change accordingly.



Conclusions

2
The A-D noise and the roundoff noise both can reduced to % The filter

coefficient quantization noise, however, cannot be reduced to that level as is
shown in Eq. (88). Consequently, the most significant quantization noise for the
direct form FIR filter is the noise that results from filter coefficient quantization.
If we use the transposed direct form structure or the polyphase form
structure, the A-D noise and roundoff noise will remain unchanged because they
are constants for a given value of Q [2]. Also, they will not be affected by an
expander or a compressor. The filter coefficient quantization noise will be
unchanged because the frequency response of the system is the same as the one

resulting from the direct form structure.



A NOVEL PC PROGRAM FOR DESIGNING MULTISTAGE
SAMPLING RATE CONVERSION SYSTEMS

Utilizing the previously discussed digital signal processing concepts, we
have written a PC program that will determine an optimum multistage design for a
given sampling rate conversion. The program consists of an input section, an
analysis section, and an output section. Required data include the following: initial
sampling rate, final sampling rate, passband frequency, stopband frequency,
maximum passband error, maximum stopband error, and two weighting factors for
optimizing the design.

We will explain the program by way of an example. Suppose that we are in
the field of professional audio and we want to design a sampling rate conversion
system for changing the CD sampling rate of 44.1 kHz to the DAT sampling rate
of 48 kHz. Typical specifications are a passband frequency of 20 kHz, a stopband
frequency of 22 kHz, a maximum error in the passband of 107, and a maximum
error of 107 in the stopband.

Once the data has been entered, the program reduces the ratio of the initial
sampling rate to the final sampling rate until no common factors exist in the
numerator and denominator. The numerator and denominator are then factored to
products of prime numbers and arranged so that the numerator factors are
increasing, since they represent interpolator stages, while the denominator factors
are decreasing, since they represent decimator stages [2]. This determines the

maximum number of stages for the system.
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The optimizing factor is determined by multiplying the first weighting
factor by the total additions per second and the second weighting factor by the
total storage and summing them. The total additions per second and storage are
determined by the filter lengths and operating frequencies of each stage. The filter
lengths are limited to 400 by the program.

A new design is created by combining adjacent stages. A new optimizing
factor is then calculated and compared to the original optimizing factor. If the new
optimizing factor is less than the old, the new design is the optimum design.
Otherwise, the old design is still the optimum design. This process of combining
stages and comparing optimizing factors continues until further reduction would
only increase the optimizing factor. This process lasts less than one second on a 33

MHz 486-based PC and is shown in Fig. 21.

ISTAGE MULTIRATE DESIGN PROGRAM

Type D for direct form decimator/interpolator structure
or type T for transpesed direct form decimator/interpolator
strncture and press <ENTER>: t

Type initial sampling r»ate, final sampling »rate, Fp, Fs
€in Hz). delta p. delta s, aptimizing veights for total
add/sec and total storage and press {ENTER>:

44.1e3 48e3 20e3 22e3 1e-2 le-6 1 1

The program has determined the most likely optimum design based
upon the minimization of the ontimizer value (total additions/sec =
weight 1 + total storage * wveight 2> has 3 stages. L Cupsampling)
and M {dounsampling> factors for each stage are listed below.

Stage 1= L 2. M =1

Stage 2: L

Stage 3: L

Press <ENTER> when you are ready to see the next screen.

Figure 21. Input data and optimum design factors.

A block diagram of the design is shown on the next page in Fig. 22.
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o S_fage_] ________ S_ng_e_Z _______ Stage 3
x(n) ' . : yl(m
: 2 LPF 4 LPF 0 LPF 147‘ﬁ
44.1 kHz T 88.2 kH a T 352.8 k '> T2 7056 ki _> \l/ A48 k
: N | N . N -

Figure 22. Three-stage CD-to-DAT sampling rate conversion system.

Once the minimum design is determined, extensive data from the design is

available to the user as shown in Fig. 23. The user can change the design

‘Multi Stage Filter Design
NUMBER OF COMPUTATIONS FOR TRANSPOSED FORM

Sample Rate Conversion by L: MPS = In S.R. > N_. APS = In S.R. » (N-L>.
Sample Rate Conversion by 1/M: MPS = Out S.R. * N/2 if N is even or (N#+1)>/2
if N is odd. APS = Out S.R. = (N-1).
Sample Rate Conversion by L/M: MPS = In S.R. * 1/M x N.
APS = In S.R. % 1/M % (N-L>.

(Hz) (Hz>
out S.R. Mult/sec Add/sec Storage

441008 882040 12612600 12524400
882060 352848 415864080 42336008
3528684 48088 429660 381600
17628608 17139600
If you uvant to examine the filter coefficient quantization
effects, type Y. If you want to try another design, type N.
Press <{ENTER> after you make your choice. y

Type the nunher of hits to quantize the filter coefficients
and press <ENTER>: 24

Figure 23. Analysis data for optimum design.

if the optimum one is not satisfactory and a new table will be displayed. If the user
is satisfied with the initial design, he or she can examine the effects on the
maximum frequency band errors caused by filter coefficient quantization. This is

shown on the next page in Fig. 24.
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. = Multi Stage Filter Design
REQUIRED NUMBER OF BITS TO COMPENSATE FOR FILTER COEFFICIENT QUANTIZATION

Original ép = 1.BE-88BB2, original 6s = 1.8E-B886.
Maximum é6p after quantization to be within 1% of the original 6p with a ¢
confidence interval for each stage. Note, the overall 6p will be less than
listed if the filter lengths are different for each stage and the ripples
do not align. filso, the overall 65 will he much less than listed uwhere the
stopbands overlap since &8s for each stage is less than 1.

est. Cincl. sign hit> 24 hit 24 bhit
delta s coeff. hits delta p

0.80BP78125 Q.8B0RA10680 B.800079783 ©.800002658
A.46880878125 6.A8808106A0 8.8688078853 B.88AB61728
8.008078125 0.6800O1000 8.800079424 6.0060002299

§Ouera11 less than: 0.8160000668 @.008601000 9.8161722%6 0.0800002658

If you vant to change the number of hits, type Y. Otheruise.
type N. Press <{ENIER> after you make your choice. n

If you want to exanine the filter design specificatieons,
type ¥. If you want teo change the original specifications.,
N. Press (ENTER> after you make your choice., y

Figure 24. Effects of filter coefficient quantization.

The required number of bits ensures that the quantization effects are
negligible. The user can experiment with different numbers of bits to see the effects
on the maximum band errors. Note that the overall passband error is maximized
when the equiripples in the passband from each stage align perfectly. This can only
occur if all of the filters are the same, which is not possible. Thus, the ripples will
beat against one another and the overall passband error will less than the
maximum. The overall stopband error will be less than the lowest frequency
stopband because all of the stopband errors are less than one.

If the user finds the filter coefficient quantization effects unacceptable, he
or she may return to the beginning of the program and modify the specifications or
the design. Otherwise, the user may examine the lowpass filter design
specifications as shown in Fig. 25. Note that the stopband frequency of the first

stage is identical to the overall stopband frequency.
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. Multi Stage Filter Design: - -

DESIRED LOWPASS FILTER SPECIFICATIONS

Stage Sampling Rate

20080 22600 0.688078125 A.48800160080
352800 20808 66200 4 @.9008078125 0.00008010600
7856808 20008 330860 20 8.808078125 6.680801600

Press <ENTER> wvhen you are ready to calculate and save the
filter coefficients.

Figure 25. Lowpass filter design specifications.

Let us examine the frequency domain to see how the stopbands are
determined. The passband of the input signal ranges from O to 20 kHz, while the
stopband frequency is 22 kHz. The spectra of the signal are harmonic images of
the baseband (-22.05 k Hz to 22.05 kHz) centered about integer multiples of the

incoming sampling rate (44.1 kHz) and are shown in Fig. 26. The frequency

[T 1 Ty | |
? 22,1 441 66.1 88.2 f, kHz

22 sampling rate

Figure 26. Spectra of the digital input signal.

responses of the lowpass filter stages are shown on the following page. Since our

program restricts the input stopband frequency to be less than min(%,%) ,
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1 Sfoge 1 Low Poss Filter

LA s/

/ \ 44 1 66.1 882 f. kHz
scolmg

factor 22.1 scmphng rate
(a)
H2 Stage 2 Low Pass Filter
4 lr - = == \‘ - - -
[ ' ] ‘N |
20| 441 662 882 2646 286.6 330.8 352.8 374.8 f, kHz
|
22 sampling rate
(b)
H3 Stage 3 Low Pass Filter
20 r- - "I‘ -y
| 1 ‘s I\I |
20| 44.1 330.8 352.8 374.8 | 6703.2 | 7034 7056 7078 f, kHz
|
22 6681.2 6725.2 sampling rate
(©)

Figure 27. Frequency responses of the lowpass filters for a three-stage
CD-to-DAT sampling rate conversion.

there is no danger of aliasing after the sampling rate is downsampled. Thus, it is
unnecessary to factor M into multiple stages. The only decision to be made is
whether to add a lowpass filter stage or not. In our example, the system stopband
frequency requirement is met in the first stage. Consequently, no additional
lowpass filter is needed. This approach is not always the optimum one when

. . L .
converting by a rational factor w however. See the appendix for the more

general case.
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The next screen allows the user to save the filter coefficients to separate

files. The actual length of each lowpass filter is determined using the algorithm that
we proposed in Fig. 5. After each determination, the program calculates the filter
coefficients and saves them to a file. Up until now, the program has responded
instantaneously to the screen dialog. Calculation of the filter coefficients can take
from a few seconds to several minutes, depending upon the number of stages and
the actual filter lengths. The program estimates the time it takes when it is running

on a 33 MHz 486-based PC.

Select the drive (A. B. or C) on uhich to save the filter
coefficients.

The program is now calculating the filter coefficients for each
stage. This process will last approximately 4 minutes. Please bhe
patient.

File C:\filt_1.DAT contains the filter coefficients for stage 1.
File C:\filt_2.DAT contains the filter coefficients for stage 2.
File C:\filt_3.DAT contains the filter coefficients for stage 3.

Press <{ENTER> when you are ready to see the actual specifications.

Figure 28. Lowpass filter coefficients are saved to files.

The next screen displays the actual filter lengths and maximum errors,
along with other quantization data. The user can again analyze the effects of filter

coefficient quantization for different numbers of bits.



ACTUAL LOWPASS FILTER SPECIFICATIONS

(Required numher of bits includes the sign bit)

20008 9.80868a71842 0.000608920
35284008 20008 6.0088726998 0.000BANI36
A.00PB61982 ©.600BBBYI3

ctual is less thant 9.889323270 6.0000009220
‘Required is less than: . . 6.0100688600 B.0800631060

Type the number of bits to guantize the actual filter
coefficients and press <ENTER>: 24

Figure 29. Actual filter lengths and maximum band errors.

The final screen allows the user to continue analyzing the quantization

effects or exit the program.

24 bit 24 bit
delta p delta s

'8 808a73545 8.888BB2583
G 0860877739 B.600001727
; 0PRv63244 8.888U82855

9.009496078 0.000082583 »
B 91PREARRG A.6800810608

» If you want to change the number of hits, type Y. Otherwise.
type N. Press <ENTER> after you make your choice. n

" Press <ENTER> when you are ready to exit the program.

Figure 30. Effects of filter coefficient quantization and exit.



A PC PROGRAM FOR IMPLEMENTING A CD-TO-DAT
SAMPLING RATE CONVERSION

PROGRAM DESCRIPTION

In the last section, we designed a system for converting a CD sampling rate
to a DAT sampling rate. How well does it satisfy our design specifications? To
answer this question, we have written another PC program that implements the
conversion using the filter coefficients that are the output of the multistage design

program. We will step through the program and explain the output as we go.

The input screen is shown below in Fig. 31. The user can choose from one

CD te DAT Sample Rate Conversion Progran

This program will convert the sampling rate of a signal fron
44.1 kHz (CD> to 48 kHz (DAT>. It alleuws you to choose from
three input signals: a sine {(uwith fc = 28 kHz being the highest
frequency with a flat response for audiod, a two-sine, or an
impulse functien.

This program alseo lets you guantize the input, the filter
coefficients, and the output of each stage. The sample rate is
then converted and the error and frequency response are plotted.
The ideal passband delta is 1le~2, while the ideal stophand
delta is le-6. These will vary depending upon the quantizatien
level. The quantization is done by rounding.

Input Options Menu

1. £<> B.5%sin2xpisfet)
2. <) B.25x[cin(2xpinfixt) + sin(2xpixf2xt)]
3. £C( 1, if t = A, otherwise f(t> = 0

Type a number and press <ENTER>:

Figure 31. Input for the CD-to-DAT sampling rate conversion program.
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of three input signals to test the conversion. If option 1 is selected, the user must
enter a frequency from the passband. If option 2 is selected, the user must enter
two frequencies from the passband. Option 3 is a unit sample sequence.

The user next decides whether to quantize the input and the filter
coefficients and output of each stage. Once the user makes a selection, the
program generates the appropriate signal and samples it at the CD sampling rate

of 44.1 kHz. After 11 blocks of 147 samples (—A% = -1—3%) are collected, the

program converts the sequence to 11 blocks of 160 samples, with a resulting
sampling rate of 48 kHz. The frequency response is then plotted on the screen.
Finally, the user may save the sampled output sequence to a file. The total program
takes approximately 15 seconds on a 486-based PC with a math coprocessor.

We will now demonstrate the program through two examples.

SAMPLING A 10 KHZ SINE WAVE

Sampling Rate Conversion

Suppose that we select option 1 as our input, where the frequency of the
signal is 10 kHz and we choose not to quantize. The program samples the signal at
44.1 kHz and reads the filter coefficients that were saved to files earlier. The
sampling rate conversion follows as shown in Fig. 32 on the next page. The first
stage of the conversion interpolates every input sample by a factor of 2. The
second stage then interpolates every output sample from the first stage by a factor
of 4. The process is repeated M =147 times, so that there are L, - L, - M =
2-4-147 =1,176 samples at the beginning of the third stage. The third and final
stage uses the polyphase implementation to interpolate every 147th sample by a
factor of 20, resulting in 160 samples. A flowchart of the algorithm is shown on

the following page in Fig. 33.



55

. £« B.5%sin
2. C B.25=%[sin(2xpintixt) + sin(2xpixf2xt)]
. f¢ 1, if ¢t = B, otherpise f{(t> = A

Type a nunber and press <{ENTER>: 1

Type the frequency of the sine wave and press <(ENTER>: 1Re3

Do you want to quantize? Enter ¥ or N and press <ENTER>: n

The program 1ill nou convert the sample rate. Please be patient.
The input has been sampled and the coefficient files have been read.

Block
Bleck
Block
Block
Block
Block
Bleck

hlocks input data has been converted.
blocks input data has heen converted.
bhlocks input data has heen converted.
blocks input data has heen converted.
blocks input data has been converted.
blocks input data has bheen converted.
hlocks input data has heen converted.
Bleck blocks input data has heen converted.
Block blocks input data has bheen converted.
Block 18 of 11 blocks of input data has been converted.
Block 11 of 11 blocks of input data has been converted.

NI A CIN =

Figure 32. Sampling rate conversion for a 10 kHz signal with no
quantization.
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Figure 33. Three-stage sampling rate conversion algorithm.
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Windowing
Transparent to the user, the program eliminates the first two blocks of the
output sequence because of the group delay associated with the system (more
about that later). The remaining samples of the output sequence are multiplied by a
4-term Blackman-Harris window sequence [11] to smooth the boundaries of the

sequence and thus reduce spectral leakage in the frequency domain.

Frequency Response

A practical tool for analyzing the frequency content of a finite-duration

sequence is the discrete Fourier transform (DFT), which is given by

. 2n
Y- —J(=")kn
YV, 0<k<N-1

X[k1={ (100)

0, otherwise.
The DFT represents samples of the discrete time Fourier transform (DTFT), which
is continuous and periodic in ® with period 2.

A requirement of the DFT is that x[n] and X[k] have the same length, N.
If the length of x[#] is less than the length of X[k], we can always pad x[n] with

zeroes. If the length of x[n] is greater than the length of X[k], we can use other

techniques to make them equal [9].

If we compute the DFT using Eq. (100), N complex multiplications and
N —1 complex additions are required to compute each X [k]. The total
computations required for the DFT sequence of length N is N* complex
multiplications and N - (N —1) additions. If we use symmetry and the periodicity of
e—j(zNE)k" , we can decompose Eq. (100) into successively smaller DFT computations
[9]. This technique is known as the decimation-in-time fast Fourier transform

(FFT) algorithm and results in significantly fewer computations than the direct

method. In the case where N is an integer power of 2, N log, N complex
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multiplications and (N —1)-log, N complex additions are required to compute the
DFT sequence.

The program uses a 2,048-point FFT to calculate the frequency response.
Since the windowed sequence has 1,440 points, it is padded with zeroes so that the
2,048-point FFT can be performed. The frequency response is shown below in Fig.
34, where we see that the frequency content in the stopband is less than the

required -120 dB.

OUTPUT FREQUENCY RESPONSE - NORMALIZED dB MAGNITUDE

U
-
[=}
Q

10
Sampling Rate : 48 kHz
o} Fp ¢ 20 kHz
Fs ¢ 22 kHz
-10 } Signal Frequency : 10.00 kHz
DFT Lenath @ 2048
-20 } 4-tern Bladkman—Harris HWindow Length 1440
-30 |
-40 |
_50 -
-60 }
4 -70}
J
& -go }
-
L]
z
]
T

Il i 1 A L. I 1

] 2 9 [3 8 10 12 14 16 i8 20 22 24
Frequency, kHz

Figure 34, Frequency response for a 10 kHz signal with no quantization.

Quantization

If we had chosen to quantize, we would have had the option to quantize
the input and the filter coefficients and output of each stage using from 8 to 32 bits

(including the sign bit). Suppose that we quantize the input using 16 bits, the filter
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coefficients using 24 bits, and the output using 24 bits. The frequency response is

shown below in Fig. 35. Again, we see that the frequency content in the stopband

is less than the required -120 dB.
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Figure 35. Frequency response for a 10 kHz signal with quantization.

Audio systems typically require a minimum signal-to-noise ratio (SNR) of
90 dB. One way to estimate the SNR is the following procedure. The total output

power is given by the expression

, N-1 2
Y roa } = 2|31 5 (101)

n=0

where y is the RV for expressing the output of the sampling rate conversion
system. According to Parseval's Equation for the DFT [9], the total output power

can also be expressed as
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) 1 N 2
EYrow } =— 2 |VIK]] (102)
N k=0
The program estimates the total noise power by summing the total power except
for a small number of values centered about and including the tone frequency (10
kHz), averaging that number, and multiplying the average by the total number of

points (1,024) in the spectrum. The result can be used to estimate

2 2
SNR:IOIog“’[E{yTO?{; g{g;me }]- (103)
Noise

We see in Fig. 35 that the SNR is more than the required 90 dB.

OVERALL FREQUENCY RESPONSE OF THE THREE-STAGE SYSTEM

Sampling Rate Conversion

If we select option 3 as our input, we will obtain the overall frequency
response of the three-stage system. The frequency response magnitude and phase

are shown in Figs. 36 - 38.

Group Delay

Let us return our attention to the concept of group delay, which is defined by

the equation [9]

" d o
grd[H (e™)]= o {arg[H (™)1} (104)
For a type I FIR linear phase digital filter defined by
N-1
oy e )
H(e™)=e 2 ) a[k]cos(wk), (105)
k=0

it is easy to see that the group delay is samples. A type II filter also has the

same group delay. Since the multistage design program uses either a type I or a

type II FIR linear phase digital filter, the lowpass filter of each stage will have a
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group delay of samples associated with it.
At stage i of a multistage system, upsampling by L, will increase the group
delay of any lowpass filter preceding it by a factor of L,. In a similar manner,

downsampling by M, will decrease the group delay of any lowpass filter preceding

it by a factor of -;14— The group delays of each stage will be additive and the

overall group delay of the system is

T, =_A1;[Tg’ +L (T, +L,T, )]

)

_ 1 169—1+20_(54—1+4_(288—1)
147 | 2 2 2

= 82 samples. (106)

The group delay vs frequency for the passband is plotted in Fig. 38. The values
were calculated using Eq. (104) and they are the same as the theoretical value

calculated in Eq. (106).

Quantization
If we quantize the input, filter coefficients, and output as we did before, we

have the response as shown in Figs. 39 - 41.
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Figure 36. Magnitude response of the system with no quantization.
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Figure 37. Phase response of the system with no quantization.
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Figure 40. Phase response of the system with quantization.
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SUMMARY

We covered several important topics in this paper. The first topic was the
evolution of the design of FIR linear phase lowpass digital filters. We started by

discussing the Parks-McClellan algorithm, which requires the filter parameters

) ) . . .
N, ® »s O, and K = -5-—‘— as input. Next, we discussed a relationship discovered by
P
Herrmann et al. that allows one to estimate the filter length if the other four filter

parameters are known. This led Rabiner to propose an algorithm that uses
Herrmann's filter length estimation equation as a starting point to determine the
actual filter length (or any one of the other filter parameters) by interacting with
the Parks-McClellan algorithm in an iterative manner. We proposed a modification
to Herrmann's equation to give a better estimate in the case of an interpolation
filter. Also, we restated the equation in terms of analog frequency to more closely
link it to a design problem. We modified Rabiner's algorithm and wrote a PC
program that will quickly design a filter given F, f,, f,, L, 8,, and §,.

We reviewed some digital signal processing concepts regarding
interpolation, decimation, and multistage design, and discovered the condition that
determines when to add a lowpass filter to a multistage decimator in order to
reduce the total number of filter taps required to implement the system. The group
delay, however, may increase.

We presented the outline of a PC program for designing multistage
sampling rate conversion systems. We demonstrated the program by designing a

three-stage CD-to-DAT sampling rate conversion system. The program greatly



simplifies the design of multistage sampling rate conversion systems and can
calculate the filter coefficients for each stage very quickly.

To demonstrate the effectiveness of the multistage design program, we
wrote an implementation program for the CD-to-DAT sampling rate conversion.
Included was the algorithm used for the conversion, along with the output from

several examples.
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APPENDIX

On page 31, we addressed the need to modify the passband tolerance
requirement of each stage in a multistage decimator system design. Otherwise, the
passband ripple would increase with the number of stages. We will now address
that issue.

Suppose that the lowpass filter of each stage i of an I -stage interpolator
satisfies the condition

L-3, SIHi(ejzr"’/E )ISL,.+5p, f € passband, (107)
where
L=]]L. (108)

If the responses align precisely in frequency in the passband (peak-to-peak in an

equiripple design), we would have

! 1
[T@w-3s,) SIHo (G )I <[T&: +8,), f e passband. (109)
i=1

i=1

Since 8, is a small number, the above bounds can be approximated by the

following inequality

L L ; L L
L—Z-Z-ﬁp SIHO(e’W’F" )I SL+Z—L—6P, f € passband. (110)

=1 &4 i=1 4
Clearly, the passband ripple will increase with the number of stages. To avoid this

increase, we define

, 8
5 = 'p_l; (111)

i=] Li
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and replace 8, by &', in Eq. (107). Thus, the lowpass filter of each stage satisfies

L-8 < |Hi (e*F )l SL+8), f € passband. (112)

On page 34, we mentioned that adding a lowpass filter stage to a decimator
system may increase the group delay of the system. In the three-stage design, the

group delay is given by
1
T, = -ﬁ[rgl M, + MM, (113)

where
M=MMM,. (114)

In the four-stage system, the group delay is given by
, 1
v=1, +—A—4-[rgl M, + MM, ). (115)

Clearly, the group delay of the lowpass filter will not be reduced by the decimation
factor and may increase the overall group delay. More work needs to be done to
optimize the decimation design by weighting the total additions per second and
storage and the group delay in deciding whether to add a lowpass filter or not.

On page 50, we stated that a .A% sampling rate conversion system is
optimized by addressing the system stopband frequency either in the first or the
last stage of an I -stage system, where I is greater than one. We now derive the
condition for determining which alternative should be used.

If we address the system stopband frequency requirement in the first stage

of an I -stage system, we have

ofys)
N (116)

'=(Ji-f,%’

where F is the initial sampling rate and F; is the final sampling rate. Also, we have
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A

81’
p D»(T’Ss)
I—(F‘l—2_f:s—f;y.
Fiy

If we address the system stopband frequency requirement in the last stage

117)

of an I +1-stage system, we have

d
N Dw[‘zT”rf’s)

N’ = , (118)
: (Fo—fs—f,y
F,
5
N’ Dw(ﬁ—l’ss) (119)
’“(E-z—ﬁ—f,y ’
F_,
and
5
N’ DN(T:ZT’SJ) (120)
141~ (fs—f;y .
F,
Since

D”(S—P,ss):pw(i,ss), (121)
I I+1

the sum of the lowpass filter lengths from stage 2 through I are approximately
equal. To optimize based upon storage requirements, if the the filter length
calculated from Eq. (116) is less than sum of the filter lengths calculated from Egs.
(118) and (120), we should meet the overall stopband frequency requirement in the
first stage, rather than adding a lowpass filter as a final stage. Mathematically, we

can write
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(122)

Since F, =L )F, and F, = (_1\[/:1.)1:0 we have
L __h~,
LM K-f-f,

To optimize based upon additions per second, assume that N, = Q.L,,

(123)

where Q, is an integer, and the lowpass filter has an even number of taps. Thus, we

have

B, 5,

FD“T’x FD*"’I+1’x F,D 70
: (Jz—f,,)/ b (F;—ﬂ—f,,)/ BT Ry,
R &

8, ( 5,
[EORNECORP ae( 3
o| ——=%-L, |<F, -L |+

(fs—f,y (Fo—fi—fp)/ 2M| (f,- f/
oo F
s, 5, (8,
D«»(T’Ss) D. (1+1 5) b. 1+1’8

A N ).124
(Ji—f,,)/ N1 - f/ =)/ |1
F F
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We can derive a similar inequality if L; is not an integer multiple of N, or
the lowpass filter has an odd number of taps. We can also derive a weighted
inequality by combining Egs. (123) and (124).
Another factor that should be considered when deciding whether to
attenuate the system stopband frequencies in the first stage or add a lowpass filter
as a final stage to attenuate the frequencies is group delay. If the attenuation is

done in the first stage, we have

1 L L
T, =—1‘/-1-['cgl+L,tgl_l+...+—--—Lle 182+—L:t“jl. (125)

If the attenuation is done by adding a lowpass filter as a final stage, we have

4 1 ’ 4 L 4 L ’,
T, =T, +ﬁ[t“ +LT,, et LL, T, +—Ll—'cgl]. (126)

If T, <T;, we may want to optimize by attenuating the system stopband
frequencies in the first stage.
An overall optimization factor would be a linear combination of the

addition rate, storage, and group delay.
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