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Abstract: Multi-stage (designed) procedures, obtained by splitting the
sampling budget suitably across stages, and designing the sampling at a
particular stage based on information about the parameter obtained from
previous stages, are often advantageous from the perspective of precise in-
ference. We develop a generic framework for M-estimation in a multistage
setting and apply empirical process techniques to develop limit theorems
that describe the large sample behavior of the resulting M-estimates. Ap-
plications to change-point estimation, inverse isotonic regression, classifica-
tion, mode estimation and cusp estimation are provided: it is typically seen
that the multistage procedure accentuates the efficiency of the M-estimates
by accelerating the rate of convergence, relative to one-stage procedures.
The step-by-step process induces dependence across stages and complicates
the analysis in such problems, which we address through careful condition-
ing arguments.

1. Introduction

Multi-stage procedures, obtained by allocating the available sampling budget
suitably across stages, and designing the sampling mechanism at a particular
stage based on information about the parameter of interest obtained in previous
stages, has been a subject of investigation in a number of recent papers (Lan,
Banerjee and Michailidis, 2009; Tang, Banerjee and Michailidis, 2011; Belitser,
Ghosal and van Zanten, 2013). Specifically, a two-stage procedure works as
follows:

1. In the first stage, utilize a fixed portion of the design budget to obtain an
initial estimate of the key parameter dy, as well as nuisance parameters
present in the model.

2. Sample the second stage design points in a shrinking neighborhood around
the first stage estimator and use the earlier estimation approach (or a dif-
ferent one that leverages on the local behavior of the model in the vicinity
of dp) to obtain the final estimate of dg in this “zoomed-in” neighborhood.

Such two- (and in general multi-) stage procedures exhibit significant advan-
tages in performance when estimating dy over their one stage counterparts for
a number of statistical problems. These advantages stem from accelerating the
convergence rate of the multi-stage estimator over the one-stage counterpart.
Their drawback is that the application setting should allow one to generate
values of the covariate X at will anywhere in the design space and obtain the
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corresponding response Y. Next, we provide a brief overview of related litera-
ture.

(1) Lan, Banerjee and Michailidis (2009) considered the problem of estimating
the change point dy in a regression model Y = f(X)+ ¢, where f(x) = agl(z <
do) + Bol(xz > dp), ap # Po. It was established that the two-stage estimate con-
verges to dy at a rate much faster (almost n times) than the estimate obtained
from a one-stage approach.

(2) In a non-parametric isotonic regression framework, where the response is re-
lated to the covariate by Y = r(X) + € with r being monotone, Tang, Banerjee
and Michailidis (2011) achieve an acceleration up to the /n-rate of conver-
gence (seen usually in parametric settings) for estimating thresholds dy of type
do = r~1(to) (for fixed known ty), which represents a marked improvement over
the usual one-stage estimate which converges at the rate n'/3. This involves
using a local linear approximation for r in a shrinking neighborhood of dy, at
stage two. While the \/n-rate is attractive from a theoretical perspective, for
functions which are markedly non-linear around dg, this procedure performs
poorly as illustrated in Tang et al. (2015), who alleviated this problem by an-
other round of isotonic regression at the second stage.

(3) Belitser, Ghosal and van Zanten (2013) considered the problem of estimat-
ing the location and size of the maximum of a multivariate regression function,
where they avoided the curse of dimensionality through a two-stage procedure.

A significant technical complication that the multi-stage adaptive procedure
introduces is that the second and higher stage data are no longer independent
and identically distributed (i.i.d.), as those sampled in the first stage. This is
due to the dependence of the design points on the first stage estimate of dj.
Moreover, in several cases, the second stage estimates are usually constructed
by minimizing (or maximizing) a related empirical process sometimes over a
random set based on the first stage estimates. Note that to establish the results
on the rate of convergence of the multi-stage estimate of the parameter of in-
terest, as well as derive its limiting distribution, the above mentioned papers
used the specific structure of the problem under consideration and a variety
of technical tools starting from first principles. This begs the question whether
for statistical models exhibiting similarities to those discussed above, a unified
approach within the context of M-estimation can be established for obtaining
the rate and the limiting distribution of the multistage estimate.

We address this issue rigorously in this paper for two-stage procedures. To
accomplish this task, we extend empirical process results originally developed
for the i.i.d. setting to situations with dependence of the above nature. In par-
ticular, we present results for deriving the rate of convergence and deducing
the limit distribution of estimators obtained in general two-stage problems (see
Section 2); to this end, a process convergence result in a two-stage sampling
context is established. Our general results, which are also expected to be of in-
dependent interest, are illustrated on: (i) a variant of the change-point problem
(Section 3), (ii) the inverse isotonic regression, under a fully non-parametric
scheme studied empirically in Tang et al. (2015) (Section 4), (iii) a classification
problem (Section 7), (iv) mode estimation for regression (Section 5) and (v)
estimating a cusp (of a function) of a given order (Section 6) . A key insight
gleaned from the general theory and the illustrative examples is that accelera-
tion of the convergence rate occurs when the parameter of interest corresponds
to a “local” feature of the model (e.g. the change-point in a regression curve),
but also depends on the statistical criterion used.
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2. Problem formulation and general results

A typical two-stage procedure involves estimating certain parameters, say a
vector 6, from the first stage sample. Let én denote this first stage estimate.
Based on 6,, a suitable sampling design is chosen to obtain the second stage
estimate of the parameter of interest dy by minimizing (or maximizing) a random
criterion function M, (d, én) over domain D; C D, ie.,

d,, = argminM,, (d, 6,,). (2.1)
dGDén

We denote the domain of optimization for a generic 6 by Dy. We will impose
more structure on M,, as and when needed. We start with a general theorem
about deducing the rate of convergence of dp arising from such criterion. In
what follows, M, is typically a population equivalent of the criterion function
M, e.g., M, (d,0,) = E[M,(d,0,)], which is at its minimum at the parameter
of interest dy or at a quantity d, asymptotically close to dg.

Theorem 1. Let {M,(d,0), n > 1} be stochastic processes and {M,(d,0), n >
1} be deterministic functions, indexed by d € D and § € ©. Let d, € D, 0,, € ©
and d — py(d,d,) be a measurable map from D to [0,00). Let d,, be a (measur-
able) point of minimum of M, (d, én) over d € D; C D, where 0, is a random
map independent of the process M, (d, 6). For each 7 > 0 and some £, > 0 (not
depending on T ), suppose that the following hold:

(a) There exists a sequence of sets O, in © such that P[d, ¢ ©7] < 7.
(b) There exist constants c¢; > 0, N. € N such that for all 0 € O, d € Dy
with pn(d,d,) < kpn, and n > N,

M, (d,0) — My,(dn,0) > c.p2(d,dy,). (2.2)
Also, for any ¢ € (0,K,) and n > N,
. Pn(9)
sup FE sup  |(M,, — M,)(d,0) — (M,, — M,,)(d,,0)| < C- ,
0605 pu(ddy)<s, vn
d€eDyg
(2.3)

for a constant C, > 0 and functions ¢, (not depending on 1) such that
d > ¢n(0)/0% is decreasing for some a < 2.

Suppose that r,, satisfies r2 ¢y, (%) < +/n, and P (pn(&n,dn) > nn> converges
in, probability to zero, then 1y, pp(dyn,dy,) = 0,(1).

Further, if the assumptions in part (b) of the above theorem hold for all
sequences Kk, > 0 in the sense that there exist constants ¢, >0, C;; >0, N, € N

such that for all 0 € ©F, d € Dy, § > 0 and n > N, (2.2) and (2.3) hold, then

justifying the convergence of P (pn(dn, dp) > Ky ) to zero is not necessary.

The proof uses shelling arguments and is given in Section A.1 of the Ap-
pendix. The shelling arguments need substantially more careful treatment than
those employed in i.i.d. scenarios since the M,, processes depend on the second
stage data which are correlated through their dependence on the first stage es-
timate.

An intermediate step to applying the above result involves justifying the con-

vergence of P (pn(dn,dn) > /@n) to zero. As mentioned in the result, if the

assumptions in part (b) of the above theorem hold for all sequences k, > 0,
then justifying this condition is not necessary. This is the case with most of the
examples that we study in this paper. The following result is used otherwise.
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Lemma 1. Let M,,, M,, and p, be as defined in Theorem 1. For any fixed
>0, let

n(Fn) = inf inf M, (d,0) — My (dn,0)} .
) = B @) B aep, (O Mn(dns )]

Suppose that

sup P (2 sup |M,,(d,0) — M,(d,0)| > C;(I{n)> — 0. (2.4)
gcor, deDy

Then, P (pn(cfn, dn) > nn) converges to zero .

Condition (2.4) requires ], (k) to be positive (eventually) which ensures that
dy, is the unique minimizer of M,,(d,#) over the set d € Dy. The proof is given
in Section B.1 of the Supplement.

The conclusion of Theorem 1, r, pn(dn,dn) = Op(1), typically leads to a

result of the form s, (d, — d,) = Op(1), s, — oo. Once such a result has been
established, the next step is to study the limiting behavior of the local process

Zn(hy6) = vy [Mn (dn + Sﬁ én> — M, (dn, an)]

n

for a properly chosen v,,. Note that

sn(cfn —d,) = argmin  Z,(h, én)
h:dy,+h/sn EDén
Note that Z,, can be defined in such a manner so that the right hand side is the
minimizer of Z, over the entire domain. To see this, let Dy = [an(6y), bn(65)],
say (in one dimension). If we extend the definition of Z,, to the entire line by

defining

Z(h, ) = { Zn(zn(bn(én)

—d,)) for h > s, (bn(0r)
Zn(sn(an(0n) —

) d,) and

d:Lz)) for h < sn(an(an) : dn), (2.5)

then, clearly:

sn(dy, — d,) = argmin Z,(h,0,).
R

In p dimensions, define Z, outside of the actual domain, the translated ﬁén,
to be the supremum of the process Z,, on its actual domain. Then the infimum
of Z, over the entire space is also the infimum over the actual domain. Such
an extension then allows us to apply the argmin continuous mapping theorem
(Kim and Pollard, 1990, Theorem 2.7) to arrive at the limiting distribution of
Sn(dn — dp).

In our examples and numerous others, Z,, can be expressed as an empirical
process acting on a class of functions changing with n, indexed by the parameter
h over which the argmax/argmin functional is applied and by the parameter 6
which gets estimated from the first stage data, e.g.,

Zu(h,0) = % S funo(Vi) = G fogs + Culh,6). (2.6)
=1

Here, V; ~ P are i.i.d. random vectors, G,, = /n(P, — P) and (,(h,0) =
/NP fp n,0 with P, denoting the empirical measure induced by Vs. The param-
eter 6 could be multi-dimensional and would account for the nuisance/design
parameters which are estimated from the first stage sample. The term /nP f,, 1.0
typically contributes to the drift of the limiting process. We first provide suffi-
cient conditions for tightness of the centered Z,(h,6,) and then deal with its
limit distribution.
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Theorem 2. Let 6, be a random variable taking values in © which is inde-
pendent of the process Z,, defined in (2.6). As in Theorem 1, let there exist a
(non-random,) set ©F C © such that P[0, ¢ OT] < 7, for any fized T > 0. For
each 0 € ©, let Fpo = {fnne : h € H} with measurable envelopes F,, g. Let H
be totally bounded with respect to a semimetric p. Assume that for each 7,m > 0
and every 0, — 0,

sup PF}, = 0O(1), (2.7)
ocor
sup PF} ol [Fog>mnvn] — 0 (2.8)
ocor
sup  P(fon,0— fn,hz,g)2 — 0 and (2.9)
ocor
p(hi,h2)<dn
sup ‘Cn(hhe) - Cn(h2,6>| — 0. (2.10)
[ASCH

p(h1,h2)<dyp

Assume that, for 6 > 0, Fns = {f, 4,5 = fan,o  P(h1,ho) < 6} is suitably
measurable (explained below), for each 6 € ©7, F2 s = {(fuhy.0 — frna0) :
p(hi,ha) < 8} is P-measurable, and

sup / sup \/10g N (]| Fu o1l (). Fos: L2(@Q))du = O(1) (2.11)
0coer Jo Q
or o
sup / V108 N (ull ol o). Fono: La(P))du = O(1) (2.12)
veor Jo

Then, the sequence {Z,(h,0y,) : h € H} is asymptotically tight in 1°°(#). Here,
N() and N() denote the bracketing and covering numbers respectively and the
supremum in (2.11) is taken over all discrete probability measures Q.

The measurability required for the class F, s is in the following sense. For
any vector {ej,...,e,} € {—1,1}", the map

(‘/17‘/2,"%‘/77,76761""7671)’_> sup
gnygEFn,é

(2.13)

1 n
—= g, 4(Vi)
Vi

is assumed to be jointly measurable. This is very much in the spirit of the P-
measurability assumption made for Donsker results involving covering numbers
(e.g., van der Vaart and Wellner (1996, Theorem 2.5.2)) and can be justified
readily in many applications. We prove the above result assuming (2.11). The
broad brushstrokes of the proof rely on symmetrization by Rademacher ran-
dom variables and the resulting sub-Gaussianity of the symmetrized processes
(conditional on the data), followed by chaining arguments, and control of the
resulting covering entropy bounds. While this general approach arises in the
proofs of standard Donsker theorems under bounded uniform entropy integral
conditions, the arguments are considerably more delicate in this case, since the
random 6, sits in the second co-ordinate of the parameters indexing the empir-
ical process.

The form of the limit process, which may depend on the weak limit of the
first stage estimates, can be derived using the following lemma.

Lemma 2. For a generic 0, let Ay = n”(6—0,,). Consider the setup of Theorem
2. Additionally, assume that

1 A; = n”(én —0,) converges in distribution to a random vector €.
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2. For any T > 0, the covariance function

Cn(h’17 h’27 A@) = an,h1,0n+n*VAg fn,h2,9n+n7”A9

— P by 0n+n-—v2g P frho 0,407 A,

converges pointwise to C(hy, ha, Ag) on H x H, uniformly in Ay, 6 € OF.
3. For any T > 0, the functions (,(h, 0, + n~"Ay) converges pointwise to a
function ((h,Ag) on H, uniformly in Ny, 6 € OF .
4. The limiting functions C(h1, ha, Ag) and ((h,Ag) are continuous in Ag.

Let Z(h,&) be a stochastic process constructed in the following manner. For a
particular realization & of &, generate a Gaussian process Z(h,&) (indepen-
dent of &) with drift {(-,&) and covariance kernel C(-,-,&). Then, the process
Zn(-,0,) converges weakly Z(-,€) in 1°°(H).

The proof is given in Section B.2 of the Supplement. For notational ease, we
assumed each element of the vector 6, converges at the same rate (n"). The
extension to the general situation where different elements of 6,, have different
rates of convergence is not difficult.

In most of our examples, the second stage limit process does not depend on
the behavior of the first stage estimate. This happens when the limits of C,
and (, in the above lemma are free of the third argument Ay, in which case the
following result holds.

Corollary 1. Consider the setup of Theorem 2. Additionally, assume that for
any T > 0,

1. The covariance function

Cn(h17h270) = an,hl,efn,hgﬁ - an,hl,epfn,hgﬁ

converges pointwise to C(hy, ha) on H x H, uniformly in 0, 6 € ©F.
2. The functions (,(h,0) converges pointwise to a function ((h) on H, uni-
formly in 0, 0 € OF.

Let Z(h) be a Gaussian process with drift ((-) and covariance kernel C(-,-).
Then, the process Zy,(-,0,) converges weakly to Z(-) in £>°(H).

Remark 1. The asymptotic dependence of the second stage processes on the
limit of the first stage process, alluded to above, does appear in connection with
certain curious aspects of the mode estimation problem considered in Section 6.
See Theorem 10 and its proof.

In our applications, the process Zn(h7én) is defined for A in a Euclidean
space, say # = R? and Theorem 1 is used to show that h, := sn(dn —dy),
which assumes values in H, is Op(1). The process Z, is viewed as living in
Bioc(RP) = {f : R? — R : f is bounded on [-T,T]? for any T > 0}, the space
of locally bounded functions on RP.

To deduce the limit distribution of h,,, we first show that for a process Z(h, &)
in Cpin(RP) = {f € Bioc(RP) : f possesses a unique minimum and f(z) — oo
as ||z|| — oo}, the process Z,(h,0,) converges to Z(h,€) in Bioe(RP). This is
accomplished by showing that on every [T, T|?, Z,(h,6,) converges to Z(h,¢)
on (>°([=T,T)?), using Theorem 2 and Lemma 2. An application of the argmin
continuous mapping theorem (Theorem 2.7) of Kim and Pollard (1990) now

yields the desired result, i.e., Ay, 4 argming cpy Z(h, §).
Next, based on our discussion above, we provide a road-map for establishing
key results in multi-stage problems.
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I Rate of convergence.

1. With 6, denoting the first stage estimate, identify the second stage cri-
terion as a bivariate function M, (d,6,) and its population equivalent
M, (d,6,). A useful choice for M, is M, (d,0) = E [M,(d,8)]. The non-
random process M, is at its minimum at d,, which either equals the pa-
rameter of interest dy or is asymptotically close to it.

2. Arrive at p,(d,d,) using (2.2) which typically involves a second order
Taylor expansion when M,, is smooth (Section 3 deals with a non-smooth
case). The distance p,, is typically some function of the Euclidean metric.

3. Justify the convergence P (pn((fn,dn) > nn> to zero using Lemma 1, if

needed and derive a bound on the modulus of continuity as in (2.3). This
typically requires VC or bracketing arguments such as Theorem 2.14.1 of
van der Vaart and Wellner (1996). With suitably selected K, ©] can be
chosen to be shrinking sets of type [0, — K,/n”,0, + K,/n"], when a
result of the type n” (én —6,) = Op(1) holds. Such choices typically yield
efficient bounds for (2.3).

4. Derive the rate of convergence using Theorem 1.

II Limit Distribution.

5. Express the local process Z,, as an empirical process acting on a class of
functions and a drift term (2.6).

6. Use Theorem 2 and Lemma 2 or Corollary 1 to derive the limit process Z
and apply argmin continuous mapping to derive the limiting distribution
of d,.

Remark 2. Note that our results are also relevant to situations where certain
extra/nuisance parameters are estimated from separate data and argmaz/argmin
functionals of the empirical process acting on functions involving these esti-
mated parameters are considered. We note here that van der Vaart and Well-
ner (2007) considered similar problems where they provided sufficient condi-
tions for replacing such estimated parameters by their true values, in the sense

that supgep |Gn(f, 4 *fd,eo)‘ converges in probability to zero. Here, G, =

Vn(PB,, — P), with P,, denoting the empirical measure, fq o are measurable func-
tions indexed by (d, ) € Dx O and 0 denotes a suitable estimate of the nuisance
parameter 6y. We show that while a result of the above form does not generally
hold for our examples, (see Proposition 1), the final limit distribution can still
have a form with estimated nuisance parameters replaced by their true values.

In the following sections, we illustrate the above results. Specifically, in Sec-
tion 3 we study change-points in a regression setting, first illustrating the case
for a single change—point and then generalizing to multiple change-points. Our
second illustration, presented in Section 4 deals with the problem of additive
isotonic regression in which the goal is to estimate the inverses of the component
functions at pre-specified points. Both these examples exemplify the scenario of
multiple sampling domains at Stage 2 discussed above. The third example in
Section 5 addresses the problem of estimating the mode of a regression function
in a fully nonparametric fashion. The fourth example deals with a cusp estima-
tion problem in the context of an MED-type problem (minimum effective dose)
where the regression function is initially flat but then deviates from its baseline
value. The order of the cusp affects the acceleration in the rate of the second
stage estimator. In our final example, in Section 7, we examine a flexible clas-
sifier, where the adaptive sampling design shares strong similarities with active
learning procedures.
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3. Change-point model with fainting signal

We consider a change-point model of the form Y = m,,(X) + ¢, where
my(x) = anllz < do] + Bunllz > do]

for an unknown dy € (0,1) and B, — a,, = con™%, ¢g > 0 and & < 1/2. The
errors e are independent of X and have mean 0 and variance 2. In contrast with
the change-point model considered in Lan, Banerjee and Michailidis (2009), the
signal in the model 3, — a,, decreases with n. A similar model with decreasing
signal was studied in Miiller and Song (1997). We assume that the experimenter
has the freedom to choose the design points to sample and budget (of size) n at
their disposal. We apply the following two-stage approach.

1. At stage one, sample n; = pn covariate values, (p € (0,1)), from a uni-
form design on D = [0, 1] and, from the obtained data, {()Q(l), Xi(l)) e
estimate a,, B, and dy by

b, = (5.

= arg{rﬁni [(Yi(l) —a)’l [XZ.“) < d} + (Yi(l) — B)21 [Xi(l) > d“ .
@A =

These are simply the least squares estimates.
2. For K > 0 and v > 0, sample the remaining ns = (1 — p)n covariate-

response pairs {(Yi@), Xi(z)) }i2,, where

Y = a,1[X® < do) + B[ X > do] + €

and Xi(z)’s are sampled uniformly from the interval D; = [dl —
ny

Knl_"Y,cfl + Kn;7]. The Xi(z)’s are viewed as arising from n i.i.d.
Uniform[—1,1] random variables {U;};2;: specifically, X¢(2) = dy +
U; Kny", with the {U;}?, being independent of the ii.d. sequence of
errors {¢;};2,, and both U’s and €’s are independent of the first stage

data. Obtain an updated estimate of dy by

dy = a;;gging {(yi@) —a)*1 |:Xi(2) < d} + (Yi(z) — B)21 |:Xi(2) > d” .

(3.1)

Here, ~ is chosen such that P (do € [dAl — Kny77,dy + Kn1_7]> converges to 1.
Intuitively, this condition compels the second stage design interval to contain
do with high probability. This is needed as the objective function relies on the
dichotomous behavior of the regression function on either side of dy for estimat-
ing the change-point. If the second stage interval does not include dy (with high
probability), the stretch of the regression function, m,,, observed (with noise) is
simply flat, thus failing to provide information about dy.

In Bhattacharya and Brockwell (1976) and Bhattacharya (1987), similar mod-
els were studied in a one-stage fixed design setting. By a minor extension of
their results, it can be shown that ni”(dy — do) = Op(1) for v = 1 — 2¢,
V(& — ap) = Op(1) and \/H(BA — Bn) = Op(1). Hence, any choice of v < v
suffices.

For simplicity, we assume that the experimenter works with a uniform ran-
dom design at both stages. An extension to designs with absolutely continuous
positive densities supported on an interval is straightforward.
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The expression in (3.1) can be simplified to yield

dy = argmin M, (d, 6,,,) (3.2)

deDénl

where for 6 = (a, B, 1) € R?,

M, (d,0) = Wi (Yi(z) -~ a+ﬁ> (1 [Xi(z) < d} 1 [Xi(2) < dOD

n 2
2 i—1

with Xi(Q) ~ Uniform[p— Kny =7, p+ Kny ™), 0,, = (&, 3,d;) and sgn denoting
the sign function. We take M,,, (d, ) = E [M,, (d,0)] to apply Theorem 1, which
yields the following result on the rate of convergence of ds.

Theorem 3. For dy defined in (3.2) and n =1+ v — 2¢
n"(dy — do) = Op(1).
The proof, which is an application of Theorem 1, illustrates the typical

challenges involved in verifying its conditions and is given in Section A.3.

To deduce the limit distribution of dg, consider the process

1 & 2 a+p (2) - (2)
Zy(h,0) = — (Yf —7) 1 X® <do+hn™ | —1]xP <do|) (33)
0= 255 (10 -2 ] |1 [x <a)
with Xi(Q) ~ Uniform[ — Kny~7, 1 + Kny~7]. Note that n(dy — do) =
argmin,, Z,, (h,0). Letting V = (U, €) denote a generic (U, ), it is convenient
to write Z,, as

an (ha 0) = Gngfng,h,a(v) + CTLQ (ha 0)7 (34)

where (,, (h,0) = /2P frn, n,0(V) and

FramalV) = 0 (ol UBn;) e 210

(1 [,u+ UKn;7 <dy+ hn_"} -1 [,u—i— UKn;7 < do]) )
This is precisely the form of the local process needed for Theorem 2. We next

use it to deduce the weak limit of the process Zn, (h,6).

Theorem 4. Let B be a standard Brownian motion on R and

1 — p)1—2¢p7 1= p)l=€p7
Z(h) = (1—p)'—*p cB(h) + (I—-p)'~*p I
2K
Then, the sequence of stochastic process Z,,(h), h € R are asymptotically tight

and converge weakly to the process Z(h).

The proof, which uses Theorem 2 and Lemma 1, is provided in Section A.4.

Comparison with results from van der Vaart and Wellner (2007). As mentioned
earlier, van der Vaart and Wellner (2007) derived sufficient conditions to prove

results of the form sup,cp ‘Gn(fdé — fa,)| 2 0, where {fqp:d € D,0 c O}
is a suitable class of measurable functions and 6 is a consistent estimate of .
If such a result were to hold in the above model, the derivation of the limit

process would boil down to working with the process {G,, f4,9, : d € D}, which
is much simpler to work with. However, we show below that for h # 0,

Ty, = (an (hyanaﬁnvdl) — Zn, (h’ O‘nvﬂme)) (3'5)



A. Mallik, M. Banerjee and G. Michailidis/Multistage procedures 10

does not converge in probability to zero, let alone the supremum of the above
over h in compact sets and hence, the results in van der Vaart and Wellner
(2007) do not apply. Similar phenomena can be shown to hold for the examples
we consider in later sections.

Proposition 1. Let 72 := o?p"(1 — p)!=%|h|/K and T,, be as defined in

(3.5). Then, for h # 0, T,,, converges to a normal distribution with mean 0 and

variance 3.

The proof is given in Section B.3 of the Supplement. We now provide the
limiting distribution of ds.

Theorem 5. The process Z possesses a unique tight argmin almost surely and
for X = (8K0?)/(ci(1 —p)p”),

n"(dy — do) % argmin Z(h) £ Ao argmin [B(v) + |v]] .
h v

Remark 3. We considered a uniform random design for sampling at both
stages. The results extend readily to other suitable designs. For example, if the
second stage design points are sampled as XZ-(Z) = cil + V;Kni", where V;’s are
i.i.d. realizations from a distribution with a (general) positive continuous den-
sity ¥ supported on [—1,1], it can be shown that do attains the same rate of
convergence. The limit distribution has the same form as above with Ay replaced

by Xo/(24(0)).

The proof is given in Section A.5.

Optimal allocation. The interval from which the covariates are sampled
at the second stage is chosen such that the change-point dy would be contained
in the prescribed interval with high probability, i.e., we pick K and + such that

P (do € [czl — Knq77, di + Knl_"y]) converges to 1. But, in practice for a fixed
n, a suitable choice would be

CV'r/2

1-2¢
ny

Kni 77~

for a small 7, with C /5 being the (1 — 7/2)th quantile of the limiting distribu-
tion of n} **(d; — dy) which is symmetric around zero. As argmin, [B(v) + |v]]
is a symmetric random variable, the variance of (dy — dg) would then be (ap-
proximately) smallest when

& B 8K o2 _ 80207/2
n’ (1 —p)prnn Al— p)an"n}M’*QE
80’207-/2

F— 22

is at its minimum. This yields the optimal choice of p to be pop = (1—2€)/(2(1—

£)):

4. Inverse Isotonic Regression

In this section, we consider the problem of estimating the inverse of a monotone
regression function at a pre-specified point ¢y using multi-stage procedures. Re-
sponses (Y, X) are obtained from a model of the form Y = r(X) + €, where r is
a monotone function on [0,1] and the experimenter has the freedom to choose
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the design points. It is of interest to estimate the threshold dy = r~!(¢y) for
some to in the interior of the range of r with /(dgp) > 0.
The estimation procedure is summarized below: First, sample n; = p X n covari-
ate values uniformly from [0, 1] and obtain the corresponding responses. From
the data, {(Yi(l), Xi(l))}?:ll, obtain the isotonic regression estimate 7,,, of r (see
Robertson, Wright and Dykstra (1988, Chapter 1)) and, subsequently, an esti-
mate dy = 7, L(to) of dy. Sample the remaining ny = (1—p)n covariate-response
pairs {(Yi(2), Xi(g))};ﬁl, in the same way as in Step 2 of the two-stage approach
in Section 3, but now v < 1/3 and Yi(Q) = r(Xi(Q)) + e§2). Obtain an updated
estimate dy = f,jzl(to) of dy, 71, being the isotonic regression estimate based on
{YZ@), X;z)}ignw and f;zl the right continuous inverse of #,.
In this study, we rigorously establish the limiting properties of ds. The parame-
ter «y is chosen such that P (do €ld — Kn",dy + anﬂ) converges to 1. As
n}/?’(cﬂ —dp) = O,(1) (see, for example, Tang, Banerjee and Michailidis (2011,
Theorem 2.1)), any choice of v < 1/3 suffices.

The switching relationship (Groeneboom, 1985, 1989) is useful in studying

the limiting behavior of 7,,, through M-estimation theory. It simply relates the
estimator 7,, to the minima of a tractable process as follows. Let

VO(z) = nig iYi(z)l {Xi(z) < ac} and G°(z) = ni? il [XZ-(z) < x} .
1= 1=

For 0,,, = d and any d € [0,,, — Kn;",0,, + Kn;"], the following (switching)
relation holds with probability one:

Fng(d) <t < argmin {VO(x) —tG°(2)} > X3, (4.1)
2€[0ny —Kny " 0ny +Kny 7]

where X ((3)) is the last covariate value X i(z) to the left of d and the argmin denotes
the smallest minimizer (if there are several). As 7! is the right continuous
inverse of 7, 7, (d) < t < d < 7, }(t) and hence, using (4.1) at ¢t = to = r(do),
we get

dy =77 (to) > d & argmin {(Vo(x) = r(do)G*(2)} > X (3.
2€[0n, —Kny 7 ,0n, +Kny 7]
(4.2)

= argmin {(VO(z) —r(do)G°(x)}.
xe[énl —Knl_'y,én1 +Kn; "]

Note that both # and dy are order statistics of X (since #p,(-) and VO(-) —
r(do)G°(-) are piecewise constant functions). In fact, it can be shown using
(4.2) twice (once at d = dy and the second time with d being the order statistic
to the immediate right of cfg) that they are consecutive order statistics with
probability one. Hence,

dy =3+ 0, ((2Kn17) log ”2) —i+0, <10g"> . (4.3)

no nlty

The O, term in the above display corresponds to the order of the maximum of
the differences between consecutive order statistics (from ngy realizations from a
uniform distribution on an interval of length 2Kn;”). We will later show that
n(FN/3 (3 — dy) = 0,(1). As n1F/3 = o(n'*7 /logn), it suffices to study the
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limiting behavior of & to arrive at the asymptotic distribution of d». To this end,
we start with an investigation of a version of the process {V°(z) — r(do)G°(z)}
at the resolution of the second stage “zoomed-in” neighborhood, given by

Voo, (1) = P, (Y — (d))1 [X(Q) < do +uny”].

For Dénl = [n;’(énl — Knl_’y)ang(é'm + Knl_’y)}?

@ :=n3 (% — dp) = argmin V,,, (u).
uEDénl

Further, let U ~ Uniform[—1,1] and V = (U, ¢). Note that X(® = 6, +UKn "
and Y® =r(0,, + UKn]") +e. Let

Gnauo(V) = n3 (7“(9+UKn1_’Y)—|—6—7‘(d0))><
(L[@+UKn;" <do+uny, | —1[0+UKn;" <dp]).

Also, let
an (uve) = Pn2 [9712,”,9(‘/)} :

Then, @ = argminuepén1 M,,, (u,ém). Let M,,(u,0) = Pgn, e which, by
monotonicity of 7, is non-negative. Also, let 6y = dy and O] = {0 : [0 — 6| <
Krnfl/g} where K, is chosen such that P (énl € @,Tll> >1—7for 7 > 0.
As v < 1/3, 0 is contained in all the intervals Dy, 6 € O], (equivalently,
dy € [0 — Kny",0 + Kn]"]), eventually. Note that M,,(0,6) = 0. Hence, 0
is a minimizer of M,,(-,0) over Dy for each § € OF. The process M,, is a

population equivalent of M,,, and hence, @ estimates 0. We have the following
result for the rate of convergence of 4.

Theorem 6. Assume that r is continuously differentiable in a neighborhood of
do with v'(do) # 0. Then, for o = (1 —2v)/3, n§t = O,(1).

The proof, which relies on Theorem 1 is given in Section B.4 of the Supple-
ment. Next, we derive the limiting distribution of do by studying the limiting
behavior of w = n$d = néHA’)/g (& — dp). Let fn,we = not/674/3g

C’ﬂ2 (w79) = \/%ang,wﬁ and

Zn, (w,0) = Gy fra w0 + Cng (w, 9)'

ng,wngy *,00

Then, n§a =w = Argmin,, ..o, cp,_ Zn,(w,0,,). We have the following result
n

for the weak convergence of Z,,,.
Theorem 7. Let B be a standard Brownian motion on R and

_ p p_\" r'(do)

The processes Zp,(w,0,,) are asymptotically tight and converge weakly to Z.
Further,

802K
(r'(do))*p7(

The proof is given in Section B.5 of the Supplement where the first part of the
theorem is established by an application of Theorem 2 and Corollary 1. Next, an

1/3
n(HN/3(dy — dy) 4 ( 1 )> argmin{ B(w) + w?}.
—p -
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application of an argmin continuous mapping theorem (Kim and Pollard, 1990,
Theorem 2.7) shows the limit distribution of ngHV)/ % (#, — do) to be that of
the unique minimizer of Z(h), which, along with (4.3) and rescaling arguments
gives us the final result.

Again, similar to the change-point problem, extensions of the above result to
non-uniform random designs are possible as well. Also, the proportion p can be
optimally chosen (to be 1/4) to minimize the limiting variance of the second
stage estimate. More details on this and related implementation issues can be
found in Tang et al. (2015, Section 2.4).

5. A mode estimation problem

Consider a model of the form Y = m(X) + ¢ in a design setting where
m(z) = m(||z—dpl||) with m : [0,00) — R being a monotone decreasing function.
Consequently, the regression function m is unimodal and symmetric around d.
Interest centers on estimating the point of maximum dy which can be thought of
as a target or a source emanating signal isotropically in all directions. This is a
canonical problem that has received a lot of attention in the statistics literature
(see discussion in Belitser, Ghosal and van Zanten (2013)), but also has interest-
ing applications in target detection problems using wireless sensor technology;
see Katenka, Levina and Michailidis (2008). In the latter case, one is interested in
estimating the location of a target dy from noisy signals Y; = m(||X; —do||) + €,
obtained from sensors at locations X;. In many practical settings, in order for
the sensors to save on battery and minimize communications, only a fraction of
the available sensors is turned on and if a target is detected additional sensors
are switched on to improve its localization. In this section we study this prob-
lem under multistage sampling and for simplicity restrict to a one-dimensional
covariate (but see the discussion at the end of Section 9 for multivariate regres-
sors).

We assume that m/(0) < 0, which corresponds to a cusp-like assumption
on the signal. We propose the following two-stage, computationally simple ap-
proach, which is adapted from the shorth procedure (see, for example, Kim and
Pollard (1990, Section 6)) originally developed to find the mode of a symmetric
density.

1. At stage one, sample ny = pn (p € (0,1)) covariate values uniformly
from [0,1] and, from the obtained data, (Y;(I),Xi(l))?:ll, estimate dy by
di = argmaxye p,1—p) Mn, (d), where

M, (d) = P,, YD1 || XD —d| <b], (5.1)

where the bin-width b > 0 is sufficiently small so that [do—b, dp+b] C (0,1).
Note that the estimate is easy to compute as the search for the maximum
of M, is restricted to points d such that either d — b or d + b is a design
point.

2. For K > b > 0 and 7 > 0, sample the remaining ny = (1 — p)n covariate-
response pairs {}/;(2)7Xi(2)}, where

YZ.(Q) = m(Xi(Q)) + 652), X? ~ Uniform[d; — Kny ™7, dy + Kny 7).
Obtain an updated estimate of dy by

dy = argmax M, (d), where
dEDénl

M,,,(d) = P,,,Y @1 || X3P —d| <bn"], (5.2)
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0,, = dy and Dy = [0n, — (K —b)n;",0,, + (K —b)n;"]. Here, ~ is chosen
such that P (do c [ch — (K =bn; 7, di + (K —b)ny _'Y}) converges to 1. It will

be shown that n,'/3(d, — do) = O,(1). Hence, any choice of v < 1/3 suffices.
The limiting behavior of the one-stage estimate, which corresponds to the
case ny = n, is derived next.

Theorem 8. We have n,'/3(dy — dy) = 0,(1) and

m =) 4 2 o= (2) g (B0 -1} 53)

where a = \/2(m2(dy + b) + 02) and ¢ = —m/(dy + b) > 0.

The proof follows from applications of standard empirical process results and
is outlined in Section B.7 of the Supplement.

Remark 4. We note that the one-stage result does not require the assumption
that m/(0) < 0 and is valid for both smooth and non-smooth signals at 0. The
criticality of that assumption for obtaining gains out of a two-stage procedure
will be clear from the following theorem.

For the second stage estimate, employing the general results from Section 2,
we establish the following in Section B.8 of the Supplement.

Theorem 9. We have ng™*/3(dy — dy) = O,(1) and

4K (m?(do) + o?)
m/(do+))?p7 (1 —p

1/3
n(1+“¥)/3(a?2 — dy) A (( )) argmax {B(h) — h2} (5.4)

Remark 5. It follows from the above result that small magnitudes of m’(dy+)
lead to higher wvariability in the second stage estimate and suggests that for
smooth, functions, when m/(dy) = 0, the limiting variance of nT/3(dy — dy)
blows up to infinity. That this is indeed the case will be seen shortly, as the actual
rate of convergence of the two-stage estimator obtained via the above procedure
1s slower for smooth m.

Remark 6. It is worthwhile to point out that the symmetry of the function m
around dy is also crucial. If m were not symmetric, our estimate from stage
one, which reports the center of the bin (with width 2b) having the mazimum
average response as the estimate of dy, need not be consistent. For ezample, when
m(z) = exp(—ay|z — do|) for x < dy, and m(x) = exp(—az|x — do|) for x > do,
(ax # as) it can be shown that the expected criterion function, E [M,, (d)] is
minimized at d* = do + (a1 — az)b/ (a1 + a2) # do and that dy is a consistent
estimate of d*.

Remark 7. It is critical here to work with a uniform design for this problem.
The uniform design at each stage ensures that the population criterion function
18 mazimized at the true parameter dy. With a non-uniform design at stage one,
dy will generally not be consistent for dy. Further, if a non-uniform random
design (symmetric about cil) is used at stage two (with a uniform design at stage
one), do cannot be expected to converge at a rate faster than n'/® as it effectively
ends up estimating an intermediate point between dy and dy. See Remark 10 for
more (technical) details.

Remark 8. Root finding algorithms (Robbins and Monro, 1951) and their ex-
tensions (Kiefer and Wolfowitz, 1952) provide a classical approach for locating
the mazimum of a regression function in an experimental design setting. How-
ever, due to the non-smooth nature of our problem (m not being differentiable
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at dy), do is no longer the solution to the equation m’'(d) = 0, and therefore,
these algorithms do not apply.

As was the case with the change-point and inverse isotonic regression prob-
lem, an optimal choice for the proportion p exists that minimizes the limiting
variance of the second stage estimate. As before, K and -y are chosen in prac-

tice such that Kny =7 = OT/Q/TL}/B, where C /5 is the (1 —7/2)’th quantile of
the limiting distribution of ni/g(a?l — dp). The variance of ((22 — dp) would be
(approximately) at its minimum when

1 ( 4K (m2(do) + 0?) )1/3N 1 (407/2(m2(d0)+02) )
R0 \ (! (do+))2p7 (1= p) ) 078 \ (0 (do0) 21 73 (1 = )

1/3

is at its minimum. Equivalently, p'/ 3(1 — p) needs to be at its maximum. This
yields the optimal choice of p to be pop: ~ 0.25.

The case of a smooth m. Next, we address the situation where m is smooth, i.e.,
m'(dp) exists and equals zero. In this setting, the above approach is not useful.
In contrast to the rate acceleration observed for non-smooth (at 0) m case, here
the rate actually decelerates: it can actually be shown that the second stage
estimate converges at a slower rate (n!=7)/3) than the first stage estimate
(see Remark 11 in the Supplement). This is due to the fact that the function
m appears almost flat in the (second stage) zoomed-in neighborhood and our
criterion that simply relies on finding the bin with maximum average response
is not able to distinguish dy well from other local points in the zoomed-in
neighborhood. However, if one were to use a a symmetric (non-uniform)
design centered at the first stage estimate for the second stage of sampling, an
n'/3-rate of convergence can be maintained for the second stage estimate (see
Remark 12 in the Supplement for a technical explanation).

More formally, let W;’s, 1 < ¢ < ngy, be i.i.d. realizations from density g, which
is symmetric around 0. We assume g to be Lipschitz of order 1, supported
on [-1,1], with ¢’(z) # 0 on (—1,1,)\{0}. The second stage design points are
now taken to be Xl-(Z) = Jl + W;Kni", 1 <i < ny. The rest of the procedure
remains the same (as described at the beginning of this section) for constructing
the second stage estimate dy. The following result can then be deduced.

Theorem 10. Assume that the design density g is Lipschitz of order 1. Then
no/3(dy — do) = Op(1) and

A 1—p 1/3
n21/3(d2 — do) = <p > Z (55)

Consequently, n'/3(dy — do) = p~1/3Z.

A sketch of the proof is given in Section B.9 of the Supplement. In particular,
it is interesting to note that the asymptotic randomness in ds comes from the
first stage, unlike the other examples examined. The form of the limit distri-
bution shows that a larger p yields a smaller limiting variance, and that the
precision of the estimate is greatest when p = 1, i.e. a one-stage procedure,
which tallies with the result in Theorem 8.

We end this section by pointing out the contrasts between the mode es-
timation problem and the change-point/ isotonic regression problems. In the
latter problems, the design density at dy appears as a variance reducing fac-
tor in the limit distribution of the first stage estimator itself; see, for example,
Tang, Banerjee and Michailidis (2011, Theorem 2.1) for the result on the iso-
tonic regression problem with general sampling designs. A two-stage procedure
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is formulated to leverage on this phenomenon by sampling more points close to
dy, the first stage estimate of dy. A second stage design peaking at dy (instead
of a flat design) then leads to further gains (see Remark 5). In contrast with
these problems, the mode estimation procedure need not be consistent at the
first stage when the covariates are sampled from a non-flat design (see Remarks
7 and 10). The interaction with the sampling design is much more complex than
the design density simply appearing as a variance reducing factor. Hence, mov-
ing to a two-stage procedure and the use of non-flat densities do not necessarily
buy us gains, as demonstrated by the theorems in this section.

There are some other multistage methods applicable to this smooth m setting
as well. Once could conceive fitting a quadratic curve (which is the local nature
of the regression function m, as m”(dy) # 0) to the data obtained from the
second stage, akin to the ideas in Belitser, Ghosal and van Zanten (2013) and
Hotelling (1941). The Kiefer-Wolfowitz procedure (Kiefer and Wolfowitz, 1952)
previously mentioned, that involves sampling 2 points at each of the n/2 stages,
can be used to estimate the location of the maximum as well, since m’(dy) = 0.

6. A cusp estimation problem

Consider the model Y = pu(X) + € where X assumes values in [0,1], p(z) = 0
for z < dy for some dy € (0,1)and pu(z) > 0 for > dy. We assume henceforth
that p has a cusp of order k > 1 at dy, i.e. p is k — 1 times differentiable at d
with ) (dg) = 0 for j < k — 1 and pu®)(dg—) = 0 whilst ¥ (dy+) > 0. Also
assume that everywhere else p is k times continuously differentiable.

Finally, we assume for simplicity that X is uniformly distributed. Our goal is
to estimate dy, the cusp. We first concentrate on the one-stage problem. Our
estimate of dj is:

dy, = argminP, [(Y — 7,) 1(X < d)],

where 7, = con~¢. The population parameter at stage n is

d
d,, = argmin M,,(d) = arg min / (u(x) — 7)) dz,
0

and solves u(d,) = 7,,. Note that for any « in a small right-neighborhood of dj,
() — p(do) > ¢ (z —dp)*, with ¢ > 0 involving the positive lower bound on the
k’th derivative of x in this small right-neigborhood. Also né/*(d,, —dgy) — 1 > 0.
The above facts are a simple consequence of Taylor expansions.

Now, for d < dy,
dn
M, (d) — My(dy) = - / (1(z) — ) do

dn
— o ld—dol + / (u(dy) — pla)) da

dn

> Tn|d7d0|+c/ (dp — z)F
do

= n7C|d —do| + |dn — do|*t!

= nS|d—do|+n"%|d, —do,

where we use the fact that n®(d, — do) converges to a positive limit. The fact
that u(d,) — p(z) is larger than (d,, — z)¥ up to a constant uses an argument
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similar to the one below (when we deal with d > d,,). For d > d,,
d
M@= Md) = [ ey =) da
a
= /d (u(x) = pldn)) dz
g
- / (x —dy)kde = (d—d,)* .
dn,

The last step needs justification. To this end write
(@) = p(dn) = ' (dn) (& = dn) + " (dn) (@ = dn) /204 .+ 00 (d) (@~ dn)* R,

and observe that i'(dy,), ... u*~1)(d,) are all non-negative and use the positive
lower bound on p®) (d*) on [dy, dg+€o]. The fact that the lower order derivatives
are all non-negative follows from another Taylor expansion: for example:

M/(dn) = M/(dn) - M/(dO) = U(k)(&n) (dn - dO)k_l/(k -1l

for an intermediate point. Thus:

2 3 k+1

p-(d,dn) =n"" (|d = do| + |dn — do|)1(d < dp) + (d — dn)""" 1(d > do) -

Next, p(d,d,) < ¢ translates to:
{|d—do| < (82 né—|d,—do|),d < do}U{do < d < dp}+{|d—dp| < 6> * TV d > d,}.
Next,

E| sup [Gu{(Y—7)(L(X <d)—UX <dn))}| S (PMH'V?,

P(dsdn)§5

where M; is an envelope function for the class of functions involved. Now, note
that the set of d’s corresponding to the d-neighborhood is contained in

[do — 0% n® + |d,, — do|, dy, + 6%/ D] = [d,, — 6% ¢, d,, 4+ 6%/ k1],
and an envelope function is easily given by:
M, s = (Const+ |e|) 1(X € [d,, — 6> nS,d, + 62/ F+D]),

This leads to
Pn(8) = 0/ D 4 5p8/2

Invoking 72 ¢, (1/r,) < /0, gives: o M < vn and r, < n(1=8/2  which
can be rewritten as 72 < nFH+D/(E+1) and 2 < pl=¢, Using 72 p?(d,, d,) =
O, (1) and using the upper bounds on r2 just deduced, we get:

n!'"28(|dy — do| + |dn — do|) 1(dn < do) = O,(1),
pBHD/CRAD=E (14— do| + |d, — do]) 1(dy < do) = Op(1),
(n'=€\dy, — dp [P 4 nFFV/CRD g P 1(dy, > do) = O,(1) ;
and since n¢/*(d,, — dy) has a limit,

n¢'* (d, — do) 1(do < d < dp) = Op(1).
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With ¢ = k/(2k + 1), the conditions give n'/*+1(d,, — dy) = O,(1) and
nt/ @k (d, —d,) = 0,(1), leading to the right bias-variance trade-off. A larger
§ will reduce the order of the distance between d,, and do but will slow down
the convergence of d, to d,. Smaller ¢’s will also not provide a bias-variance
trade-off.

We now come to the two stage procedure, where the first stage estimate is com-
puted based on mn; replicates. The second stage estimate is computed from a
sample of size no: {Yi@), XZ-(Q)}Z1 with Yi(2) = u(Xi(z)) +e§2), fori=1,2,...,n
and XZ@) = d, + U; Kn]", U; uniformly distributed on [0,1]. The second
stage estimate is given by: d? = arg mingep, M, (d,8,,) where 6, = dA%l),
Dy = |[0n = Kny"] with v < 1/(2k + 1) and for d € D,

M, (d,8) = BP[(Y® — 7,) 1(X? < a)],

with 7, = co nl_é and € > k/(2k + 1). The set ©7,, can be taken to be
[do £ K, nfl/(%ﬂ)] for some suitable large K.

Theorem 11. For £ = (14 4)k/(2k + 1) and v < 1/(2k + 1), we have
n(1+7)/(2k+1)(d2 . dO) _ Op(l)

Proof. We start with generic é below. Note that the second stage population

parameter dg) = argmingep, Mny(d,0,) where 0,, = do and

M,(d,0) = PP [(Y?® - 7,) 1(X@ < d)].

It is easy to check that as é/k > 1/(2k + 1) > ~, for all sufficiently large n, for
each § € ©7 (and in particular when 6 = dp),

0 —Kn;" <dy<d? <6+ Kn]"
and that n5/*(d® — dy) — l. Next, consider for d € Dy,

My (d, 0)— M (d®,0) = ny & (|d—do|+|d® —do|) 1(d < do)+n] |d—d@ [F+11(d > d?)

by parallel calculations to the first-stage. The factor n] comes from the density
of the U;’s and the constant involved in > only (possibly) depends on 7 which
determines the neighborhood ©] . Hence:

p(d,d?) = ny S (|d—do| +]d? —dol) 1(d < do) +n] |d—dP 1 1(d > dP).
Hence the set p,(d, d1(12)) < § is contained in [dg — &2 nl_ﬁeré + (dg) —dp), d? +
§2/(k+1) nl_w (k+1)]. The corresponding envelope function whose Lo norm yields
®n(0) is therefore given by:

M) = (Const+ €D ) 1(XP € [dP) — 62 n =T d2) 4 52/t 1) 1/ (EH))

leading to

PO ([ME)2) ~ 6,(6) = y/n] (92/5+0 ny 7/ EH) | g2 ) = (210D b 1) g2 )12,

Using the conditions r2 ¢,,(1/r,) < \/n, equivalently, r* ¢2 (1/r,) < n, we get

Tiné <n @T% < n(lfg),
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and also
pd p=2/(k41) v k/(k+1) <ne T72L < nkA=7)+1)/(2k+1)

Now, 72 p2 (d, dg«?)) = 0,(1) gives:
n! =S (A — dol +1dP — dol) (S < do) = Op(1)

and
(KO- GRED -84 (D) o] 4 42— dof) 1D < do) = O,(1)
But we know that n¢/*(d'?) — dy) = O(1) and therefore né/*(d'? — do) 1(dy <

d'P < dg)) = Op(1). Matching these rates gives:
: ¢ k(1-—y)+1 -
1-2 . A Sl 7 -
§+ . and 1 E+

(2)) = 0,(1) also gives,

Next, r2 p2(d,dy’) =
') AP —d P LD > dP) = 0p(1) & n N EEDER a2 1(dD > dP) = 0,(1),

and
n(k(lf’y)+1)/(2k+1) n’y‘dg) . d5L2)|k+1 1(&%2) > dg?)) _ Op(l)

& plEA=7+D/ D)/ (114D _ g@)| = 0,(1)

Again, matching rates gives:

Loy & g (M-t N L€
E+1 2k + 1 V) k1 k
A simple inspection shows that all four equations are identical and can be de-
scribed by:
2k +1 - (1+7v)k
—y=1¢=——7—.
R $= ohri
Plugging the above relation, we get
n(1+7)/(2k+1)(32 o dO) _ Op(l)
O

To deduce the limit distribution of ds, let n = (1 4+ v)/(2k + 1) denote the

rate of convergence. Also, let

Faamo(V) = 0> ™M (u(p+ UKny ™) + e — ) %
(1[p+UKny” <do+hn™" —1[u+UKn;" < dy)),
Cny (R, 0) = \/rTngng,h,g(V) and
Zny (1,60) = Gy Frag 16 (V) + Gy (1, 6). (6.1)

Note that A = n" (CZQ —dp) and Z,,, has the desired form for applying Theorem
2. We next use it to deduce the weak limit of the process Z,, (h, ).

Theorem 12. Let B be a standard Brownian motion on R and
(1—p)l=2k L —p)" " [u®(dot) | s b
Z(h) = | ————0B(h hETR - Th| .
() =[S o B | h > 0]~ cop
Then, the sequence of stochastic process Z,,(h), h € R are asymptotically tight
and converge weakly to the process Z(h). Since Z(h) lives in Cpin(R), we con-

clude that n /@1 (dy — dy) — argmin Z(h).
The proof, which uses Theorem 2 and Lemma 1, is provided in Section B.10.
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7. A classification problem

In this section, we study a non-parametric classification problem where we show
that a multi-stage procedure yields a better classifier in the sense of approaching
the misclassification rate of the Bayes classifier.

Consider a model Y ~ Ber(r(X)), where r(z) = P(Y =1| X = z) is a func-
tion on [0, 1] and the experimenter has freedom to choose the design distribution
(distribution of X). Interest centers on using the training data {Y;, X;}"_; (ob-
tained from a designed setting) to develop a classifier that predicts Y at a given
realization X = z. A classifier f in this case is, simply, a function from [0, 1] to
{0,1} which provides a decision rule; assign x to the class f(z). The misclassi-
fication rate or the risk f with respect to test data, (}7, X) is given by

R(f) =PV # 1(%)],

where P, the distribution of the test data, can have an arbitrary marginal dis-
tribution for X, but the conditional of Y given X has to match that in the
training data. As R(f) = E[P[Y # f(X) | X]] which equals

EL[f(X) =0]r(X) +1[f(X) = 1] (1 = r(X))],

it is readily shown that R(f) is at its minimum for the Bayes classifier f*(z) =
1[r(z) > 1/2], which, of course, is unavailable as r(-) is unknown. It is typical
to evaluate the performance of a classifier f (which is typically based on the
training data and therefore random) by comparing its risk to that of the Bayes
classifier which is the best performing decision rule in terms of R(-).

We study the above model under the shape-constraint that r(-) is monotone.
This is a natural constraint to impose as many popular parametric classifi-
cation models, such as the logit and the probit involve a non-decreasing r(-).
In this setting, 7~1(1/2) can be estimated in an efficient manner through the
multi-stage procedure spelled out in Section 4. Note that the multi-stage proce-
dure shares similarities to active learning procedures Cohn, Ladner and Waibel
(1994), especially those based on adaptive sampling strategies Iyengar, Apte
and Zhang (2000). Let dy = 75 (1/2) denote the second stage estimate. In
contrast to Section 4, we now have a binary regression model with the un-
derlying regression function being monotone. The asymptotic results for d» in
this model parallel those for a heteroscedastic isotonic regression model (since
Var(Y | X) = r(z)(1 —r(z))) and can be established by using very similar tech-
niques to those needed for the previous section. Specifically, it can be shown
that

W0 /30g gy 4 ((8K7T(do)(1 —7(do)
(d2 dO) — < (T/(do))2p'y(1 _p)

where dy = r~!(1/2). Here, the variance o? in Theorem 7 gets replaced by
Var(Y | X = dp) = r(do)(1 — r(dp)).
Now, the approximation to the Bayes classifier can be constructed as

1/3
)> arglrunin{B(w) +w?},  (7.1)

f(@) = 1lna(2) 2 1/2) =1 |2 > ds).

We compare the limiting risk of this classifier to that for the Bayes rule f*
for a fixed test data covariate distribution, which we take to be the uniform

distribution on [0, 1]. This is the content of the following theorem, where R(f)
is interpreted as R(f) computed at f = f.
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Theorem 13. Assume that r is continuously differentiable in a neighborhood
of do with v'(do) # 0. Then,

2

8Kr(d)(1 — r(d0)>>2/3 |:argmin{B(w) +w?}| .

V1 (do)p7 (1 - p)

This is a significant improvement over the corresponding single stage proce-
dure, whose risk approaches the Bayes risk at the rate n/3, even in the presence
of ‘oracle-type’ information which allows the sampling to be finessed. To elab-
orate: consider a single stage version of this problem with n being the total
budget for the training data. The goal is, of course, to estimate dg = f~*(1/2),
in order to get the estimated Bayes’ classifier. Suppose, ‘oracle type’ information
is available to the experimenter in the form of a density g on [0, 1] that is peaked
around the true dp and can therefore be used to sample more heavily around
the parameter of interest. Thus, Xi,...,X,, are sampled from the density g
and conditional on the X;’s, the Y;’s are independent Bernoulli(r(X;)) random
variables. If d is the inverse isotonic estimate of dq, by calculations similar to
Tang, Banerjee and Michailidis (2011, Theorem 2.1), it can be shown that:

7ﬂ”W%mﬁ;MF»i<

4KT(d0)(1 — T(do
(r'(do))?g(do)

1/3
nt3(d — do) —q ( >)) arg;nin{B(w) +w?}.

The limit behavior of the Bayes’ risk of the corresponding classifier: f (x) =

1(x > d), with respect to the Uniform|0, 1] test-data distribution is given by the
following theorem.

Theorem 14. Under the same conditions as in Theorem 13

2

4r(do)(1 — r(do)) ) o [argmin{B(w) +w?} .

7'(do))g(do)

MWMﬁ—Mﬂ»i<

So, for large values of g(dp), the excess risk of the estimated classifier over the
Bayes’ classifier will be small. However, a comparison of the two theorems in this
section shows that the two-stage procedure, even in the absence of ‘oracle type’
information, produces a classifier that eventually beats the one-stage classifier
equipped with the ‘handicap’ g. The proof of Theorem 13 is given in Section
B.6 of the Supplement, while that of Theorem 14 follows along the same lines
starting from the limit distribution of d; and thus is omitted.

Remark 9. The above procedure illustrates rate acceleration based on a mono-
tone model using the classical isotonic regression estimate. If one is willing
to make additional smoothness assumptions on r, a similar acceleration phe-
nomenon would be observed with smoothed monotone estimates, the difference
being that a faster rate would be achieved at stage two, given that the correspond-
ing estimator at stage one would converge faster than n}/g. There is reason to
believe that an analogous result would hold in non-parametric classification prob-
lems involving multiple covariates, although such an investigation is outside the

scope of the current paper.

8. Multiple sampling domains at Stage 2

The framework developed in this paper captures the essentials of the two—stage
procedure but some embellishments are necessary to incorporate variants. An
interesting (and important) variant arises when, based on the first stage estimate
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én, there are multiple domains of sampling in the second stage. To elaborate:
the preceding formulation naturally incorporates situations where all the second
stage data are sampled from an appropriate neighborhood of the first stage
estimate of interest; however, in certain situations, for example, the change
point problem and the isotonic regression problem discussed in Sections 3 and
4, one can have multiple parameters of interest, say two different change-points
in the first problem, and in the second problem, two different points in the
range of r where we would like to compute the value of the inverse function. We
briefly outline how the results extend in such a situation where there are two
parameters of interest.

Part of the available budget at Stage 2 is then used to sample (conditionally
ii.d.) data from a neighborhood of the first-stage estimate of the first sub-
parameter of interest, and the remainder sampled from a neighborhood of the
estimate of the second sub-parameter of interest, with the two second stage
data sets conditionally independent given the first stage. Writing the parameter
of interest dy = (do.1,do,2), and 0, as the first stage estimate of 6,,, the full
vector of parameters of interest plus nuisance parameters (e.g. the levels of the
piecewise constant function in the change-point model), we obtain second stage
estimates (czn,l, Cing) where

dpy =arg min M (dy,6,) and d,» =arg min M2 (dy,6,).
dreD; a2

The two different random criterion functions: MS}) and Mg) each depend on

D for | = 1,2 are the two neighborhoods of

one of the two stage data sets and D!
the first stage estimates of dy;,! = 1,§ respectively. Theorem 1 can now be used
separately on each of these criterion functions to determine the convergence rate
of the two second-stage estimates. This translates to rates s, and 3, (going to

o0) such that sn(cfml —dp,1) and §n(cfn2 —dp2) are Op(1) where

dp,1 = arg min M(l)(dl,e ) and d, 2 = arg min M()<d2,9 ),
dy €Dy dr€Df?

are the population minimizers at Stage 2, with M,gl)(dlﬁn) = E(Mgll)(d, 0,))
and M,Sz) is defined similarly.

To find the limit distributions of the second stage estimates, we write:

($n(dn1 — dp1),3n(dno — dno)) = (argmin Z (hy,6,), argmin Z (hy,6,)),
R R!

with h
ZT(LI)(h17én) = Un |:M$L1) <dn,1 + 7én) - Mg) (dn,lyén>:|
Sn

and

ZP(h,00) = T [M§> (dn,z + fl,én> -MP (dn,mén)} :
n
and extended appropriately as before.

Suppose now that out of the total budget n, ny = np; observations have
been used at Stage 1 and that no = nps = nay + noo have been used at Stage
2. Here ngoy = npo1 and ngs = npsy and py + po = 1, pa1 + pae = po. In our
examples Z,Sl) and Z7(12) can be expressed as empirical processes acting on two
different classes of functions: namely,

n21

ZM (hy,0) Z Frnr o (Vi) = G frnyo + ¢V (b1, 0)
=1

le
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n22

ZP) (ha, ) Z Frhao G frnao + ¢S (ha, 0) ;

W

here {V;}72} are i.i.d random vectors with distribution P, {V;}722 are i.i.d
random vectors with distribution P, the two sets of vectors are mutu-
ally independent, and also independent of ,,;¢™M (hy,0) = /narPM fon, 0,
C(2)(h2,9) = /nyaP® fn’}m’@, (Ggf) = ,/an(IPS) — P(j)) for j =1,2,and 0 is a
generic element in the range of 0,

Deducing the joint distribution of the normalized second stage estimates involves
computing the joint distribution of the processes (ZT(LU (h1,0,), z? (ha,0,) in an
appropriate topology followed by continuous mapping for the argmin functional.
The following proposition formalizes this.

Proposition 2. Let (X, (h1),Yn(h2)) be a sequence of pairs of stochastic pro-
cesses viewed as elements of Bjoe(RP) X Bjoe(R?), equipped with the usual product
topology. Let (Xoo(h1), Yoo (ha)) be Gaussian processes defined on the same prob-
ability space that lie in Cpin (RP) X Cyin (RY) with probability 1. For every T > 0,
suppose that the restrictions of Xy (h1) to [T, TP and of Yy (ha) to [-T,T)?
are tight with respect to the topology of uniform convergence on I°[—=T,T|P and
[°[=T,T)? respectively. Furthermore, suppose that for every (hgl), th), ce hgk))
and (RS, 8, B, where k,1 € N,

XYy, (YahE) Y| = [(Xe (B, (YooY}

Then, (Xn(h1),Yn(h2)) =d (Xoo(h1), Yoo (h2)) in Bioe(RP) X B (R?) and con-
sequently:

argmin X,,,argmin Y;,) —4 (argmin X, argmin Y,).
( g]RP ns gRq n) d( ng 00 gRq oo)

The next proposition delivers the asymptotic distribution of the normalized
second stage estimators.

Proposition 3. Suppose that the conditions of Theorem 2 hold separately for
each of the function classes .7:( o = {fono i € [T, TP} and .7-'7(5‘; =
{fanso = ha € [T, T)7} for each 6 € ©F, as defined in that theorem. Fur-
thermore suppose that:

1 The covariance functions
CV(h,9,60) = E funo frgo—Efnno Efuge for (hyg) € =T, TP x[=T,T]

C(h,9,0) = E funo fago—Efnno Efnge for (h,g) € [=T,T)x[~T,T]"
C’r(L3)(h7g?9> = Efn,hﬂ fn,g,O_Efn,h,Q Efmgﬁ fO’f’ (hvg) € [_T7 T]px[_Tv T]q
converge pointwise on  their respective domains to  functions
CW(h,g),CP(h,g) and the identically 0 function, uniformly in
6col.

2 The functions C (hl, 0) and Cn (ha,0) converge pointwise to functions
¢V (hy) and ¢ (hy) respectively (on their respective domains), uniformly
in 0 € 0

Let Z1(h1) and Zy(he) be independent Gaussian processes defined on the same
probability space with Z; having drift (9 and covariance kernel C fori=1,2
and with Z1 assuming values in Crpin (RP) and Zy assuming values in Cpin(R?).
Then,

(2 (h1,00), Z2) (ha, 0n)) —a (Z1(h1), Za(hs))
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in Bioe(RP) X Bioe(R2), and furthermore,
(argn&n Zgl)(hl,én),argr%%n Z D (hy,0,)) =4 (arg min Zl(hl),argxﬁiqn Z3(hs)) .

Remarks: Proposition 1 can be viewed as an extension of (Kim and Pollard,
1990, Theorem 2.7). To establish the distributional convergence of (X,,,Y},) to
(Xoo, Yoo) In Bioe(RP) X Bjoe(RY), it suffices to establish the convergence of
(X0, Yy) to (Xoo, Yoo) on I [=T, TP x I°[-T,T]? for every T > 0. Marginal
tightness of each of X,, and Y,,, as required in Proposition 1 implies joint
tightness. The other requirement: joint convergence of all finite dimensional
marginals, coupled with joint tightness, gives the desired convergence. The
requirements of Proposition 2, namely, the conditions of Theorem 2 holding
separately for each of the function classes, gives the required marginal tightness
for each of Z,(Ll)(hl,én) and Zy(ll)(h,g,én), and the conditions (1) and (2) lead to
the required (joint) finite dimensional convergence.

9. Conclusions

Poisson limits. In this paper we have considered the situation where the limit
distribution of the second stage estimate is governed by a Gaussian or a mixture
of Gaussian processes. However, in some change-point problems such as the one
addressed in Lan, Banerjee and Michailidis (2009), a compound Poisson process
appears in the limit. In such situations, Theorem 2 and Lemma 2 do not apply
as they address tightness and related weak convergence issues with respect to
the uniform metric and not the Skorokhod metric. In light of the conditioning
arguments that we apply in this paper, we expect analogous results in Skorokhod
topology to follow readily. Note, however, that the rate of convergence of the
second stage estimate deduced in Lan, Banerjee and Michailidis (2009) can be
derived from Theorem 1.

Negative examples and possible solutions. In this paper, we considered examples
where multistage procedures typically accentuated the efficiency of M-estimates
by accelerating the rate of convergence. As seen in Section 5, this is not always
the case. In regular parametric problems, for example, where the estimates ex-
hibit a \/n-rate of convergence, acceleration to a faster rate is typically not
possible. Acceleration happens when the parameter of interest has a local inter-
pretation. Consider, for example the change-point problem. Here, the change-
point is a local feature of the regression curve: not all regions of the domain
contain the same amount of information about dy. Regions to the far right or
left of dy do not contain any information as the signal there is flat and ob-
servations in such regions can be essentially ignored. Intensive sampling in a
neighborhood of dj is a more sensible strategy as the signal here changes from
one level to another, thereby suggesting a zoomed-in approach. In regular para-
metric models, the parameters typically capture ‘global’ features of the curve
and focusing on specific regions of the covariate space is not helpful.

Moreover, acceleration in the rate, even for a local parameter, also depends on
how the subtleties of the model interact with the method of estimation em-
ployed. Indeed, the result in Theorem 10, serves as a cautionary tale in this
regard, illustrating that a fully non-parametric two-stage procedure that pro-
vides acceleration gains in one setting (|m/(0)| > 0) fails to do so in another
(]m'(0)] = 0). On the other hand, it is clear from the results of Belitser, Ghosal
and van Zanten (2013) that a hybrid method that uses the ‘shorth’ type esti-
mate at stage one and a quadratic approximation at stage two will accelerate
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the rate of convergence. The potential downside of such hybrid methods, as
demonstrated in Tang et al. (2015) in the inverse isotonic problem, is that they
may not perform well for modest budgets for which the degree of localization
obtained from the first stage is typically not good enough for a parametric ap-
proximation in the second. We note here that fitting a polynomial curve at the
second stage is better dealt using first principles as the M-estimate is then avail-
able in a sufficiently closed form. Our more abstract approach, which does not
leverage on this added convenience available, may not be well suited for such
situations.

Pooling data across stages. In certain models, it is preferred, at least from the
perspective of more precise inference in the presence of fairly limited sample
budgets, to pool the data across stages to obtain the final estimates. For ex-
ample, in change-point models where the regression function is linear on either
side of the threshold, e.g., m(z) = (ap + a12)1(x < do) + (Bo + Bix)1(x > do),
a; # Bi,i = 1,2, it is recommended to estimate at least the slope parameters
using the pooled data. This is due to the fact that slopes are better estimated
when the design points are far apart. The technicalities in this situation are
expected to become significantly more complicated due to the more convoluted
nature of the dependence. Specifically, conditional on the first stage estimate,
the second stage one can no longer be viewed as a functional of i.i.d. observa-
tions. However, we conjecture that for parameters that are local features of the
model, the second stage estimates from pooled data should exhibit the same
asymptotic behavior as our current second stage estimates, since the proportion
of first stage points in the shrinking sampling interval for stage two goes to zero.
Other Applications. The approach and the results of this paper apply to a va-
riety of other problems. For example, consider the extension of the change-
point model to multiple dimensions where the regression function exhibits dif-
ferent functional forms in sub-regions of Euclidean space which are separated
by smooth parametric boundaries, for example, hyperplanes. Determination of
these separating hyperplanes could be achieved by multistage procedures: an
initial fraction of the budget would be used to elicit initial estimates of these
hyperplanes via least squares methods and more intensive sampling could then
be carried out in a neighborhood of the hyperplanes, and the estimates up-
dated via least squares again. This falls completely within the purview of our
approach. Once again, the multistage procedure would provide gains in terms
of convergence rates over one-stage methods that use the same budget. For an
example of models of this type, see the problem studied in Wei and Kosorok
(2013). Another problem involves mode estimation for a regression with higher-
dimensional covariates X in Section 5 under an isotropic signal. An approach
similar to the one-dimensional setting can be adopted here as well with the sam-
pling neighborhood at stage two chosen to be a ball around the initial estimate.
In the presence of cusp-like signals, acceleration of the convergence rate over a
competing one stage procedure would be observed.

More than two stages: The results of this paper can be extended to multiple
(> 2 but fixed) stages but caution needs to be exercised since the asymptotics
will not be reliable unless the sample size invested at each stage is ample, which
then necessitates the total sample size being large. By increasing the number of
stages, the rate of convergence can be accelerated, in theory, but the gains from
the theory will only become apparent for substantially large budgets. From a dif-
ferent perspective, one could of course consider how such multistage procedures
behave if the total number of sampling stages grows like n? (v < 1) with order
n'=7 points invested at each stage (as opposed to a fixed proportion of points
that we currently consider), but again, such a framework will not be useful for
realistic budgets. Our set-up is not amenable to sequential procedures where
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the number of stages can increase with sample size, but it should be noted that
our work does not aim to develop a sequential paradigm. Rather, our results
serve to illustrate that non-sequential multistage sampling (which is typically
easier to implement than fully sequential procedures), used adequately, can lead
to substantial gains in a variety of statistical problems.

Appendix A: Proofs
A.1. Proof of Theorem 1

Note that if k,r, = O(1), i.e., there exists C' > 0, such that «,r, < C for all n,
then

P (rnpn(dn,dn) > C)

P (rn/inpn(dn, d,) > Cmn)
< P (pn(dnvdn) > Hn) )

which converges to zero. Therefore, the conclusion of the theorem is immediate
when x, 7, = O(1). Hence, we only need to address the situation where k7, —
00.

For a fixed realization of 6 = 6, we use dAn(G) to denote our estimate, so that

dy, = dn(0y). For any L > 0,

P (rapu(@n(6a),da) > 28) < P (ramn > rupa(dn(n), dn) > 24,0, € ©7)
+P (pn(dn(00),dn) > 0 ) + 7. (A1)

The second term on the right side goes to zero. Further,

P (rusin > rapu(dn(fn), o) = 25,0, € ©7)

= F [P (rnmn > P (dn(0n), dy) > 2% | én) 1 [én € 92”

IN

sup P (rnnn > rnpn(czn(ﬁ),dn) > 2L) . (A.2)
0cor

Let S’jn = {d:2 <ryp,(d,dy) <min(2 k,r,)} for j o€ Z. If
Fnpn(dn(0),dy) is larger than 2L for a given positive integer L (and smaller
than FnTn then d,(6,) is in one of the shells S;,’s for j > L. By defini-

); t
tion of dy,(6), the infimum of the map d — M, (d, 8) — M, (d,,,6) over the shell
containing d,, () (intersected with Dyp) is not positive. For § € ©7,

i
P (rutin > rpn(da(8), d) > 2V )
<

> P*< inf Mn(d,e)Mn(dn,G)g()).

- deS; nNDg
J>L,20 <k
For every j involved in the sum, n > N, and any 6 € ©7, (2.2) gives

227
Mo(d,0) = My (dn,0) > e = (A3)

inf
27 /1 <pn(d,dy)<min(29+1 K, 70) /7 ,d€EDg -
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Also, for such a j, n > N, and 6 € O],

P*( inf Mn(d,e)—Mn(dn,9)<0>
deS; nNDy

< P <desinf (M., (d, 0) = My(d, 0)) = (Miy(dn, 0) = Miu(do, 0))]

’nﬁpg

< - i —
> deS;ri,,fﬂ’Dg M, (d, 0) — My (dy, 0))

* . 92j
< P <deSinf [(Mn(d, 9) — Mn(d, 9)) — (Mn(dn7 9) _ Mn<dn, 9))] < _CT)

N NDy 72L

2%
< P ( sup  |(Mn(d,0) — My (d,0)) — (Mn(dn,0) — My (dn,0))| > CTQ) :
deS; nNDy n

For n > N, by Markov inequality and (2.3), we get

* . _ <
sup Z P <desﬁan9Mn(d,9) Mn(dn,e)_())
nj>L,29<tinry

G (min(29HL 1 k) frn )72

< > : Lo (A4)
= 2
J>L,27<knrn erv/n2?
Note that ¢y, (c6) < ¢*¢n () for every ¢ > 1. As k1 — 00, there exists N € N,
such that x,r, > 1. Hence, for L > 0 and n > max(N, N,), the above display
is bounded by

C; Ceidl o 0—2j (+1)a—2j
— Z (min(277 rpk,))* 279 < K — Z 2V 7

T L2 <knrn J>L,29<rpry
for some universal constant K, by the definition of 7,. For any fixed n > 0, take
7 =1/3 and choose L,, > 0 such that the sum on the right side is less than 7/3.
Also, there exists N, € N such that for all n > N, € N,

P (puldn(0n),dn) = k) < /3.
Hence, for n > max(N, N3, Nn)»

P (rnpn(dn(én),dn) > 2Ln) <,

by (A.1) and (A.4). Thus, we get the result when conditions (2.2) and (2.3) hold
for some sequence £, > 0.

Further, note that if the conditions in part (b) of the theorem hold for all
sequences £, > 0, following the arguments in (A.1) and (A.2), we have

P (rnpn(tfn(én),dn) > QL) < eseu(_)p; P (rnpn(dAn(F)),dn) > 2L) + 7.

We can now use the shelling argument for j > L letting j go all the way to
oo where our shell S;,, is now simply {d : 27 < rppn(d,dy,) < 2771}, By our
assumption, the bounds in (A.3) and (A.4) hold for every such shell, when
n > N, and we arrive at the result by similar arguments as above without

needing to address the event P (pn(cin(én),dn) > Iin) in (A.1) separately. 0O
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A.2. Proof of Theorem 2

As the sum of tight processes is tight, it suffices to show tightness of {, (-, én) and
Gnf,. R separately. As H is totally bounded under p, tightness of the process
Cn can be shown by justifying that

P* sup Cn(hh ) Cn(h% ) >t — 07

p(h1,h2)<dn

for d,, J 0 and ¢ > 0. The right side of the above display is bounded by

>t,0, 07| + P[0, ¢ O7]

pr sup

p(h1,h2)<8n

Cn(hlv ) Cn(h% )

< 1 sup [Cn(h1,0) — Cu(ha, 0)| > ]| + 7.
9co”
p(h1,h2)<dn

By (2.10), the above can be made arbitrarily small for large n and hence, the
process Cn(+,0,) is asymptotically tight.

We justify tightness of the process {G"fn,h,é : h € H} when (2.11) holds. The
proof under the condition on bracketing numbers follows along similar lines. As
was the case with (,, we consider the expression

P*

S [Galfun g, ~ Fund)| >t

p(hi1,h2)<dn

for 4, } 0 and ¢ > 0. Let e;,7 > 1 denote Rademacher random variables indepen-
dent of V’s and 6. By arguments similar to those at the beginning of the proof of
Theorem 2.11.1 of van der Vaart and Wellner (1996), which use a symmetriza-
tion lemma for probabilities (Lemma 2.3.7 of the same book), for sufficiently
large n, the above display can be bounded by

4P* sup

p(h1,h2)<én

% Zei(fn,hl,é(‘/i) = Jnnpa(Vi))| > i] (A.5)

The only difference from the proof of the cited lemma is that the arguments are
to be carried out for fixed realizations of V;’s and 6 (instead of fixed realizations
of the V;’s alone), and then outer expectations are taken. Further, from the
measurability assumption, the map

(Vl,Vg,...,Vn,é,el,...,en)|—> sup
h1 h2)<5

\/>Z ’ﬂh1, _fn,hQ,é(Vvi))

is jointly measurable. Hence, the expression in (A.5) is a probability. Let @,
denote the marginal distribution of #,,. Then, for any 7 > 0,

t
4P sup \ — fon, a(Vi))| > —
p(h1,h2)<dn \F Z nil’ n,i2,9( )) 4
n t
= 4/P sup Z f’n, hl, — frn,haso o(Vi))| > ] Qn(d9)
p(h1,ha)<6n =
t
< 4sup P sup i(frpa,0(Vi) = f,hae > T
06@; ﬁ(h],hg)<5n g ' ’ ( )) 4
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For a fixed 8 € O], let Frnos, = {fur.0 — frheo @ Alh1,ha) < 6,}. For
g € Fnp,s,, the process g — (1/y/n) >i; e;g(V;) (given V;s) is sub-Gaussian
with respect to the Lo(IP,,) semi-metric and hence, by Markov’s inequality and
chaining, Corollary 2.2.8 of van der Vaart and Wellner (1996), the above display

can be bounded, up to a universal constant, by

1 671(0)
—6 sup E/ \/logN(11,.}’-',L,97(;TL,LQ(IP’H))du7 (A.6)
t geor Jo

with

1 n
&0O) = s |gli,e@.) = sup [nzgz(%—)
i=1

9EFn. 0,6, 9EFn,0,6,

It suffices  to  show  that for all  sufficiently large n,
supgeegEfo"(e) VIog N (u, Fp 95, La(Py))du can be made as small as
wished. We assume, without loss of generality, that each F,o, > 1/2
if necessary by adding 1/2 to each of the original ones. (Note that
this does not disturb any of the assumptions of Theorem 2.) Since,
N(u, Fnp.6,,L2(Pr)) < N*(u/2, Fpn g, L2(Py)), we have:

£ (0)
sup E V108N (u, Fog 5, La(Py)) du

vcor  Jo
&n(0)
S sup B \/logN(u/Q,fn,g,Lg(Pn))du
0ee7 0
&n(0)/(211Fn,0lln)
s spr|f VI8N (0[Pl Fo o La(Ba))d [l
0cor 0
£n(0)
S osup B |[[Fng |n/ sup \/10gN(u||Fn79||Q,2aJ:n,0,L2(Q))du :
feor 0 QeEQ

By Cauchy-Schwarz, the above is bounded by:

|\ 20 B | E 60,

where

nal@) = [ sup \/log N ([ Fualoa Foro: La(Q) du.
0 QeQ

This, in turn, is bounded by:

sup (PF2 )% x \/sup E (h2 ,(£0(0)) .
ocor fcor ’

The first term above is bounded as n — oo by (2.7). To show that the second
term can be made small for sufficiently large n, we claim that it suffices to show
that SUPgcor E*£,(0)? converges to zero. For the moment, assume the claim. It
follows that for any A > 0,

sup P(&,(0) > \) — 0.
ocor

Next, note that suppcer hn,0(n(0)) < supgeer hn,o(00) < oo by (2.11). Now,
for any A > 0,

E(R25(6n(0)) = B(h2 4(6a(8)) 1&n(6) < X)) + B(h2 o(€a(0)) 1(6a(8) < V)
X2 412 5(00) P(En(6) > ).

IN
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so that

sup E(h? 4(6,(0))) < A° + sup ki g(00) sup P(E.(0) > A),
0cor ocoer gcoer

which can be made as small as we please by first choosing A small enough and
then letting n — oco. It remains to prove the claim. Note that

E*¢, (0> <E* sup |(P,—P)g* |+ sup |Pg?|
9EFn,0,6, 9EFn, 0,6,

By (2.9), the second term on the right side goes to zero uniformly in 6 € ©7.
By the symmetrization lemma for expectations, Lemma 2.3.1 of van der Vaart
and Wellner (1996), the first term on the right side is bounded by

=3 e 13" (V)
i=1

i=1
Note that Gng = (2Fn,9)2 is an envelope for the class .7-'721’9)00. By con-
dition (2.8), there exists a sequence of numbers 7, | 0 (slowly enough)
such that suppeg. PFy 41 [Fne > nny/n] converges to zero. Let F

2E*  sup
9EF? o5,

<2E* sup
9EF? 4 oo

10,00, =

{gl[Gmg <nn?l: g€ .7:72%0700}. Then, the above display is bounded by:

2E* sup

+2P*Grol [Gpyo > nn?)
geEF?2

1 n
EZ;Eig(‘/;)

The second term in the above display goes to zero (uniformly in 8) by (2.8)
and it remains to show the convergence of the first term (to 0) uniformly in 6.
By the P-measurability of the class ‘7:721,9,00,%’ the first term in the above dis-
play is an expectation. For v > 0, let G, ,, be a minimal uR,-net in L,(P,)

,0,00,mn

over F’?L,E’,oo,nn’ where R, = 4[|F,||2. Note that the cardinality of G, is
N(uRn, F} g oo, L1(Py)) and that
1 & 1 &
2F* sup = Z eig(V;)| <2E sup |— Z eig(Vi)| +uE(Ry). (A7)
9EF g oo mn |1 im0 9€Gun | i

Note that supgee, uE(Ry) = dusupgee, uPF? o < u, by (2.7). Using the fact
that the L; norm is bounded up to a (universal) constant by the 1 Orlicz norm
and letting 12|V denote the conditional Orlicz norm given fixed realizations of

the V;’s, we obtain the following bound on the first term of the above display:

n n

2 2
~ByE. | sup |Y eg(Vi)|| S =Bv| sup Y eg(Vi)
9€Gu,n |21 n 9€Gu,n |21 »
1 7 Q\V
2
S Shy [\/1+logN(uR,L,]-"ig,oom,Ll(IP’n))

> eig(Vi)

i=1

XMaAXGeG, ,

P2|V

where the last inequality follows by an application of a maximal inequality for
Orlicz norms (Lemma 2.2.2. of van der Vaart and Wellner (1996)). By Hoeffd-
ing’s inequality, for each g € Gy, 13272, eig(Vi)ll,y, v < 132 g*(V;)]*/? which is



A. Mallik, M. Banerjee and G. Michailidis/Multistage procedures 31

at most [, nnZGn (V)] "2 We conclude that the first term on the right side
of A.7 is bounded, up to a universal constant, by:

(5, 2 G o (V)]
n

E

\/1 +log N(ud| Foll2, F2y ., L1(Pn))

Next,

log N (ud||Foll: Fi 6,000, L1 (Pn)) log N(ud|[Fapll7 Fr .00 L1(Pn))

1Og N(u HFnﬂ”nan,@,ooa LQ(IPn))
log N*((w/2) || Fu0llns Fu0, L2(Pn))

2 Sup log N((u/2) || Fn.ollQ.2; Fn.6, L2(Q)) -

(VAN VAN VAR VAN

Conclude that the expectation preceding the above display is bounded by:

n 1/2
MBS Guo(Vi) 1+ 2suplog N((u/2) | Fusllo.2: Fuo, L2(Q))
Vo | = Q
n 1/2
< TAEY Gus(Vh) 1+ 2suplog N ((4/2) [|Full0,2: Frgs L2(Q))
Vvn p Q
<

dn, [PF2 ) \/1 + 25uplog N(u/2) [Pl 2, Foas La(Q))

Now, note that w is arbitrary (and can therefore be as small as wished),
supgeer PFy 4 is O(1) from(2.7), and,

sup \/1 +25uplog N ((1/2) [ Frgllo2: Faos La(Q)) = O(1),
€Oy

since,

sup hng(u/2) = sup (u/2) sup \/logN((U/2) [FnollQ.2, Fne, L2(Q))
geor, oeor, Q

showing that

sup sup \/log N({(w/2) | Fnoll,2: Frno: L2(Q)) < (2/u) sup hyo(u/2),
peer Q fecor,

and from (2.11), supgecer hn,o(u/2) is O(1). Hence, by choosing u small enough
and then letting n — oo, the first term on the right side of A.7 can be made as
small as wished, uniformly over § € O], for n sufficiently large, since 7, — 0. O

A.3. Proof of Theorem 3

As ny, ns and n are of the same order, we deduce bounds in terms of n only.
For notational ease, we first consider the situation where d > dy. Recall that
0 = (a, B, ). Also, let

K, K, K,
O, = :|X|:6nvﬁn+ X

K,
n— —F—,Q0np +
{O‘ v T NV
(A.8)
K, K,
{do— do + ],

nl”’ TL1V
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where K, is chosen such that P(ém 6@;1) > 1—171. For 8 € O]

ny’
B—a >cn ¢ —2K,/\n1. As &€ < 1/2, sgn(B —a) = 1 for n > A
(ZKT/(\/i)cO))Q/(Q_f). Also, for = > dy, my(z) = B, and thus,

M,,(d,0) = Py, [gnz,dﬂ(v)] )
where for V = (U,¢), U ~ Uniform[—1, 1],

Inoa0(V) = (Bn +e— ’B;O‘> 1[p+ En U € (do, d]]

_ B+ta do—p d—p
(5n+e ! )1[U6(Knlv,mlvﬂ.

Consequently, for n > NT(l) ,

M,,(d,0) = ;<ﬁn—ﬁ+a>A<[—1,1m<d°_“ d_“D.

2 Kn{" Kn;?

Asy < v, dy € Dy for all 0 € O, for n > N := (1/p)(K./K)"/ ¥~ the
intervals

{((do = 1)/ (Kny "), (d= 1)/ (Kn; )] 4 > doud € Dy, 0 € O}
are all contained in [—1, 1]. Therefore, for n > N®) = max(QNT(l), NT(2)),

54‘0&) d—do
2 ) Kny7

Mad.0) = g (-

Note that M,,(do,0) = 0 for all § € R3. Further, let p2(d,do) = n"~¢|d — do|.
Then, for n > NT(B),

v

MnQ(d’ 9) _M’ﬂz(dOaa) (/871 - Pnt o B - ) d—do

2 Vi) 2Kn?
 (Ba—an K.\ d—do
N ( 2 Jm ) 2Kn; "
con~¢ K. d—dy
< 2 Jm ) 2Kn;”
> e p%(d,do), (A.9)

for some ¢, > 0 (depending on 7 through K). The last step follows from the
fact that £ < 1/2. Also, the above lower bound can be shown to hold for the
case d > dy as well. Further, to apply Theorem 1, we need to bound

sup E* sup V12 |(Mn2 (d7 0) - M7L2 (d7 0)) - (M7L2 (do, 0) - Mn2 (d07 0))‘ :
SR |[d—do|<ns=782,
d€Dy

(A.10)
Note that for d > dy, the expression in | - | equals (1/1/72)G,Gns,d,0- The class
of functions Fsg = {gn,,a,0 : 0 < d—dp < nt=§%, d e Dy} is VC with index at
most 3 (for every (d,6)) and is enveloped by

Bn — Qp KT dO — M dO —p+ (527’15_7
M (V) = 1 .
s0(V) ('6 TRy A S e Ty ove
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Note that
E [Mso(V)]?
1 Bn — a, K, 2 do —p do—p+6*ns7
= =F _ Al—1,1
2 <|E|+ 5 \/771) ] [[ A0 {Knl—W’ Kny
1 L —an K, \° do—p do — p+ 62ns=7
< 1p|(ig4 Przom g A SoZh G HEON
2 2 /11 Knl_V ,K"I’Ll_’Y
—y 52
< "0 o,
n="vy

where C. is positive constant (it depends on 7 through K.). Further, the uniform
entropy integral for Fsg is bounded by a constant which only depends upon
its VC-index (which, as noted above, is uniformly bounded in (4, 0)), i.e., the
quantity

1
(1, Fig) = slép/ 1+ g N (ul[Msllo.2. Foo. La(Q))du
0

is uniformly bounded in (4, #); see Theorems 9.3 and 9.15 of Kosorok (2008) for
more details. Using Theorem 2.14.1 of van der Vaart and Wellner (1996),

E* sup Gy Gnza0] < J(1, Fo.0) | Msgll2 < CrnS/26. (A.11)
0<d—do<ns~752
d€Dy

Note that this bound does not depend on # and can be shown to hold for the
case d < dy as well. Hence, we get the bound ¢, (6) = n¢/26 on the modulus
of continuity. Further, for n > NT(3), (A.9) holds for all d € Dy, and (A.11) is
valid for all § > 0. Hence, we do not need to justify a condition of the type
P (pn(azn, dn) > Hn> — 0 to apply Theorem 1. For r,, = n'/27¢/2 the relation
2 ¢, (1/1,) < v/n is satisfied. Consequently, 72 (n7~¢(d,, —do)) = n(d, — do) =
0, (1). O

A.4. Proof of Theorem 4

For any L > 0, we start by justifying the conditions of Theorem 2 to prove
tightness of the process Z,, (h,énl), for h € [—L, L]. For sufficiently large n,
the set {h:do + h/n" € Dy} contains [-L, L] for all § € O] and hence, it is
not necessary to extend Z,, (equivalently, fy, ne) as done in (2.5). Further,
for a fixed 0 € O], (defined in (A.8)), an envelope for the class of functions
{Fazno : || < L} is given by

_ W — Oy, K,
I e Wﬂl) "

1[p+UKny” € [do— Ln™",do + Ln~"]] .

Note that

2 Vi 2Kn,"

As n = 14~ —2¢, the right side (which does not depend on 6) is O(1). Moreover,
the bound is uniform in 4, 6 € ©7, . Let K; be a constant (depending on 7) such

_ 2 -n
PF52,0 <pl=% <<Bnan + Ko ) +02> 2Ln
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that Ko > (8, — an)/2 + K, /\/n1. Then, for t > 0, PF32791[FTL2,9 > /nat] is
bounded by

nl=2p (Ko+ |e)*1 [p+UKn; Y € [do — Ln™",do + Ln™"]] x
1 |:TL1/27£(K0 + |€|) > \/Tle}) .
As e and U are independent, the above is bounded up to a constant by
P(Kq + |e])?1 [(Ko + |e]) > \/ﬁnft]

which goes to zero. This justifies condition (2.7) and (2.8) of Theorem 2. Let
p(h1, he) = |h1 — ha|. For any L > 0, the space [—L, L] is totally bounded with
respect to p. For hi,hy € [-L,L] and 6 € ©], , we have

1-2¢ |hy — ha|n™"

E Ky + le|]?.
2Kn [Ko + |el]

P(fn27h1,9 - fn27h2,9)2 5

The right side is bounded (up to a constant multiple depending on 7) by |hy —
hs| for all choices of 6, § € O] . Hence, condition (2.9) is satisfied as well.
Condition (2.10) can be justified in a manner mentioned later. Further, the class
of functions {fn, ne : |h| < L} is VC of index at most 3 with envelope F,, g.
Hence, it has a bounded entropy integral with the bound only depending on the
VC index of the class (see Theorems 9.3 and 9.15 of Kosorok (2008)) and hence,
condition (2.11) is also satisfied. Also, the measurability condition (2.13) can
be shown to hold by approximating Fp, s = {fn,,n1,0 — frs,he,0 : |[h1 — ha| < 6}
(defined in Theorem 2) by the countable class involving only rational choices of
h1 and ho. Note that the supremum over this countable class is measurable and
it agrees with supremum over Fy, 5. Thus Gy, f, ., ; is tight in I°°([—L, L]).

Next, we apply Corollary 1 to deduce the limit process. Note that for 6 € ©7
and |h| < L,

_ a+p\ hn™"
Cny(hy0) = n; 3 (anl(h <0)+ B,1(h>0)— 3 ) 2K
hné
= (1-p)t¢ (anl(h <0)+ Bul(h>0)— a ;r 5) QKZ—W

(1—p)'~*p7n® an + B

= ————h|a,1(h<0)—Br1(h>0) — ——— R,.
The remainder term R, in the last step accounts for replacing o+ 8 by v, + By
in the expression for ¢,, and is bounded (uniformly in § € ©7, ) up to a constant
by

ntL (| — a| + B, — B]) = O(n*~1/2).

As &€ < 1/2, \/naPfn, e converges uniformly to |h| ((1 —p)'~5p7co) /(4K).
Condition (2.10) can be justified by calculations parallel to the above. Further,
Pfry b0 = Cny(h,0)/y/nz2 converges to zero (uniformly over 6 € O7) and hence,

the covariance function of the limiting Gaussian process (for hy, he > 0) is given
by

hm ang,hl,efn%hl ,0
n—oo

2 -7
= lim ny % [(anl(h <0)+ Bpl(h > 0) — a+6> +021 hy A han™"

2 2Kni"
(1—p)'*pro®
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Analogous results can be established for other choices of (hy,hs) € [—L, L]?.
Also, the above convergence can be shown to be uniform in § € ©], by a calcu-
lation similar to that done for (,,. This justifies the form of the limit Z. Hence,
we get the result. O

A.5. Proof of Theorem 5
As Var(Z(t) — Z(s)) # 0, uniqueness of the argmin follows immediately from

Lemma 2.6 of Kim and Pollard (1990). Also, Z(h) — oo as |h| — oo almost
surely. This is true as

Z(h) = |n|

(L—p)'=2p7 B(h)  (1=p)~p7co
2K Ih| 9K 2

with B(h)/|h| converging to zero almost surely as |h| — oo. Consequently,
the unique argmin of Z is tight and Z € C,,;»(R) with probability one. An
application of argmin continuous mapping theorem (Kim and Pollard, 1990,
Theorem 2.7) then gives us distributional convergence. By dropping a constant
multiple, it can be seen that

argmin Z(h) = argmin
h h

oB(h) + “_Wcoml .

As oA = /(1 = p)p7)/(2K)(coro)/2, by the rescaling property of Brownian
motion,

argmin
h

oB(R) + 1 L= C°|h|]

= Ao argmin
v

1-— 7 ¢
oB(hov) + (2;;)1020|/\0||U|]

d .
= Ao argmin
v

1— Y
oy B(v) + (2;{))])(}20/\0|v|]

= Ao argmin [B(v) + |[v]].

The result follows. (]
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Appendix B: Supplementary Material

B.1. Proof of Lemma 1

Note that Mn(czn(én), 0,) — M, (d, 0,) is not positive by definition of cin(én)
Hence,

[Pn(dv (0n),dn) > Kn, én € @77-1:|
< B[P [puldn@n),dn) > i | 6] 1 [6, € 07|

< sup P[200(da(0),dn) =
geor L
< sup P [My(dn(0),0) = Ma(dn,0) = ¢ ()]
peoy; L
< sSup P _Mn(dn(e)v 9) - Mn(dna 0) - <Mn(dn(9)v 9) - Mn(dnv 0)) > C;('fn)}
gcor L
< sup P |2 sup M, (d,0) — M,(d,0)| > C;(Hn):l .
9e0r | deD,

As the probability in right side converges to zero and 7 > 0 is arbitrary, we get
the result. (]

B.2. Proof of Lemma 2

In light of Theorem 2, we only need to establish the finite dimensional conver-
gence. Given the independence of vectors Vs with Hn, the drift process ¢, (-, n)
is independent of the centered process (Z,, —(,)(+, 0,) given 0,,. Hence, it suffices
to show the finite dimensional convergence of these two processes separately. On
the set § € O7,

|<n(ha 9" + niyAé") - C(hv §)| < Gseu@pT |<n(h7 on + niyAQ) - C(hv AQ)‘

+IC(h, Ag,) = (R, §)].

In light of conditions 3 and 4, an application of Skorokhod representation the-
orem then ensures the convergence of finite dimensional marginals of (,(-, 0, +
n~"Ag ) to that of the process ((-,£). To establish the finite dimensional con-
vergence of the centered process Z, — (,, we require the following result that
arises from a careful examination of the proof of the Central Limit Theorem for
sums of independent zero mean random variables (Billingsley, 1995, pp. 359 -
361).

Theorem 15. For n > 1, let {X;,}7_; be independent and identically dis-
tributed random wvariables with mean zero and wvariance o2 > 0. Let S, =
(1/v/n) > i< Xiin, Fn be the distribution function of Sy, and for k > 0,

Ln(k) = E [X],1[|X1n| > wvn]]
Then, for any t € R with |opt| < v/2n, we have

ottt exp(02t?)

|E(t) — B(0nt)] < K2t + Lo (x) +
n

(B.1)

Here " denotes characteristic function, so that ®(t) = Jp e ®{dx}.
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We now prove Lemma 2. Let k > 1, ¢ = (c1,...cx) € R, h = (hy,..., hs) €
R* and for Ay = n¥ (0 — 6,,),

To(Dg) = Tulh, e, 8g) = > ;G fun, 0,
i<k

Note that
72(8g) = Var(T (89)) = Var [ 32 ¢; fun, 0 tn v,
J<k

converges uniformly in Ay, 6 € ©] to

2
T (Ag) = Z Cj1cjzc(hj1 s Ap).
J1,J2
By Lévy continuity theorem, it suffices to show that the characteristic function

(c1,...ck) — Eexp [zTn(Aén)}

converges to Eexp [img(§)Z], where Z is a standard normal random variable
independent of { and Ay . Note that
’E exp {zTn(Aén)} — FEexp [ZTFO(f)Z]’
< ’Eexp [zTn(Aén)} — Eexp {Zﬂ'n(Aén)Z] ’
+ ‘Eexp {m’n(Aén)Z} — FEexp [Zﬂ'o(f)Z]‘ .
The right side is further bounded (up to 4¢) by

sup |F exp 1T, (Ag)] — Eexp [1m,(Ag) Z]|

9eor

+ gsuep |E exp [1m,(Ag) Z] — Eexp [1mo(Ag) Z]] (B.2)
€O

+ ‘Eexp [Z?T()(Aé”)Z} — Eexp[imo(£)Z]] .
The second term in the above display is precisely supycg- | exp(—m2(Ag)/2) —
exp(—m3(Ay)/2)| which converges to zero. The third term converges to zero by

continuous mapping theorem. To control the first term, we apply Theorem 15.
Let

Ln(k,80) = P> ¢i(fun;004n—r0 = Planonin—rng)| *
J<k

1 ch(fn,h_j,en—&—n*”Ag - an,hjﬂn—&-n*”Ag) > \/EK
J<k
Then, by Theorem 15, the first term in (B.2) is bounded by

(Ag) exp(m (Ag))

4
sup [mri(Ag) + L, (k,Ap) + Tn
pecor
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whenever supycg- |mn(Ag)| < 24/n, which happens eventually as the right side
is O(1). To see this, note that

> i fanonin-ra,| < 2k mjax(|cj| V1)E,,. (B.3)
i<k

Then, by (2.7), supgee; |m(A¢)| < 2kmax;(|cj| V 1) suppeer PEF, = O(1).
Further, using (B.3),

2
L,(k,Ag) < <2kmax(cj\/1)> X
J
nk

P|[F?,+PF? ]1|F>—Y"—"
[F2o+ PR |F > o

_PFn,9:|:|7

which converges to zero uniformly in § € ©], due to conditions (2.7) and (2.8).
Hence,

lim sup sup |Eexp [1T},(Ag)] — Eexp [1m,(A)Z]] < wlim sup sup 72 ().

n—o00 €07, n—o0 €07

As supgeer m2(Ag) = O(1) and k > 0 is arbitrary, we get the result. O

B.3. Proof of Proposition 1

We show that the result holds for A > 0. The case h < 0 can be shown analo-
gously. In what follows, the dependence on h is suppressed in the notations for
convenience.

To start with, note that &, = n”(dy — do) is Op(1) and it converges in distri-
bution to a tight random variable £ with a continuous bounded density on R. In
particular, P [|&,| < 8,[,] > Kj/2] converges to P [|¢] < 6,[¢| > Ks/2] < C6,
for some C > 0.

For u € R, let F}¥, denote the distribution function of T}, (u), where

TTL2 (u) - an (h7 Qp, 6717 dO + un_y) - an (h7 Ay, ﬁn7 dO)

Also, let 72 := w2_(u) = Var[T,, (u)]. Conditional on &, = u, T}, is distributed
as T}, (u). Also, let ~ denote characteristic function, so that ®(t) = Jp e ®{dx}.
By Lévy continuity theorem, it suffices to show that for any ¢ € R,

E [exp (tT),,)] — ®(tmo)
converges to zero. Note that
‘E lexp (1T, )] — @(two)‘

— ’E {E [exp (tT,,) — ‘i(tﬂ'o)

&

= swp |B () - dltmo)| + 2P [I¢] < 0, 1€] > Kspa]
0<|ul<Ks /2

= sup F:jz (t) — ®(tmy, (u)))
0<|ul<Ks /2
+ sup ‘i)(tﬂ'nz (u)) — (i)(tﬂ'())) +C6 (B.4)

0<|u|<Ks /2
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We first show that m,,(u) converges to my uniformly over u, § < |u| < K9
which will ensure that the second term on the right side of the above display
converges to zero. To show this, note that

Ty, (u)

1 & ﬂn — Qn — —v —v —
= = Z — + € [1 [UiKnl Te(—un"Y,—un"" + hn "]]
N3 =1

—1 [UZ—Knl_"’ c (O,hn_"m

1 - n — Gn — — — —
= n—g; <ﬁ2a +ei> [1[U;Kp™ € (—un™"*", —un™""7 + hn"]]

1 [U:Kp € (0,hn~"]]] .
Hence, 7,,, can be simplified as
72, (u) = Var[T,, (u)
- %E [((Bn — an)/2—€) 1 [UKp™ € (—un™"7, —un™"* + hn™"]]
~1[UKp~™ € (0,hn"]]]]?
= %E (B — an)?/4+02) x
1 [UKp™ € (—un~"*", —un™"*" + hn]A(0, hn~"]]] .

For n > Ny = (h/|5])'/¥, the sets (—un—"*7, —un="*7 4+ hn="] and (0, hn~"]
are disjoint and hence,

2 —v
2 _ N2 (G —2¢ 2 2hn 2 A2 B
T, () —ngg (4n +0 ) |:2Kp_'7 w5+ Cn™%, (B.5)

where C' = ¢2(1—p)'~%h/(4K). Consequently, w2, (u) converges to 3 uniformly
over u.
Next, we apply Theorem 15 to show that the first term in (B.4) converges to
zero. Write T;,, (k) as (1/y/n2) >_,<,,, Rin, (u), where
Riﬁlz (U)
né/Q_g <ﬂn ; O g 61‘) [1[U;Kp™Y € (—un "7, —un™""7 + hn™"]]
-1 [U;Kp~7 € (0,hn~"]]] .
As v < v, the intervals (—un VT7, —un"¥t7 + hn¥] and
(0,hn~"] are both contained in [-Kp~7,Kp 7] for n > Ny =
max { (Ks/o/Kp~ 7)Y/, (h/Kp~)/¥} and have the same Lebesgue

measure hn~". Hence, E[T,,(u)] = E[R;n,(u)] = 0 for n > N;i. Thus T, (u) is
a normalized sum of mean zero random variables. Let

L, (K w) = B [Riny (w)*1[| Riny (u)| > /28] - (B.6)

Using Theorem 15, for any £ > 0, ny > max(Ny, Na) and |7, (u)t| < /2ng
(which holds eventually) we have

|F:LL2 (t) - i)(ﬂ'nz (u)t)| < HT{’?LQ (U)|t|3 + t2Ln2 (57 u) T 71';112 (U)t4 eXP(ﬂWQLz (U)tZ)

N2
(B.7)
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AS SUDs<|u|<K; ,, Tno(u) = O(1) and £ is arbitrary, it suffices to show that

sup Ly, (k,u)
0<|u|<Ks )2

converges to zero. Using the expression for m,, in (B.5), we have

Ln2 (H,U)
= %E [62 [1[UKp™ € (—un™"*7, —un™""7 + hn™"]A(0,hn""]]] x
Ny
1 [n§/2_5|e| > \/rTQ;gH
+Cn~%

< X4+ EE [|6| > nng} )

which converges to zero uniformly in u. Hence, the first term in right side of
(B.4) converges to zero. As ¢ > 0 is arbitrary, we get the result. O

B.4. Proof of Theorem 6

We derive bounds in terms of n (n1, ny and n have the same order). Firstly,

note that 0 € Dy, for all § € OF , whenever n > NY = (1/p) (K, /K)3/(0=37),
Further, as r'(dp) > 0 and r is continuously differentiable, there exists dy > 0

such that |r/(z) — 7/ (dp)| < 7' (dp)/2 (equivalently, r'(dg)/2 < r'(x) < 31'(dy)/2)
for x € [dy — do,do + do]. As u € Dy and 0 € OF , |do + uny | < Krnfl/3 +

nyo
Kni]" < §y for n > NT(?&)(] = (1/p)(K; + K)/8)"/". Hence, for n > N‘I(':O)(S)() =
HlaX(N-,(—l),N(2)

+.6,); by a change of variable,

do+uny " nY
My, (u,0) = nj [/d (r(t) —r(do)) ﬂl(dt]

Y

do+uny T’(d ) nY
ng / Y (t —do) =L dt| > u® =: p2_(u,0).
2 [ do 2 2K 2

Using Theorem 1, we need to bound

sup E*  sup (M, (u, 0) — M, (u,0)) — My, (0,0) — M, (0,0))] (B.8)
ocoer |u|<8,u€Dy

Recall that M,,,(0,6) = M,,(0,0) = 0. Also,
VM, (u,0) — My, (u,0)] = |G G 6]

The class of functions F50 = {gn,,u,e : [u| < 6,u € Dy} is a VC class of index

at most 3, with a measurable envelope (for n > Nr(is)(,)

Msg = n3(2|rlle + le]) x
L[UKn;Y € [do— 0 —6ny ", do — 0+ 6ny]].

Note that

E[Msg)® <nyP [UKny” € [do— 0 —0ny",do — 0+ 0ny "] < 6.
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Further, the uniform entropy integral for F5¢ is bounded by a constant which
only depends upon the VC-indices, i.e., the quantity

1
ﬂLfkwsg{/ V1 +108 N (ul| Magllq 2, Fap, La(Q))du
0

is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996), we have

E* y S;lp N3 |Gy Gno ol S J(1, Fo0)l| Msollz S 512
u|<du€Dg

Note that this bound is uniform in 6 € O7,. Hence, a candidate for ¢,(+) to apply
Theorem 1 is ¢,,(6) = 6*/2. The sequence 1, = n{1=27)/3 satisfies the conditions
r2¢n(1/rn) < /na2. As a consequence, 1,4 = O,(1). O

B.5. Proof of Theorem 7
We outline the main steps of the proof below. Note that

Frowo = 13/ P00+ UKnTY) + € — r(do)) x
(1]o+UKnY < do+wny ] < 1[0+ UKn;” < do]) .

For any L > 0, we use Theorem 2 to justify the tightness of Z,,(w,0,,) for
w € [—L, L]. For sufficiently large n, the set {w : w/ng € Dy} contains [—L, L]
for all € O] and hence, it is not necessary to extend Z,, (equivalently, fy, w.0)
as done in (2.5). For a fixed # € ©7, and an envelope for { fn, w6 : w € [-L, L]
is given by F,,, (V) which equals

ns/ %32 e[l + Je)1 [9 +UKnyY € [do — Lny ™ dy + an_(a+7)]] .
Further, PFfLﬂ <nl/3=27/3p=a = O(1). Also,
PF s > Vi) S B [2rl+ | >y 000/

which goes to zero (uniformly in ) as E [€?] < co. Hence, conditions (2.7) and
(2.8) of Theorem 2 are verified. With p(wy, ws) = |wy —ws|, conditions (2.9) and
(2.10) can be justified by elementary calculations. We justify (2.10) below. For
—L < wy < w; < L and sufficiently large n (such that (KTnlfl/:g—l—Ln;(HW)/B) <
min(Kn] 7, dy) with dy as defined in the proof of Theorem 6), a change of variable
and boundedness of 7’ in a dg-neighborhood of dy yields

—(1+v)/3

2/3—nsy [T ny
|Gna (W1,0) = Gup (w2,0)] < my ; (r(s) = r(do)) 53 ds

0+w2n;(1+w)/3

B w1 B ’I”LV
= W e+ 0y ) < o) g ds
wa

3’1"/(61())
4

< (w1 — w2)*.
The above bound does not involve 8 and converges to zero when |w; — ws| goes
to zero. Hence, condition (2.10) holds.

Further, for a fixed 0, the class {fn, we : w € [-L, L]} is VC of index at
most 3 with envelope F), g. Hence, the entropy condition in (2.11) is satisfied.
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The measurability condition (2.13) can be readily justified as well. Hence, the
processes Zy,, are asymptotically tight for w in any fixed compact set.
For a fixed § € ©F, w € [0, L] and sufficiently large n, {,,(w, #) equals

—(1+7v)/3

do+wn, ¥
2/3—7/3 Crtden g
e [ (r(s) — (do) s
1 — p)2/3=7/3y7n2/3+27/3 do+wny /3
SR L Ry /d O (r(s) — r(do))ds

(1-— p)2/3—y/3pwn1/3+7/3
2K(1 —p)+/3
(L—p) "7 1"(do) o

= 5K 5 W + o(1).

/ (r(do + tng TFV/3Y _ n(do))dt
0

This convergence is uniform in 6 by arguments paralleling those for justifying
condition (2.10).

Note that Pfpn, we = Cn,(w,0)/\/n2 converges to zero. Hence, for a fixed
0 € O and wy,wy € [0,L],L > 0, the covariance function of Z,, eventually
equals (up to an o(1) term which does not depend on € due to a change of
variable)

P [fng,wlﬁfng,wg,()]

—(14+7)/3

(w1 Awa)n, 0
wye | [0+ (r(do + ) — r(do))”] s
0
prnt/3+/3
T 2K(1-p)1/3/s %
(wl/\wz)n;(1+7)/3
/ (0% + (r(do + s) — r(do))?] ds
0
(wl/\w2)
_ p’ 2 —(14+7)/3y _ 2
- W /0 (0% + (r(do + tn3 /%) — 7(dy))?] ds
D7 2
= m(’ujl AN ’LUQ)O' + 0(1)

This justifies the form of the limit process Z. Note that the process Z € Cppin(R)
(using argmin versions of Lemmas 2.5 and 2.6 of Kim and Pollard (1990)) and
it possesses a unique argmin almost surely which is tight (the Chernoff random
variable). An application of argmin continuous mapping theorem (Kim and Pol-
lard, 1990, Theorem 2.7) along with (4.3) yields

aty s d . p7 (L—p)77p" r'(do)
n2+7(d2—d0) - arginln{a K0 —p) + ¥ie 5 w2 b
Consequently,
n(HN3(dy — dy)
d o\ —(144)/3 : P (L—p) 7P 1'(do) »
= (1-p) arginm{a 2K(1—p)’YB(w)+ ¥ 5 W

Letting A = (802K (1 — p)7/(("(do))?p"))"* so that a\/xpv/(QKu —p)) =
(1 —p)7p7' (do) X2 /(4K), the rescaling property of Brownian motion gives

(1-p)7p” r’(do)wz}

=
(1 — p)~ /3 argmin {0’ 2K(p

! Ko7 o B(w) +

2K 2
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P p(w) + ) G

_ )~ (/33 ' I S
(1-p) )\argqr)nm{a K0 —p)

d _ 8 , Ap? (1—p)7p" ' (do) 5
L (1= (1+v)/3 2
(1-p) A arginm o SK(—p) (v) oK 5 Av)
= (1—p)~*/3X argmin {B(v) + v}
802K 1/3 _ )
- ((T’(do))Qlﬂ(l - p>> argmin {B(v) + 07}
The result follows. O

B.6. Proof of Theorem 13

Note that for f(z) =1[x > a]
a 1 1 a
R(f) = /0 r(x)dx Jr/ (1—r(z))dz = /0 (1—r(x))dzx +/O (2r(z) — 1)da.

For notational ease, we use fcd to denote — fdc whenever ¢ > d. Then, by a
change of variable,

n?TNBR(F) - R(f))

ds
= n<1+v)/3/ 2(r(x) — 1/2)dx
d

0

— /3

(n(1+7)/3(¢f2—d0))
/ 2(r(do + hn=AFN/3Y —r(dy))dh.
0

By Skorokhod’s representation theorem, a version of n(1+7)/3 ((17,2 —dyp), say &, (w),
converges almost surely to a tight random variable £(w) which has the same
distribution as the random variable on right side of (7.1). As r is continuously
differentiable in a neighborhood of dy = r=*(1/2), there exists dp > 0, such that
|r'(x)] < 2r'(dp), whenever |z —dg| < dg. Hence, for a 7 > 0 and a fixed w, there
exist N, r.6, € N, such that |¢,(w) — £(w)| < 7 and (|¢(w)| + 7)n~0+I/3 < 4,
whenever n > N, - s,. Hence, for n > Ny, - 5.,

&n(w)
n(4)/3 / 2(r(do + hn /%) — p(do))dh
0
gn(w)
045 [ ey + 040 — ()1 ] < e+
0

En(w)
_ / 2/ (di )1 [|h] < |E(w)| + 7 dh,

where dj is an intermediate point between dg and dy + hn=(1+7)/3_ Note that
r'(dy) converges (pointwise in h) to r’(dp). As the integrand is bounded by
4r'(do)h1[|h] < |€(w)| + 7] which is integrable, by the dominated convergence
theorem, the above display then converges to r’(dg)&?(w). Consequently,

P (n(1+7)/3 / - 2(r(do + hn~(AFN/3) — r(do))dhﬁr’(do)ﬁ) < P (£,€) = 0.

0

Thus, we establish the result. O
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B.7. Proof of Theorem 8
Let M(d) = P [Y1 [| XM —d| < b]]. For F(t) = [, m(x + do)da, we have
M(d) = F(d —dy +b) — F(d —dy — b).

Note that M’'(d) = 0 implies m(d + b) = m(d — b) which holds for d = dy.
Hence, dy maximizes M (-). Also, note that M"(dy) = m/(dg +b) —m/(do —b) =
2m/(dp + b) < 0. For d in a small neighborhood of dy (such that d+b > dy and
2m/'(d + b) < m/(dg + b)), we get

M(d) = M(do) < —|m/(do + b)|(d — do)?.

Note that we derived an upper bound here as our estimator is an argmax (instead
of an argmin) of the criterion M,,,. Hence, the distance for applying Theorem
3.2.5 of van der Vaart and Wellner (1996) can be taken to be p(d,dy) = |d —
dp|. The consistency of dy with respect to p can be deduced through standard
Glivenko-Cantelli arguments and an application of argmax continuous mapping
theorem (van der Vaart and Wellner, 1996, Corollary 3.2.3). For sufficiently
small § > 0, consider the modulus of continuity

E* sup +/ni|(M,,, — M)(d) — (M, — M)(do)|

|d—d0|<5
- E* sup ‘GnlY(l){1[|X(1)fd|§b}71[|X(1)7d0|§b}}‘
|d7d0‘<(5
An envelope for the class of functions Fs = {ga(z,y) =

y{1]lx —d| <b] —1[|Jz — do| <b]}: |d —do| < &} is given by
(XD, €) = (Imlloo + €)1 [|XD = dol € [~ 8,5+ 3] .

Note that ||Fs||z < 6'/2. Further, the uniform entropy integral for Fj is bounded
by a constant which only depends upon the VC-indices, i.e., the quantity

1
(1, F5) :sgp/ 1+ 10g N (ul[Fs g2 Fi, Lo(Q))du
0

is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996), we have

B sup VM, ~ M)0) - 0, - M)(do) S I F) ol £ 5V
d—do|<

Hence, a candidate for ¢, () in Theorem 3.2.5 of van der Vaart and Wellner
(1996) is ¢, () = §'/2. This yields n}/?’(czl —dp) = Op(1). Next, consider the
local process,

Zn, () = n2PR,, YD {1 [|X(1) — (do + hnY?)| < b} 1 [|X(1) —dy| < b” .
Note that

BlZu(®)] = ny* {M(do+hni*) — M(do)}

M"(do)+0(1) . _1/3.9 2/3
= T 9 (hny /)2”1/

= m'(dy+ b)h+o(1) = —ch + o(1).
Let G(t) = fg m?(dy + x)dz. Then,
Var(Z,, (h))
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- 7ifVar[y“)[1[LX“)-'0%-+hn11“>I<fﬂ"1[L¥“>—-da<<b}]
1
2

— B 002 [1 X = (o e ) < 0] 1 10 - ol <]

+o(1)
= al? [G(b +hn %) — G) + G(=b+ hn V%) — G(=b) + 2a2hn;1/3}
= (m*(do + b) +m?*(dy — b) +20%)h + o(1)
2(m?(do + b) + 0*)h + o(1) = a®h + o(1).
The limiting covariance function can be derived in an analogous manner and
the tightness of the process follows from an application of Theorem 2.11.22 of
van der Vaart and Wellner (1996) involving routine justifications. An applica-

tion of argmax continuous mapping theorem (van der Vaart and Wellner, 1996,
Theorem 3.2.2) gives

n}/?’(cil —do) < argmax {aB(h) — ch®}.

By rescaling arguments, we get the result. O

B.8. Proof of Theorem 9

Rate of convergence. Choose K; > 0, such that for ©], = [0y — KTnl_l/?’, 0o +

KTnfl/S], P [czl ¢ 9;1} <7.Asy <1/3,forall 0 € ©] , dy € Dy, whenever
n>NY = (1/p) (K. /(K — b))3/0=30_ For d € Dy, the set {u: |0+ ukny” —
d| <bnj "} C [—1,1]. Hence, by a change of variable,
M,,(d,0) = FE[M,,(d,0)]
1

1
= 5/ m(0 +uKn; )1 UG +uKny " —d| < bnf“’] du
-1

1
= 3 / m(6 +uKny )1 [|0 +uKn;” —d| <bny"] du
R

ny _
= ﬁ/ﬂ@m(m)l |z —d| <bn{ "] dx

ny [hon’
= L m(z)dz. (B.9)
2K d—bn;"”

Let
d+bny”
Fo(d) = / m(z)da.
d

—bni "
Note that F)(d) = m(d+bn; ") —m(d —bni"). Also,

F'(d) = m/(d+bn]7)—m/'(d—bn]")
= m/(d+bn]")+m'(2dy —d+bn; "),

whenever d # do &+ bn] 7. Here, the last step follows from the anti-symmetry of
m’ around dy (but not at dy). Further, as —m/(do+) > 0 and m is continuously
differentiable in a neighborhood of 0, there exists o > 0 such that |m'(z) —
m/(do+)| < —m/(do+)/2 (equivalently, 3m'(do+)/2 < m/(x) < m’(do+)/2) for
x € (do, dg+60). For d € Dy and 0 € O7 | |d+bn]” —do| < Krny *+Kny" < &

ny?
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for n > N = (1/p)((K, + K)/60)"/"7. Let p2(d,do) = n](d — do)?. For

7,00

n > NT( 5)0 = maX(Nr(l),NT(i;)O) and p,(d,dy) < kyn = bnl_w2 (so that dy €

)

[d—bny"7,d+bni"]),

Fl(d) = m'(d+b;7)+m'(2dy —d+bni"”)
2(=m/(do+)/2) = m/(do+) = —|m’(do+)|.

IN

Consequently, by a second order Taylor expansion,

M,,(d,0) — My, (do, )

ﬁ [Fn(d) - Fn(do)] (B.lO)

vy /
~ng [m/(doH)|, . e
5% 2 (d — do)

< —nj(d—do)? = (-1)p5(d, do).

IA

Again, an upper bound is deduced here as we are working with an argmax
estimator. R
Claim A. We claim that P [pn(dn, dp) > I€n:| converges to zero. We first use

the claim to prove the rate of convergence. To apply Theorem 1, we need to
bound

sup B sup /g | (M, (d,6) — My (d, 6)) — (M, (do, 6) — M (do, 6)) .
beo7 |d—do|<ny "/2s
deDy
(B.11)
Note that

\/772 ((an (d7 9) — My, (d> 9)) - (Mn2 (do, 9) - M, (d07 9))) = angnmdﬂ(v)?
where

Gna,do(V) = [m(@ +UKn{") + e] X
1[I0+ UKny” —d| <bny "] —=1[|0 + UKn; " —do| < bny"]].

The class of functions F59 = {gn,.a.0 : |d — do| < nf’/zé,d € Dy} is VC with
index at most 3 and has a measurable envelope

Ms(V)

= ([Imlloc + le]) x
|:1 |:bn1_’y _ (do + n1_7/26) < 90 + UKnl—’Y < bnl_'Y _ (dO _ nl—"//25):|

+1 [—bn;7 — (do +ny"?8) < 0o+ UKn]” < —bny” — (do — ny" 25)” .
Note that F [Mts,g(V)}2 < n~7/25. Hence, the uniform entropy integral for F g

is bounded by a constant which only depends upon the VC-indices, i.e., the
quantity

1
(1, Fig) = sgp/ 1+ 10 N ([ Msllo.2, Foo. La(Q))du
0

is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996), we have

E* sup  [Guggnaadol < J(L Fop)llMspll2 S 071612, (B.12)

|d—do|<ni "/?s
deDy
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The above bound is uniform in 6 € 6;1. Hence, a candidate for ¢, to apply
Theorem 1 is ¢y, (6) = n?/45"/2. This yields n(*+1/3(dy — dy) = O, (1).

Proof of Claim A. Note that p,(d,dy) > Kk, < |d — do| > bnj . Also, for
such d € Dy, the bin (d — bny”,d 4+ bny ") does not contain dy and is either
completely to the right of dy or to the left (regions where m is continuously

differentiable). In particular, for such d’s with d > dy and n > NT(i;)O,

F(d) = m(d+bn;") —m(d—bn; ") < —(Im'(do+)|/2)(2bny ) = —[m/ (do+)[bn; .
As a consequence,

My, (d, 0) =M, (do+bny 7, 0) < (ng /2K)(=(|m/ (do+)[bny 7)|d—(do+bny 7)|) <0,
(B.13)
for d > do +bny”. Also, for n > N

7,007

My, (do +bny7,0) — M,,(do,0)

nY do+2bny " do+bny "
= ﬁ /do m(z)dx — Q/do m(z)dz
n] do+2bny " do+bny "
= — m(x)dx —/ m(x)dx
do+bn; "
= npo [ (m(z +bn]") —m(z))dz
2K /4, !
nY do+bni” B —|m/(d0)|b2 B
S ﬁ i (m/(do)/2)bn1 ’Y)dx S Tnl ’y.
Using (B.13) and (B.14),
C:L(H’ﬂ) = Sup Sup {an (d7 9) - M’ﬂz (d07 9)}
0€O7T pp(d,dy)>rn,d>do
deDy
< sup sup { M, (d,0) — My, (do +bny7,0)}
0€07, pn(d,dp)>kn,d>do
d€Dy
+ sup sup {Mn2 (do +bni",0) — M,,(do, 9)}
0€07 pp(dydn)>kin,d>do
deDyg
S —n7 7.

Note that an upper bound is derived as we are working with argmax type esti-
mators instead of argmins. The same upper bound can deduced for the situation
d < dy. Further, M, (d,0) — M,,,(d,8) = (P, — P)gn,,4,6, where

Gnaao(V) = [mO+UKn ")+ €l 1[|0+UKn;” —d| <bn;"].

The class of functions G, 0 = {Gn,.d.0 : d € Dy} is VC of index at most 3 and
is enveloped by the function

G, (V) = (Imlleo + lel)

with [|Gp,|z,(py = O(1). Further, the uniform entropy integral for G, is
bounded by a constant which only depends upon the VC-indices, i.e., the quan-
tity

1
70,Gp0) =s1p [ \/14 108 NGl 2, G La(Q))i
0
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is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996),

E* sup |Gn2§n2,dﬁ| S J(l’gnzﬁ)”anH? = O(]-)v (B15)

Gng.0

where the O(1) term does not depend on 6 (as the envelope G,,, does not depend
on #). Consequently, by Markov inequality,

1
sup P |2 sup M, (d,0) — M,(d,0)| > —c] (kn) oQ)

beor, deDq - nnY

As v < 1/3 < 1/2, the right side converges to zero. Hence, Claim A holds.
Limat distribution. For deriving the limit distribution, let

an (h7 9) = an fnz,hﬂ(v) + an (h7 9)7

where an (h7 9) = \/”TQP [fnmh,&(vﬂ and

1/6—v/3
Frans (V) = 05/ " (g, i (V) = Gnado (V).
Further, the asymptotic tightness of processes of the type

VG, (m(O+UKnT ) +e)1 |do — bny " < 0+ UKny” < do+ hny "% 4 bn?

(B.16)
can be established by arguments analogous to those in the proof of Theorem 7.
As indicators with absolute values can be split as

1[|a1—a2\Sag]zl[al—ag§a3]—1[a3<a1—a2|},

the process Z,, can be broken into process of the form (B.16). As the sum of
tight processes is tight, we get tightness for the process Z,,,. Further,

an (h? 0) = né/2+1/6_7/3 |:M7L2 (dO + hng_(1+’Y)/37 0) - MTL2 (dOa 0):| ’

Fix L > 0. For h € [=L, L] and 0 € ©7,_, both do + hn$'*/* and dy lie in the
set Dy and hence,

,
Gua(h0) = 0>V 2 | Fu(do + by %) — B (do)]

Note that
F!' (do+hng 73y = m! (do+hng T2 4 bnT ) —m! (do+hng VT —bn 7).

For any h € [~L,L], dy € [do + hny "% —onT7 do + hny U3 — bn77)
—(1+7)/3

eventually and hence, F/(dy + hn; ) = 2m/(do+) + o(1). Consequently,
g = PR Eldo T o(1) o 2
n2A 2K (1 —p)7 2 2
pr [m/(do+)|,
- h 1).
(I-pn 2K +oll)

Note that the above convergence is uniform in 6 € O] (due to a change of
variable allowed for large n). Next, we justify the form of the limiting variance
function for simplicity. The covariance function can be deduced along to same
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lines in a notationally tedious manner. As P [fn,.n,0(V)] = Cuy(h,6)/+/n con-
verges to zero, for § € ©] and h € [0, L], the variance of Z,,(h) eventually
equals (up to an o(1) term)

Pfryn0] =
nl/3=2/3
2Kni"”

Note that

[ o+ m2@) [1 iz = do om0 < o] 1 [l = do] < 0]
R

2
[1 [|x — (do + hn; T3 < bn;ﬂ — 1w —do| < bn;ﬂ
-1 [do Fbn]7 < a < do+ hny TV 4 bnl—”]
+1 [do — by <z < do+ hny TP - bn;ﬂ .

Further,
1/3-2v/3 4
% / (0 +m*(2)) 1 [do +nY <@ <dg+hny T34 bnfv} dx
R
p7n§/3+7/3
2K(1—p)7
Y

= R @ T m(do)h ().

(02 +m2(do) + o(1))hny 17/

Hence, the process Z,, converges weakly to the process

210) =\ e o) + 0 B(h) — 2 e

(I-py 2K
By usual rescaling arguments we get the result. O

Remark 10. If a non-flat design centered at dy is used instead of a uniform
design at the second stage, i.e., if the second stage design points are sampled
as Xi(z) = dl + V;-anv, where V;’s are i.i.d. realizations from a distribution
with a non-flat density ¢ supported on [—1,1], then the second stage population
eriterion function My, (d,0) = E [M,,(d,0)] need not be at its mazimum at dy.
To see this, consider the situation where m(x) = exp(—|z — dp|) and P(z) =
Cexp(—|z|)1[|z| < 1] for some constant C > 0. From calculations parallel to
those in (B.9) (a change of variable), it can be deduced that

n'ly d+bn;” ”Y
M,,(d,0) = K ), m(z)yp | == (z—6) ) dz

Cnfly d+bny” n’ly
= — exp | —|x —do| — = |z — 0] | dx.
K o p|— ol = %1 |

It can be shown that M,,(d,d,) is mazimized at d* = (do + (n]/K)dy)/(1 +
ny /K) with probability converging to 1. Using Theorem 8, (d*—dy) = Op(nl_l/g).
As do is a guess for d*, it is not expected to converge to dy at a rate faster

1/3

than ny’". Moreover, a simpler analysis along these lines shows that dy is not
guaranteed to be consistent if a non-flat design is used to generate the covariates
Xi(l)s at the first stage.

Remark 11. For the situation where m/(dg) = 0 but m”(dy) < 0, note
that F)(dy) = m'(dy + bn]") — m'(dy — bnfv) < —m/ (do)bny”, for suf-
ficiently large n. Consequently, from derivations similar to those in (B.10),
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M,,(d,0) — M,,(do,0) < —(d — do)?, and hence, a choice for the distance is
pn(d,do) = |d — do|. Paralleling the steps in the above proof, it can be shown
that the modulus of continuity is bounded by nY/*(nY/25)1/2 = n/26Y/2 (5 in
(B.12) gets replaced by n7/25). This yields n*=/3(dy — dg) = O,(1).

B.9. Proof of Theorem 10

Rate of convergence. We provide an outline of the proof below. Let 6y = dy and
My, (d,0) = P m(0+WKn;")L[|0 + WEKny” —d| <bny"]. (B.17)
We take our population criterion function to be M,,(d) := M,,(d,0y). Let
F,(t) = f(f m(0y +wKni " )g(w)dw. Then
My, (d) = P m(fg+WKn;")1[|6p+WEKn;” —d| <bn;”]

By symmetry of m around 6y and that of g around zero,

oM, _ b _ —-b
5d 2(do,0p) = m(6p+bni")g (K) —m(6y —bny")g <K> =0 and
0% M,, 202 b
Wgz(do,@o) = 2 Ey (K) :
Note that

EJl(t) = Kny"m/ (00 + tKny ) g(t) + m(6o + tKny")g (t),

m/(6p +bny ") =04 o(1) and m(6p + bnj ") = m(6y) + o(1). Therefore,

Tt o) = 2 ) + o) (3 ) + 2O ()
_ 2;? {m(@o)g' <Ib(> —|—0(1)} . (B.18)

The leading term in the above display is of the order n?7. Let p,(d,do) =
nj|d — do|. Following the arguments in the proof of Theorem 9, it can be shown
that for sufficiently large n and d such that |d — do| < bn; " (equivalently,
pnld, do) < kn = bn?7),

Mn2 (d7 60) - Mn'z (dOa 90) /S 7P$L(d7 dO)

The condition P [pn(cig,do) > nn] = P [|d —do| > bnfv] converging to zero

can be established through analogous arguments. Further, to use Theorem 1,
we need to bound

sup E° sup /iy (M, (d,6) — My (d) — (M, (do, ) — M, (do))]
ocor, |d—do|<n™786,
deDyg

(B.19)
Here O] (and K) is same as in the proof of Theorem 9. Split the expression
in|-]in(B.19) as I 4+ II, where

I=M,,(d,0) —M,,(do,8)) — (M,,(d,0) — M,,(do,0)) and
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IT = (an (d7 9) - Mn2 (d()? 9)) - (an (d7 90) - an (d()? 90)) .
We first resolve I. Note that \/nol = Gy, Gn, 4,0 With
gnz,d’g(e, W) = [m(Q =+ WKnl_V) + 6] X
1[0+ WEKn; " —d| <bny”] =1[|0 + WKn; " —do| <bny"]].

The class of functions Fsg = {Gn,.a0 : 0 < |d — do| < n~ 76} is VC with index

at most 3 with a measurable envelope

Ms(e, W) = (Imlloo + [e]) x

1 [bnf’y — 20077 — 2K,n~ Y3 < |0+ WEn] —d] < bn] ™ + 2607 + 2K7n*1/3] .
(B.20)

Note that the envelope does not depend on 6. Further, the uniform entropy
integral for Fs4 is bounded by a constant which only depends upon the VC-
indices, i.e., the quantity

1
I(1, Fyg) =sp |1+ g NlMsllg.2: Faa, La(@))du
0

is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996), we have

E*  swp [Guygusael < J(1,Fs0)|Msll2 S C (8 +n71/3H7)12, 0 (B.21)

0<d—do<n~7§
d€Dy

for some C; > 0 (depending on 7 through K ). Note that the above bound does
not depend on 6. For simplifying IT, let Ag = ni/?’ (60 —0) and Ay = n](d—do)
and

M’I’LQ (Ad7 A97 b)
= Pmfy+n Y30y + WEKn™")1 [n;l/ SNg + WEnyY — Agny” < bn;”}

= Pmfy+n"30g+ WEn )1 {n;l/%e FWEn — by < Adnﬁ]
Note that M,,(d,0) = M,,(Aq, Ag,b) — M,,,(Ag, Ag, —b). Also, by a change of
variable (uny” = ny *Ag +wKny? —bn; "),

MTLQ (Ada A@? b)
= (M, (Ag, Ag,b) — My, (0, Mg, b)) — (M, (Ag,0,b) — M,,(0,0,b))

1A
N ICEDIE Sl VA B SCE IR N U Y
Kni"” Kni"” '

A similar expression can be obtained for M, (A4, Ag, —b). As g is Lipschitz of
order 1, we have

m(0y + (u+b)ny ") x

Sup /M2 (Mn2 (Ada Ay, b) - Mﬂ2 (Ov Ay, b)) - (an (Adv 0, b) - an (07 0, b))
[Aq]<6,
‘A9|<K-,—
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for some C; > 0 (depending on 7 through K,). As IT = M,,(Ag, Ag,b) —
M,,, (A4, Ay, —b), a bound on the modulus of continuity is ¢,,(d) = (J +
n L3412 4 /S5 This yields nd/®(dy — do) = O, (1).

Limit Distribution. Here, we outline the steps for deriving the form of the
limit process. Let

fm’h,g(e, W) = n;m_h(m(ﬁ +WKn™7) 4+ ¢€)x

[1 [|9 —do+ WKnTY — hny % < bn;”} — 1[0 = do + WKn;"| < zm;”]} :
(B.22)

and
Zny (h,0) = Gy fr 6 (€, W) + Gy (B, 6),
where ¢, (h,0) = \/naP [fn27h,9(6, W)} For Ay = n}/?’(ﬁ — 6p), note that
Coa (B0 + 17 /P )
= 0 Moy (do + g %00 + Agny V) = Moy (do, 0 + Agn; )|
= 13 Moy (do + g 7%, 80) = M, (do, 00)|
03O My (g 2 i, 80, 6) = Mg (g ™, 89, )]
Using the expression for partial derivatives of M, at dy, we have
052" [ Mo, (do + g /%, 06) = My, (do, 60) |

m(t%)g/ (b> n?”(hngl/?’)zng/g’*% +o(1)

K2 K

() (2,

Further,

ny > My, (hny V% ny7, A, b)

A= 1/3 =
— n2/3_2’)’1 / "2 /™
= 5 —
K 0

(u+bn; 7+ nl_l/gAg A (utb)n”
g Kn? I\ KnD

~1/3 h
2/3-24T0 1
n /3=2v Tt

= n -
n” K Jy

wn;1/3 +ony” Agnl_l/s wn;1/3 +bny”
9 — + — I\ T e du
Kn; Kn; Kn;

—~1/3 —1/3
o ) (0 B
2 Ty I\K) Kn,"

K
_mllo) (B Ay (1-p\PT
= h %© I\% % ) +o(1).

m(Bo + (u+b)ny ") x

du

[m(‘)o +w((1=p)/p)'ng * +bny ") x
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As ¢'(z) = —¢'(—x), we have

ny/* 2 My (=347, 8, B) = My, (=347, Ay, =)

- (T)I/M 2";((20)9’ (;{) Agh+o(1). (B.23)

We next show that Var(Z,,(h, Ag)) converges to zero. Let

Fanng (6, W) = (m(ny*Ag + WEn™) + €)x

[1 [|n;1/3A9 +WEKnTY — hny 3| < bn;”} 1 [m;l/%@ WK < zm;WH .

Consequently, an h, 6o —l—n;l/SAg)/, /ng converges to zero.

Thus

r _ 2
Var(fnmhﬁﬁnf”%a) = F [fnz,h,ewn;”%e] +o(1)
4/3—4y
n _
2 (ml% + 0®)hny P 4 o(1) = o(1).

2 k0040 V30 T Ga (

S

Using (B.23) and the above, it can be shown by applying Theorem 2 and Lemma
2 that

né/g(dQ —do) 4

2y 1/3—2v
p m(6o) ,( b 9 1—p 2m(6y) , [ b
max e — + ( — Z
argha {<1p> K2 g K h P K2 g K h

oN1/3
_ (1p> =
p

As the Chernoff random variable Z is symmetric, we get the result. O

Remark 12. We reiterate here that when m’(dg) = 0, the regression function
s essentially flat in the zoomed-in mneighborhood which hinders estimating dy
through a two stage procedure. Using a (second stage) design peaking at the
first stage estimate adds to the curvature (second derivative) of the second stage
population criterion function (see (B.18) and the resulting p, in comparison with
the distance in Remark 11) which alleviates this problem to an extent. However,
as was the case in Remark 10 with a non-smooth m, there is a bias introduced
by the non-uniform design which does not allow an acceleration in the rate of
convergence.

B.10. Proof of Theorem 12

For any L > 0, we start by justifying the conditions of Theorem 2 to prove
tightness of the process Z,, (h,énl), for h € [—L, L]. For sufficiently large n,
the set {h:do+ h/n" € Dy} contains [-L, L] for all § € O] and hence, it is
not necessary to extend Z,, (equivalently, f, ne) as done in (2.5). Further,
for a fixed 0 € O], (defined in (A.8)), an envelope for the class of functions
oo ¢ |1 < L} i given by

1/2—k
Fupo(V) = n/> 7" (2] ulloo + [e]) x
1[0+ UKny” € [do— Ln™",do+ Ln~"]] .
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Note that
2Ln="

2Kn;"
As (2k + 1)n = 1 4 +, the right side (which does not depend on 6) is O(1).

Moreover, the bound is uniform in ¢, 6 € ©7, . For ¢t > 0, PF32791[FR279 > /nat]
is bounded by

PE;, o < n' 720 (4]l + 0®)

n'2RP ((2)pllo + |€))?L [0+ UKny” € [do — Ln~ ", do + Ln™"]] x
12702l + |el) > Vit ) -
As e and U are independent, the above is bounded up to a constant by

P2 pllo + el 1 [(2lllloo + lel) > /pn*"¢]

which converges to zero. This justifies condition (2.7) and (2.8) of Theorem 2.
Let p(hy,he) = |hy — ho|. For any L > 0, the space [—L, L] is totally bounded
with respect to p. For hy,hy € [~L,L] and 0 € ©F, , we have

_ |h1 — h2|’l’L_17 2
P(fTLQ,hl,e_fnz,h2,9)2 5 n' zknWE[QHMHOO—i_'E” :

The right side is bounded (up to a constant multiple) by |h; — hs| for all choices
of 8, 6 € ©] . Hence, condition (2.9) is satisfied as well. We justify (2.10) below.
For —L < hy < h; < L and sufficiently large n, a change of variable and
boundedness of ;*)(-) in a neighborhood of dy yields

do+hin™" 0l
(Coa (71,6) — o (12, 0) gn;“/ (uls) — ) "L ds
do+han—" 2K

h1
< n;—(k+1)n+w/h u(do+tn;")dt+né_(k+1)"+77n|h1 — hy
2

AN

h1
n;—(k-‘rl)n-i-’}/ / tkn;kn)dt + né_(2k+1)n+7|h1 — hg‘
ha
S |ha — hal.

The above bound does not involve § and converges to zero when |hy — ha| goes
to zero. Hence, condition (2.10) holds.

Further, the class of functions { fy, .0 : |h| < L} is VC of index at most 3 with
envelope F},, ¢. Hence, it has a bounded entropy integral with the bound only
depending on the VC index of the class (see Theorems 9.3 and 9.15 of Kosorok
(2008)) and hence, condition (2.11) is also satisfied. Also, the measurability
condition (2.13) can be shown to hold by approximating F,, s = {fna,hi,0 —
fra,ha0  |R1 —ha| < 0} (defined in Theorem 2) by the countable class involving
only rational choices of h; and hy. Note that the supremum over this countable
class is measurable and it agrees with supremum over F,,, s. Thus G,, 1 b is
tight in [*°([—L, L]).

Next, we apply Corollary 1 to deduce the limit process. Note that for 6 € ©7
and |h| < L,

do+hn™" n?Y
gamm::nimf ()1 > 0] — 7) "L s
(1 o p)lfknnlf(kJrl)nJr'y

h
_ —n .
= Ky /0 (u(do + tng ")1[h > 0] — 7,,)dt

(L—p)" " [u™)(do+)
2Kp— k!

R*H[h > 0] — cop*h| 4 o(1).
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The remainder term converges to zero by boundedness of the k-th derivative of
p in a right neighborhood of dy (uniformly in 6 € ©7, ). Further, Pf,, no =
Cny (R, 0)//n2 converges to zero (uniformly over # € ©7). Hence, for a fixed
0 € ©F and hy,hy € [0,L],L > 0, the covariance function of Z,, eventually
equals (up to an o(1) term which does not depend on € due to a change of
variable)

P [fn27h1,9fn27h279]
n

1-2k (1 AR2)n ™ 2 2 1
= TL2 77/0 [0‘ + (ILL(dO —+ S) — Tn) } ﬁds

(1 _ p)1—2k:17n1—2k7]+'y

= ><
2Kp—
(ha Aha)n ™"
/ [0 + (u(do + s) — ma)?] ds
0
(1 _ p)1—2k77

_ 2

= 2Kp7'7 (hl A hg)O’ + 0(1)
This justifies the form of the limit process Z. Analogous results can be estab-
lished for other choices of (h1,hs) € [—L, L]?. Also, the above convergence can
be shown to be uniform in 6 € O], by a calculation similar to that done for (,,.
This justifies the form of the limit Z. Hence, we get the result. O
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